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STABILITY OF A JENSEN TYPE
FUNCTIONAL EQUATION

SANG HAN LEE

ABSTRACT. In this paper, we solve a Jensen type functional equation
and prove the stability of the Jensen type functional equation.

1. Introduction

In 1940, S. M. Ulam ([9]) posed the following question concerning
the stability of homomorphisms: Given a metric group (G, +,d), a
number € > 0 and a mapping f : G — G which satisfies the inequality

d(f(z +y), f(z) + fly)) <e

for all z,y € G, does there exist an automorphism a : G — G and a

constant k > 0, depending only on G, such that for all x € G

d(f(z),a(z)) < ke ?

This question became a source of the stability theory in the Hyers-
Ulam sense.

The case of approximately additive mappings was solved by D. H.
Hyers ([1]) under the assumption that X and Y are Banach spaces. In
1978, Th. M. Rassias ([7]) generalized the result of Hyers as follows:
Let f : X — Y be a mapping between Banach spacesandlet 0 < p < 1
be fixed. If f satisfies the inequality

f (@ +y) — f(z) = F@)II < 6(l[]” + [lyll”)
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for some 6 > 0 and all z,y € X, then there exists a unique additive

mapping A : X — Y such that

14(z) - F(@)]] < =20 |ja|p?

2-2r

for all z € X. If, in addition, f(tz) is continuous in ¢ for each fixed
x € X, then A is linear.

In 2000, T. Trif ([8]) solved the Popoviciu functional equation

o (TEEEE) 4 £(o) + 1) + £6)

) ()05

and proved the stability of the Popoviciu functional equation.

In this paper we deal with a Jensen type functional equation
Tt+y+=z
W o (T s+ 1)+ )

b)) ()

In Section 2 in this paper we solve the Jensen type functional equation

(1). In Section 3 we prove the stability of the Jensen type functional
equation (1).

2. Solution of the Jensen type functional equation (1)

It is well known that if X and Y are real linear spaces, then a
mapping f : X — Y is a solution of the Jensen functional equation
2f (I—;ﬁ) = f(z) + f(y) if and only if there exist an element B € Y
and an additive mapping A : X — Y such that f(z) = A(z)+ B for all
z € X. The following theorem shows that the Jensen type functional

equation (1) is equivalent to the Jensen functional equation.
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THEOREM 1. Let X and Y be real linear spaces. A mapping f :
X — 'Y satisfies (1) for all z,y,z € X \ {0} if and only if there exist
an element B € Y and an additive mapping A : X — Y such that

forall z € X.

Proof. Necessity. Set B := f(0) and then define a mapping A :
X =Y by A(z) := f(z) — B. Then A(0) = 0 and

2) 6A (%) + A(z) + A(y) + A(2)

S (52) 4 (5) ()]

for all z,y,z € X \ {0}. We claim that A is additive.
Putting z = —y in (2) we have

(3) 64(3) +A(e) + Ay) + A(-y) = 3 [A (””;y> LA (”” - y)]

2
for all z,y € X \ {0}. Replacing y by z in (3) we get
T
(4) 6A (g) — A(z) — A(—z)
for all z € X \ {0}. Also, (4) is true for z = 0 since A(0) = 0.
Replacing z by 3z in (4) we get

_ A(3z) — A(—3z)

5) A(e) -

and hence

©) | A(=2) = ~A(2)



76 SANG HAN LEE

for all z € X. From (5) and (6) it follows that

(7) 3A(z) = A(3z)

for all z € X. Replacing z by 3y in (3) and using (6) and (7) we get
(8) 24(y) = A(2y)

for all y € X. Finally, putting 2 = —z — y in (2) and using (6) we get

(9) A(z)+Ay) —A(z+y)=3 [A (x;y> ‘A(g) “AG;I)]

for all z,y € X. From (8) and (9) we have
Az +y) = A(e) + Aly)

for all z,y € X.
Sufficiency. This is obvious O

3. Stability of the Jensen type functional equation (1)

Let R4 denote the set of nonnegative real numbers. Recall that a
function H : Ry xR xRy — Ry is homogeneous of degree p > 0 if it
satisfies H (tu,tv,tw) = t? H(u, v, w) for all nonnegative real numbers
t,u,v and w. Throughout this section X and Y will be a real normed

linear space and a real Banach space, respectively. Given a mapping
f: X =Y, we set

Df(z,y,2) = 6F [ 222N 4 f(a) + £(y) + £(2)
3

- (52) < (457) 1 (57)]

for all z,y,z € X. Note that Df(z,y,z) =0 for all z,y,z € X \ {0}
and f(0) = 0 if and only if f is additive.
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THEOREM 2. Assume that 6 > 0 and 0 < p < 1. Let a function H
be homogeneous of degree p. If the mapping f : X — Y satisfies

(10) 1D f(z, 5, 2)]1 < 8+ H(ll=ll, Iyl 11211

for all z,y,z € X \ {0}, then there exists a unique additive mapping
A: X — Y such that

) 1
(1) [If(z) = f(0) = Al2)l] < ; + 2(:,Tp—_—l—)H(llfﬂll, IESIAIES1))

for all z € X.

Proof. Let g : X — Y be a mapping defined by g(z) := f(z)— f(0).
Then ¢(0) = 0 and we have

(12) 1Dg(z,y, 2)I| < &+ H(||z[l, |lyll l|2]])

for all z,y,2z € X \ {0}. Putting y = z and z = —z in (12) we get

(13) |69 (%) - lo@) - g(=2)|| < 6 + H(lJz,llal], I211)

for all z € X \ {0}. Also, (13) is true for z = 0 since g(0) = 0.
Replacing z by 3z in (13) and dividing by 6 we get

3z) — g(—3z)

g(
(z) — 573

(14) ‘ g

for all z € X. Using (14) we have

(15) “9(3%) —g(—3"z) g(3"*'z) — g(-3"1'x)

2.3n 2. gnt1

1
< @+ 37 H(llz[], llzIl, [l=]1))
3n+1x) __g(_3n+1l.)

2-3
_3n+1$) - g(3n+1$)
2-3

9(3"z) — ol

o(=3"2) — 9(

2.3

IN
| =

(378 +3"=V3P H(||z|l, |||, ||I1))
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for all z € X and all positive integers n. From (15) we have

H g(3™z) — g(=3™x)  g(3"z) — g(~3"x)

2.3m 2-3"
< l in_m—l 3=k 4 glp=1)mgp pr |||, ||| | n_m_13(p—1)k
<z l3m k2=j + <w,x|,n:ct);)

for all £ € X and all positive integers m and n with m < n. This

shows that {9(3%);??,(1"3%)} is a Cauchy sequence for all z € X.
Consequently, we can define a mapping A: X — Y by

(16) A(CL’) .= lim g(3nx) — g(_3nm)

n—o0o 2.3n

for all z € X. From (14) and (15), we have

o [
%(523‘ + 8P H(|[], |=]l, ||x||)§_:3<p—1>k)
k=0
g 1
<3+ sy AUkl llall llzl)

for all z € X and all positive integers n. Taking limit in (17) as
n — 00, we get (11). By (12) and (16) we have

IDA(z,y, 2)]|

= lim —H'Dg( w’3ny’3nz) - Dg(_3nx’ __3ny, "Snz)”

n—>c>02 3n

< lim -3;;(5 + H(|[3"]], 13"y, 113" =l]))

= lim (?jin+3<P~1>"H(nxn,Hyu,nzn))

n—r 00

=0



STABILITY OF A JENSEN TYPE FUNCTIONAL EQUATION 79

for all z,y,z € X \ {0}. Since A(0) = 0, it follows that A is additive.
Now, let A’ : X — Y be another additive mapping satisfying (11).

Then we have
|A(z) — A'(2)]| = 37"||A(8"z) — A'(3"z)|
<37*(||A(3"z) — f(3"z) + F(0)]|
+11£(38"z) — £(0) — A'(3"2)|[)

s 1
—n e E an[

<0 +
- 2.3"

1 —1)n
31_,,_13(” OrH((le|], 2], ll2]])

for all z € X and all positive integers n. Since

o 1
. (p—1)n —
timn (5 + g8 H el il =l ) =0

we can conclude that A(z) = A'(z) for all z € X. O

THEOREM 3. Assume that 1 < p. Let a function H be homoge-

neous of degree p. If the mapping f : X — Y satisfies f(0) = 0
and

(18) 1Df(z,y, 2)Il < H(|[]l, [lyll, lI=]])
for all z,y,z € X \ {0}, then there exists a unique additive mapping
A: X —Y such that

19) ) - AW < o H (el el )

forall z € X.

Proof. Putting y = z and z = —z in (18) we get

(20) H3f () - f@) = f=2)

1
5 < gH (=], llz1], llz1)
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for all z € X \ {0}. Also, (20) is true for z = 0 since f(0) = 0. Using
(20) we have

(21)

F(3™mz) — f(=37"x)  F(3~(HDg) — f(=3~(nt1)y)
H 2.3 B 9.3—(n+1)

3-nz\  f(3"z) — f(—3~"z)
o ( 3 ) B 2

87\ f(-37%) — (37)
¥ ( 3 ) - 2
< 330 H (el el lel)

1
< -.3"
2

+oo3
2

for all z € X and all nonnegative integers n. From (21) we have

f@™me) — f(=3""e) 37" f( 3"z)
(22) “ 2.3-m 23"
S5-3(1"’)’”H(|le,HwH,IIwII Z gt

k=0

for all z € X and all nonnegative integers m and n with m < n. This
shows that {f(3_nzg__3{(n_3—%)} is a Cauchy sequence for all z € X.
Consequently, we can define a mapping A: X — Y by

(23) A(z) := lim f87"e) = f(=37"2)

n—00 2.3—n

for all z € X. By (18) and (23) we have

IDA(z, y, 2)||

= li_)m 271.3"|Df(3 "z,3 "y,3 "z) — Df(—3" "z, -3 "y, -3 "2)||
< Tim 3"H(I3"all 37"l 37"21)

— T 3027 (|fal, 1l 121

=0
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for all z,y,z € X \ {0}. Hence A is additive.
Putting m = 0 in (22) we get

f(z) = f(=2) _ f3"2) ~ f(=37"a)
24) |fafen) ek
< SH(lell Nzl llel}) 3 30
k=0

for all z € X and all n € N. Taking limit in (24) as n — oo, we get

@) |15 ) 1

< s gy el lel, el

for all z € X. From (20) and (25) we get

b4(5) -3 G

SHW_A(@ +H&):2_f(i)_3f<§)
1

< 2(1f31_—,;)H(IIIH, [zl l=[1) + %H(chll, 1], [l])

1
< s Hlllall llzl. 1)

(26)

|

for all z € X. Replacing = by 3z in (26) and dividing by 3 we get

3!
1£(z) = A@)I| < == Hllell, [l2]l; ll])

for all z € X. The proof of the uniqueness is similar to the proof of
Theorem 2. d

Define a function H : Ry x Ry x Ry — Ry by H(a,b,c) = (a? +
bP 4 cP)6 where 8 > 0. Then H is homogeneous of degree p > 0. Thus

we have the following corollaries. .
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COROLLARY 4. Assume that 6 > 0 and 0 < p < 1. If the mapping
f: X =Y satisfies

IDf(z,y,2)|l <&+ 6(|=]1” + lly[[” + 1[=]1")

for all z,y,z € X \ {0}, then there is a unique additive mapping
A: X — Y such that

(@) = £0) ~ A@)| < 3 + 5 blle?

-
forallz € X.

COROLLARY 5. Assume that 1 < p. If the mapping f : X — Y
satisfies f(0) = 0 and

1D f(z,y, )|l < O(l[][P + [lyll” + [I=17)

for all z,y,z € X \ {0}, then there is a unique additive mapping
A: X — Y such that

3r ,
1f(z) = Al £ 57 0llell

forallz € X.

ACKNOWLEDGEMENTS. The author would like to thank the referee

for several useful comments.

REFERENCES

1. D. H. Hyers, On the stability of the linear functional equation, Proc. Nat.
Acad. Sci. US.A. 27 (1941), 222-224.

2. D. H. Hyers and Th. M. Rassias, Approzimate homomorphisms, Aeq. Math.
44 (1992), 125-153.

3. S. M. Jung, Hyers-Ulam-Rassias stability of Jensen’s equation and its appli-
cation, Proc. Amer. Math. Soc. 126 (1998), 3137-3143.



STABILITY OF A JENSEN TYPE FUNCTIONAL EQUATION 83

4. Z. Kominek, On a local stability of the Jensen functional equation, Demon-
stratio Math. 22 (1989), 499-507.

5. Y. H. Lee and K. W. Jun, A generalization of the Hyers-Ulam-Rassias stability
of Jensen’s equation, J. Math. Anal. Appl. 238 (1999), 305-315.

6. J. C. Parnami and H. L. Vasudeva, On Jensen’s functional equation, Aeq.
Math. 43 (1992), 211-218.

7. Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc.
Amer. Math. Soc. 72 (1978), 297-300.

8. T. Trif, Hyers-Ulam-Rassias stability of a Jensen type functional equation, J.
Math. Anal. Appl. 250 (2000), 579-588.

9. S. M. Ulam, Problems in Modern Mathematics, Chapter VI, Science Editions,
Wiley, New York, 1964.

DEPARTMENT OF CULTURAL STUDIES
CHUNGBUK PROVINCIAL UNIVERSITY OF SCIENCE & TECHNOLOGY
OKCHEON 373-807, KOREA

E-mail: shlee@ctech.ac.kr



