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BOUNDED LINEAR FUNCTIONAL 
ON L臥B) RELATED WITH Bq

Ki Seong Choi

Abstract. In this paper, weighted Bloch spaces Bq are considered 
on the open unit ball in Cn. In this paper, we will show that every 
Bloch function in Bg induces a bounded linear functional on L$(B).

1. Introduction
Let D = {z e C : \z\ < 1} be the open unit disk in the complex 

plane C. Let tM(之) be the area measure on D normalized so that the 
area of D is 1. L2(Z),gL4) will denote the Banach space of Lebesgue 
measurable functions for D with

r f 12II f ||2= / |/(2시2gLW) <+ =
Ud J

The Bergman space lg(D) is defined to be the subspace of L2(Z), dA) 
consisting of analytic functions.

Since point evaluation at 之 G D is a bounded linear functional on 
the Hilbert space £$(」[)), the Riesz representation theorem implies 
that there exists a unique function Kz in such that

/(之) = [ /(w)2G(w)cL4(w) 
Jd

Received by the editors on December 5, 2001.
2000 Mathematics Subject Classifications: 32H25, 32E25, 30C40 .
Key words and phrases: Bergman metric, weighted Bloch spaces, Besov space, 

Banach duality.

37



38 KI SEONG CHOI

for all f in Zg(P). Let K(之, w) be the function on D x D defined by

K(之, w) = 2G(w).

K(z, w) is called the Bergman kernel of D or the reproducing kernel 
of」L어 in D. It is easily proved tht K(之, w) = 1/(1 — M7)2(See [8]). 
Let ka(z) = K(z^ a)/a) = (1 — |이2)(1 — za)~2. ka is called the 
normalized reproducing kernel of L우 (P).

Since is a closed subspace of the Hilbert space L》(D, dA), 
there exists an orthogonal projection P from £2(D,gL4) onto Zg(Z)). 
P is called the Bergman projection. It is well known that

戶7(之) = [ 互(之, w)/(w)gL4(w)
Jd

for any f € L2(Z>,cL4) and z e A. Let C(」D) be the algebra of 
complex continuous functions on D, the Euclidean closure of Z), and 
Cq(D) the subalgebra of C(D) consisting of functions f with /(/)—>(〕 

as | 끼 一-y 1 .
The Bloch space of D, denotedconsists of analytic functions 

f on D such that sup{(l — |끼2)|/'(之)| : z 6 D} < +cx). The little 
Bloch space of D, denoted 匕o(刀)5 consists of analytic functions f on 
D such that (1 — |히2)|/'(之)| —> 0 as |히 -> 1~. It was proved in [10] 
that, for f E 13(D), the followings are equivalent :
(1) feB0(D) _
(2) / = I\p for some cp e C(D).
(3) / = Pkp for some(、p 6 Co(P).

In this paper, we will extend the above result to weighted Bloch 
space in Cn. We will also show that every function in Bq induces a 
bounded linear functional Fg on L& with || Fg ||< C \\ g \\q.

Throughout this paper, Cn will be the Cartesian product of n 
copies of C. For z — (之 i, 之幻•… 5 之 n) and w = (wi, W2,... ,wn) in
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Cn, the inner product is defined by < 之, w >= Y^j=i zj^j an己 the 
norm by || 之 || =< 之，之 > . Let N denote the set of natural num
bers. A multi-index a is an ordered n-tuple a = (a『i, 伐沙 • • ‘，(上n) with 
0幻 G 7V, j = 1, 2, • • • , n. For a multi-index a and z e Cn, set

| 이 = 伐1 十 아2 十 * • • + Oini

al = ceJce』• • • 아nL
才:= 께까2... 之

Let B be the open unit ball in the complex space Cn. The linear 
space of all holomorphic functions f : B — C which satisfy

sup(l — II z II2) II \7/(之) II < oo

is said to the space B of Bloch functions on B. The little Bloch space 
Bq is the subspace of B consisting of those functions f : B -스 C which 
satisfy

Ijm (1- || 게2) || V/⑵ || = 0.
II 게->i

For each q > 0, the weighted Bloch space of B, denoted by 
consists of holomorphic functions f : B —+ C which satisfy

sup(l— II z II2)이 II V/⑵ II < oc.

The corresponding little Bloch space is defined by the functions 
f in 】3q such that

Ijm (1- || 키|2)이| ▽/⑵ || = 0.
II 게->i

Clearly, both Bq and are increasing function spaces of q > 0. In 
particular, B and』Bi,o = Bq. Let us define a norm on Bq as 
follows;

II f II, = Lf(O)| + sup{(l — II w ||2)“ II V/(w) II： w e B}.
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Weighted Bloch functions were studied in [6].
It is well known that, for any a > —1 and z E D, 

f ⑵ = 物 + 1\[ (네:;『2八삐"(=)

if f is an analytic function on D with fD(l— |；히2)이/(2시cL4(之) < +oo, 
where dA is the normalized area measure on D(See [8]). Let

(1 — |wP)aKa⑵w) = (a + l) 丄느스

and define an operator Pa by

Paf(2》= [ 2으(之, W)/(W)(M(W).
JD

We see that Paf = f for all analytic function f in (1 — 
|끼2)%L4(/)). So Pa is a projection onto analytic functions. Let V be 
the adjoint of J기 under the usual integral pairing, that is,

Kf ⑵ = 3(1 - I히2)2 L 三쁴후"(=)•

In [10], it was shown that V embeds So(刀) into Cq(D).
Let y be the Lebesgue measure in Cn normalized by 1八B) = 1. 

The measure /jLq is the weighted Lebesgue measure:

d甘q = 包(1 — || z ||2)이해(g),

where q『 > — 1 is fixed, and cq is a normalization constant such that 
此 (B) = 1.

In [6], it was 아lown that if / G L스 (B) n H(B), q > —1, then

f(z) = cq [ (1 - 디 W •百-/d(w).
Jb (!- < >)n+q+lJ^ > \ >
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For any g > 0, let Wq denote the operator defined by 

w⑵ = 유 fB(仁 ' E B.

Let Cq(B) be the subspace of complex-valued continuous functions on 
B which vanish on the boundary, C(B) the space of complex-valued 
continuous functions on the closed unit ball B.

In this paper, We will prove that Wq maps L°° (B) boundedly onto 
Bq. For each Q > 0, the operator Wq maps Cq(B) onto 】3q. For each 
q > 0, Wq also maps Cq(B) onto Z3g)o- For each g > 0, Wq also maps 
Cq(B) onto We will prove that if f € L$(B) is bounded and 
g E Bq, then

| [/(z)@(l-II 키I2)?-이 이 1/||Li II g ||g

for some constant C > 0 which is independent of f and g. This shows 
that, for g e 13q,

Fg(f)= [ /⑵@(1—|| 기
Jb

extends to a bounded linear functional on L$(B) with || Fq ||< C || 
9 Ik-

2. Bounded Operator Wq.

Theorem 1. For z E B , c is real, t > —1, define

I* = J ，네에丄…, zeB.
JB |1- < 之, W > |

Then,
(i) Ic,t(z) is bounded in B if c < 0;
(ii) A),心) 〜 一 log(l — || 之 ||2) = || 之 ||—>

(Hi)」「c,t(2：) 〜 (1 — || 之 ||2)~c as || z ||-> 1" if c>0.

Proof. See [7, Proposition 1.4.10 ]. □
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Theorem 2. Suppose q > Q. Then f is in Bq if and only if 
(1 — || 之 ||2)이—11/(之)| is bounded on B.

Proof. See [6]. □

Theorem 3. For each q > 0, the operator Wq maps Cq(B) onto 
Bq.

Proof. Let f E t3q (q > 0). Then (1— || 之 ||2)이—1|/(之)| is bounded 
in B, by Theorem 2. Since 

f (z) = cq-l
(i— II w |p)이—iy(w)

(1_ < 之, w >)’서이
ch八 w).

f(z) = Wqh(z) where h(w) = (1— || w ||2)이—1/(w) is in Co(B). There
fore, Wq maps Co(B) onto Bq. □

Theorem 4. For each g > 0, the operator Wq maps 
boundedly onto 13q.

Proof. Let f(z) = Wqg(z\ where g E L°° (B). Then

f (z) = Cq—i [ 7------ 이삐——r——-rfp(w),
7 q JB (1- <z,w >)"+이 V 7

으/⑵ = (n + q)cq-i Ib쁘쁴打*'(삐’

II H (" 十 水… II 9 U Ib 仁 :씨 jr—l 우

By Theorem 1,

II ▽/⑵ |K (n + qK—rll g llUl— II 게2)-이•

Thus,
(i- IMI2)9 II ▽/⑵ IK 이Ml。。
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It is also clear that |/(0)| < cq_i || g ||«. Thus,

II f II이 = Lf(0)1 + sup{(l— || w II2)。II v/(w) II |w e B} 

으 (C 十 cg—1) II g Hoc •

Hence, Wq maps boundedly into Bq. That Qq maps L°°(B) 
onto Bq follows from the proof of Theorem 3. □

Theorem 5. For q > 1 , is the closure of the set of polyno
mials in the norm topology of In particular, !3q,o is a separable 
Banach space by itself.

Proof. See [6]. □

Theorem 6. For each q > 0, the operator Wq maps C(B) bound
edly onto !3q,().

Proof. By the Stone-Weierstrass approximation theorem, each func
tion in C(B) can be uniformly approximated by finite linear combi
nations of functions of the form za'히3. But

Wq(zazp)

=c…/B 푸느끄^du(w)

p oo
= CQ_1 / waw^dv{w) + Cg-1 리 y〕

日 m=l ii H-Z2H Fin=m

g). 아! 丁 f w^wIdu{w\
m!(n + q —1)! Jb

I = (으1》>2, • • • , in)

= cjzJ for some J 

by [7, Prop. 1.4.8, Prop. 1.4.9] .
Hence Wq maps finte linear combination of functions of the form 

za호으 to polynomials. Since Wq maps L°°(B) boundedly into 13q and
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13q,o is closed in Bq, Wq maps (7(B) boundedly into Z3g,o. The “onto 
”parts follow from the proof of Theorem 3. □

3. Bounded linear functional on L\ related with weighted 
Bloch function.

Let E1 be a normed linear space and M a closed linear subspace 
of E. If we define linear operations on E/M = {x + M : x e E} by 
(x + M) + (y + M) = (x + y) + M and a(x 十 M) = cz:r + M, 난len 
|| ⑦ + M ||= inf{|| x + m \\: m e M} is a quotient norm on E/M. If 
E is a Banach space, so is E/M under this quotient norm.

Theorem 7. For each > 0, there exists a constant C > 0 such 
that

C-1 || f ||g < inf{|| g ||。。: f = Wqg,g e < C \\ f ||g

for all f in Bq and

O’1 || f lk< inf{|| 5 |U： f = Wqg,g € Co(B)} < C || f \\q

for all f in !3q,().

Proof. Let us define an equivalence relation on L°° such that g± 〜 
이2 <나> Wqgi = Wqg2- Then If이 〜 is the family of equivalence class 
[g] of g. Let us define a linear operator T : L°°/ 〜——> Bq such that 
T([g]) = Wqg. Then T is a bounded linear operator on L°°/ 〜 onto 
Bq. Also T is 1-1. By the open mapping theorem, T-1 is continuous. 
Hence there exists constant C such that || T~rWqg 11*玄 C || Wqg \\q. 
i.e. H ||oo< C || / ||g. □

Let L^(B) be the set of holomorphic functions f on B such that 
|| f \\L1 = fB \ f{z)\dv{z) < oo. Then the space L\ is a Banach space 
with the above norm || f \\ri-
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Theorem 8. Suppose that f e is bounded and g e Bq. Then

I [ f⑵- II 之 II2)이-1"(그시 < C || / ||Li|| g \\q 
Jb

for some constant C > 0 which is independent of f and g.

Proof. Writing g = Wq(p for some (p € L°°(B) and applying Fu- 
bini’s theorem, we have

[ f(z)@(l- II Z ||2)?—%(z)
Jb

=유 ii 그 II—1 加⑵ iB ①三쓴쁘—…)

= 유 [ OR [ 幣느1긴히유)

q Jb Jb (1—<w,z>)"M v 7
= 서 f (w)(p(w)di八w).

Hence, \ fB || z ||2)이—Mzx ⑵ | < || f \\Li\\ cp ||。。. Taking
the infimum over (p and applying Theorem 7, We get a constant C > 0 
such that

I [ /⑵ FM(1— II z II2)?-1" ⑵ | < C\\f ||忌|| g ||q .

□

The space of bounded analytic functions on B will be denoted by

Corollary 9. For g e Bq,

Fg(f) = [ /⑵@(1— II 키|2)이—1 cM20, /e¥°(B), 
Jb

extends to a bounded linear functional on L$(B) with || Fg ||< c\\ g \\q

Proof. This follows from Theorem 8. □
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