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ABSTRACT. we shall deal with ten cases out of 15 distinct almost
Bieberbach groups up to Seifert local invariant. In those cases we will
show that if G is a finite abelian group acting freely on the standard
nilmanifold, then G is cyclic, up to topological conjugacy.

1. Introduction

It is well known that all 3-dimensional infra-nilmanifolds are Seifert
manifolds. A classification of the 3-dimensional Seifert manifolds
with solvable fundamental group (amongst them infra-nilmanifolds)
is found in Orlik’s book ([6, Theorem 1, p.142]).

The general question of classifying finite group actions on a closed
3-manifold is very hard. For example, it is not known if every finite
action on S is conjugate to a linear action. However, the actions on
a 3-dimensional torus can be understood easily([4, 5]).

Recently it is known that there are only 15 kinds of distinct closed
3-dimensional manifolds M with a Nil-geometry up to Seifert local
invariant([1]). We shall study only free actions of finite abelian groups
G on the 3-dimensional nilmanifold, up to topological conjugacy. By
the works of Bieberbach and Waldhausen([2, 3, 10]), this classification
problem is reduced to classifying all normal nilpotent subgroups of
almost Bieberbach groups of finite index, up to affine conjugacy.
m Grant No. R01-2000-00005 from the Korea Science & Engineering
Foundation.

Received by the editors on December 10, 2001.

2000 Mathematics Subject Classifications: Primary 57525, Secondary 57S17.
Key words and phrases: group actions, Bieberbach groups, Affine conjugacy.

27



28 JOONKOOK SHIN* DAEHWAN GOO** AND EUNMI PARK***

In this paper we shall deal with ten cases out of 15 distinct almost
Bieberbach groups up to Seifert local invariant. In those cases we will
show that if G is a finite abelian group acting freely on the standard
nilmanifold, then G is cyclic, up to topological conjugacy. All the
necessary ideas and techniques for finding and classifying all possible
finite abelian group actions on the 3-dimensional nilmanifold can be
found in [9]. The problem will be reduced to a purely group-theoretic
one.

Note that Nil denotes the 3-dimensional Heisenberg group; i.e. Nil
consists of all 3 x 3 real upper triangular matrices with diagonal en-
tries 1, which is connected, simply connected and two-step nilpotent.
Hence Nil has the structure of a line bundle over R%2. We take a left

invariant metric coming from the orthonormal basis

0 01 010 0 0O
0 0 0j,]0 0 Of,|0 0 1
0 0O 0 0 O 0 0 O

for the Lie algebra of Nil. This is, what is called, the Nil-geometry and
its isometry group is Isom(Nil) = Nil xO(2)([7, 8]). All isometries of
Nil preserve orientation and the bundle structure.

Throughout this paper, we shall denote the Heisenberg group Nil
“simply by H. All terminologies and notations are followed by those
in [8].

2. Free cyclic actions of the 3-dimensional nilmanifold

We shall study free actions of finite abelian groups G on the stan-
dard nilmanifold N which yield an infra-nilmanifold homeomorphic
to H/T. First we shall deal with the seifert bundle type 3 case out of
15 distinct almost Bieberbach groups up to Seifert local invariant([1,
Proposition 6.1]).

Let us denote I' imbedded in Aff(#) by
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I = (tl,tg,t:;,a | [tl,tz} = tgk, C)./3 = tg, atga"l = {1, atla‘l =
ty'tT!), where t; = (eg,I),ts = (ez,I),t3* = (e3,I), and

1 1 1
1 3 ok T34 -1 1
a = 0 1 0 o
0 0 1

Here I is the identity matrix in Aut(H) = R? x GL(2,R). Note
that [[,T] = (t1t5 1,3, 3%).

THEOREM 1. There exists only one cyclic group Zgy acting freely,
up to topological conjugacy, on N which yields an orbit manifold
homeomorphic to H/T'. The action of I'/N = Zoi, where N =
(t1,t2,a%), on the nilmanifold /N is given by (f):

1 1, 11 1

flz,y,2) =(—z+y+ 5~ 2t 5%~ Ty~ 5T+ 9_k+ 51"

Proof. Let N be a normal nilpotent subgroup of I' such that G =
T'/N is abelian. Then

[0, 1] = (t1t; 1,83, t3F) € N C (ty,ta, t3).

Suppose N contains both t;t5't%2,t5t5. Then N can be represented

by an ordered set of generators
(tat5 t%  tath, t7)

The details can be found in [9]. By the right action of (—1& ?) €
GL(2,Z) C Aut(H) on N, N reduces to (t;t§, tot}, t3). Since N
contains 3 and t,¢5 %, we have t5~", t3" € N. Thus £ —r and 3r must
be multiples of n.

Note that 0 < £,7 <n. Thus £ =r and £=0, %, 2. Since
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[t1t§, toth] ={t1, to] = t3F € N,

3k must be a multiple of n. Note that we shall do only an infra-
nilmanifold M; case, i.e., n = 3k. Therefore the possible normal

nilpotent subgroups are

Ny = (t1, ta, 13%), No= (1115, tot§, £3°), N3 = (123", t213", 13*)

1 I o«
3
It is not hard to see Ny ~ Ny and N3~ N4y by using [0 1 —% ,
"R R
0 0 1
1 2
and NlrENg by using |0 1 —2|. Thus we get
00 1

N = Ny = (ty, ta, t3%) = (t1, t2, o).

Therefore there exists only one Zgx, = I'/N free action on the nilman-
ifold H/N which yields an infra-nilmanifold homeomorphic to H/I'.

Suppose N does not contain either ¢1t5't5 or tot5. Since G is not
abelian in these cases, we induce a contradiction.

The realization of the action of G = I'/N on the nilmanifold H/N,
as an affine action on the standard nilmanifold, is easy provided in
the “Realization” procedure in [12].

Let N = (tq, t3, o®®). Since G is generated by the images of o, it is
enough to calculate conjugations of a by (I, B), where B = ((1) 01) €
Aut(H).

1 & L4+L
_ 2 9k ' 24 -1 1 :
Fora=(a,A)=| |0 1 0 , [ _1 OJ , we have
00 1 '
L 3 o5t o
(I, B)(a,A)(I,B)™' = (B(a),A)=| |0 1 0 A
0 0 1
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It acts on H by

1 % glk-i-i 1 z 2
01 0o |,A]-l0o 1y
0 0 1 0 0 1
1 —z+y+3 z+ic—ay+ & +45-32
=10 1 -
0 0 1

Therefore if f : #H — H is the map generated by «, then

f(z,y,2) = (—z + 41 +1x2 Vx+1+—1——£)

¥ 2= YT THETY YTor T2 2/ U
THEOREM 2. Suppose G is a finite abelian group acting freely

on the standard nilmanifold. Then G is cyclic, up to topological

conjugacy, and it is one of the following. The action of G = T';/N; on

the nilmanifold H/N; is given by (f;) (i=1,...,9):

r G Conjugacy classes of

normal nilpotent subgroups

T): Lok Ny = (ty,t2,15%)
Ty: L, Ny = (t1,ta,5%)
Ts: Lo N3 = (t1,ts,t3%)
T4 Zok—3 Ny = (t1,t2, 83571
[s: Zok—6 Ns = (t1,t2,t3°7%)
Ts: Zaor Ng = (t1,t2,5")
Ty: . N7 = (t1,t2,t5)
Ls: L3ek+2 Ng = (t1,ta,t5°%?)

[y: L3k +24 Ny = (t1,ta, t5F+4)
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[1 = (t1,ta, t3, | [t1,te] = t3F, [t3,t2] = [t3,t1] = 1, a* =t3,
atia~! =51, atya™! =ty, [a,t3] = 1)
Do = (t1,t2,t3, a | [t1,t2] = t3F, [ta, t1] = [t3, 2] = 1, a* =13,
atia~l = t51, ataa”! =ty [a ts) =1)
T3 = (t1,t, t3,a | [t1,t2] = t3%, a® =12, vat,a™! = ty,
atiat =t 7t
Ty = (t1,t2,t3, | [t1,ta] = t3F71) 0B =t3, atya™l =ty
atia~! =ty 171
Ts = (t1,t2,t3,a | [t1,t2] =32 o® =13, atya~! =1,
atja~! =t 171
Te = (t1,ta, t3, | [t1,t2] = 5%, atea™! =toty, atia™! =
= t3)
T7 = (t1,ta, t3, | [t1,t2] = t§F, atea™! =toty, atia~! =1t;"!
a® =13)
Tg = (t1,t2,t3,a | [t1,t2] = t55F2) ataa™' = toty,
atia~! =t51, of =1t3)
To = (t1,t,t3, 0 | [t1,t2] = t6’“+4, atga~! = tot,
atia~?! ::t2 , ab=t3)
filz,y,2) = (y,—z,2 — 2y + 155)
fo(z,y,2) = (—y,x Ty + 15%)
fa(z,y,2) = (2 —y— 5,55 — 5 + 2+ 59° ~zy)-
falz,y,2) = (—z+y+ é, —z,z+ 1x —zy + 9k 5+ i - 3)-
fs5(z,y,2) = (—y,x —§,z+§y a:y—l———i)
fe(z,y,2) = (y,—z+y+ %,z+ %y —xy+%—k+ %)
fr(z,y,2) = (z —y + 3,2,2 + 122 —:cy-+-36,c 5)
fs(z,y,2) = (& —y + 3,2, 2+ 30° — 2y + 36k - %)
fol@,y,2) = (y,—z+y+ 3,2+ 39> — 2y + 55z + 5)-
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Proof. We shall deal with only I';. Let N be a normal nilpotent
subgroup of I'; such that G =T';/N is abelian. Then

[I‘l,I‘l] = (tltz,t%,t§k> C N C Fl.

Suppose N contains both t;t5'¢%2, t5¢2*. Then N can be represented
by an ordered set of generators

(trth o2, 1ot 15)

Then N reduces to (tlte,tgtgn, 2). Since N contains ¢1¢2 and t%, we
have t3™,t5*™ € N. Thus 2m and £ 4+ m must be multiples of n.
Note that 0 < ¢,m <n. Thus £=0,% and m =0, 3. Since

[tits, t2tD] = [t1, ta] = t3F € N,

4k must be a multiple of n. Note that we shall do only an infra-
nilmanifold M, case, i.e., n = 4k. Suppose N does not contain either
tite £ or tot?. Since G is not abelian in these cases, we induce a
contradiction. So, the possible normal nilpotent subgroups are

Ny = (t1, to, t3F), Np = (t182F, tot2F, t3F).

1 2 0
2
It is not hard to see IV} }: Ns by using |0 1 % . Thus we get
0 0 1

N = Ny = (t1, to, t3°).

Therefore there exists only one Zjgr = I'y/N free action on the nil-
manifold H/N which yields an infra-nilmanifold homeomorphic to
H/T;.

Suppose N does not contain either t,t5'¢5 or t5t2*. Since G is not

abelian in these cases, we induce a contradiction.
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‘Let N = (t;, ty, a'®*). Since G is generated by the images of

a, it is enough to calculate conjugations of a by (I, B), where B =

(0 1) € Aut(H).

1 0 ¢ o 1
For a = (a, A) = 01 0|, 1 0 , we have
0 0 1
1 0
(I,B)(a, A)(I,B)™' = (B(a),4)= | |0 1 0 |,A
0 0 1
It acts on H by
1 0 1% 1 = 2 1 y z—ay+ 7
01 0 |(,A 01 y|=1]01 -z
0 0 1 0 0 1 0 0 1

Therefore if f: H — H is the map generated by a, then

f(xayaz) = (ya - a:y—l— 16k

The other cases can be done by using a similar method. O
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