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FREE CYCLIC ACTIONS OF THE 
3-DIMENSIONAL NILMANIFOLD

Joonkook Shin*, Daehwan Goo** and Eunmi Park***

ABSTRACT, we shall deal with ten cases out of 15 distinct almost 
Bieberbach groups up to Seifert local invariant. In those cases we will 
show that if C구 is a finite abelian group acting freely on the standard 
nilmanifold, then G is cyclic, up to topological conjugacy.

1. Introduction
It is well known that all 3-dimensional infra-nilmanifolds are Seifert 

manifolds. A classification of the 3-dimensional Seifert manifolds 
with solvable fundamental group (amongst them infra-nilmanifolds) 
is found in Orlik’s book ([6, Theorem 1, p.142]).

The general question of classifying finite group actions on a closed 
3-manifold is very hard. For example, it is not known if every finite 
action on S3 is conjugate to a linear action. However, the actions on 
a 3-dimensional torus can be understood easily([4, 5]).

Recently it is known that there are only 15 kinds of distinct closed 
3-dimensional manifolds M with a Nil-geometry up to Seifert local 
invariant ([1]). We shall study only free actions of finite abelian groups 
G on the 3-dimensional nilmanifold, up to topological conjugacy. By 
the works of Bieberbach and Waldhausen([2, 3, 10]), this classification 
problem is reduced to classifying all normal nilpotent subgroups of 
almost Bieberbach groups of finite index, up to affine conjugacy.
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In this paper we shall deal with ten cases out of 15 distinct almost 
Bieberbach groups up to Seifert local invariant. In those cases we will 
show that if G is a finite abelian group acting freely on the standard 
nilmanifold, then G is cyclic, up to topological conjugacy. All the 
necessary ideas and techniques for finding and classifying all possible 
finite abelian group actions on the 3-dimensional nilmanifold can be 
found in [9]. The problem will be reduced to a purely group-theoretic 
one.

Note that Nil denotes the 3-dimensional Heisenberg group; i.e. Nil 
consists of all 3 x 3 real upper triangular matrices with diagonal en
tries 1, which is connected, simply connected and two-step nilpotent. 
Hence Nil has the structure of a line bundle over R2. We take a left 
invariant metric coming from the orthonormal basis 

2. Free cyclic actions of the 3-dimensional nilmanifold
We shall study free actions of finite abelian groups G on the stan

dard nilmanifold which yield an infra-nilmanifold homeomorphic 
to H/T. First we shall deal with the seifert bundle type 3 case out of 
15 distinct almost Bieberbach groups up to Seifert local invariant([1, 
Proposition 6.1]).

Let us denote T imbedded in Aff(7Z) by

0 0 1
0 0 0
0 0 0

0 1 0
0 0 0
0 0 0

0 0 0
0 0 1
0 0 0

for the Lie algebra of Nil. This is, what is called, the Nil-geometry and 
its isometry group is Isom(Nil) = Nil 乂0(2)([7, 8]). All isometries of 
Nil preserve orientation and the bundle structure.

Throughout this paper, we shall denote the Heisenberg group Nil 
simply by H. All terminologies and notations are followed by those 
in [8].
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T = 幼1, '2, '3,애 | = ^3 , 아3 =

휴1'f1〉，where t± = (ei,I),i2 = (=」『),'3fc3

, 0^2아-'고 = ii, afiioT-1 = 
= (e3,/), and
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Here I is 난le identity matrix in Aut(H) = R2 x GL(2,R). Note 
that [r, r] = (헤玄 \ E, 於*丄

Theorem 1. There exists only one cyclic group acting freely, 
up to topological conjugacy, on Af which yields an orbit manifold 
homeomorphic to H/V. The action of T/N = where N = 
01, hi 시여)? on the nilmanifold H/N is given by (f):

" 、 / 1 1 2 111、 f(&y, 之) = (—⑦ + y + 夕 一：仏 之 十 ,⑦ — 側7 — ,⑦ 十 하 "1" 히)‘

Proof. Let TV be a normal nilpotent subgroup of T such that G = 
r/N is abelian. Then

[r,r] =〈허즈1,#, 球) c tv c

Suppose N contains both ^2^3- Then N can be represented
by an ordered set of generators

〈'i^K2 北 2 하, 해)

The details can be found in [9]. By the right action of ( 丄 어) € 

GL(2,Z) C Aut(7/) on TV, N reduces to (iig, 새丁 於’). Since N 
contains 이 and iitj1, we have tf~r 6 N. Thus t — r and 3r must 
be multiples of n.

Note that 0 < €, r < n. Thus € = r and ' = 0, 말, 끜흐. Since
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[iig, '2'；] = [허1? 시 = 커〒 으 八I

3k must be a multiple of n. Note that we shall do only an infra- 
nilmanifold Mi case, i.e., n = 3k. Therefore the possible normal 
nilpotent subgroups are

M =〈ii, t= 球）,W2= （t바, t2g, tf）,N3 = 位珍, t2珍, 球）

It is not hard to see Ni 〜 7\呂 and TV3 〜 M by using

and Ni 〜 N흐 by using
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N = Nr = （ti, 浮） = @i, t斗 o平）.

Therefore there exists only one Z9즈 = V/N free action on the nilman
ifold H/N which yields an infra-nilmanifold homeomorphic to 'H/V.

Suppose N does not contain either 쎄 or 放하. Since G is not 
abelian in these cases, we induce a contradiction.

The realization of the action of （7 스 T/N on the nilmanifold 7//7V, 
as an affine action on the standard nilmanifold, is easy provided in 
the 化Realization” procedure in [12].

Let N = （ti, 放, o^k}. Since G is generated by the images of a, it is 
enough to calculate conjugations of a by （I, B）, where 月 = （ 서 어） 仁 

Aut（7Z）.
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= 0 1 0 ,A
\ 0 0 1
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It acts on H by
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1 ■—⑦+ 沙+ , 之+ 尹으 _째+하 + 호 _ 을

0 1 —X

0 0 1

Therefore if / : ?이 一＞ 7/ is the map generated by q, then

r/ \ / 1 1 9 1 1 x.
/(自切之) = (―⑦ 十?/ +⑦,之+자 —끼十하十 허 —치’ I그

Theorem 2. Suppose G is a finite abelian group acting freely 
on the standard nilmanifold. Then G is cyclic, up to topological 
conjugacy, and it is one of the following. The action of G = I\/A& on 
the nilmanifold H/Ni is given by (J) (i=l,...,9):

r G Conjugacy classes of 
normal nilpotent subgroups

i\： 끄 16fc 川1 = 仏1北2,淨〉

r2： 다〜 k 川2 = (허, 放, 燃〉

r3： 다〜 川3 =〈＜1北2北〒

r4： 끄아c-3 八4 = 幼1北2,球-1)

G 乞 9fc—6 川5 = @1北2,球-2〉

r6： 乞 36A: Nq =〈Zi,i2, 增)

G 끄 36/c 川7 = @1北2, 燃)

r8： 乞 36之十2 川8 =〈h,W：+2〉

G 乞 36乃十24 川9 = 0132,滑이〉
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I\ = {'1北2北3? 사어 | ['1> 시 = 헤*\ [커3北2] = ['3北1] = 1? 리 = 커3, 

0^1사厂1 = t호1, €此2（文1 =[凶헤 — 1） 

厂2 = 0132,^3= | [허, 시 = #즈, 뮤3北1] = 뜌3, 시 = 1, 아4 = #, 

a'tiQf-1 = t〕1, o功2公厂고 = ii, [a,is] = 1） 

丁3 =〈$!•）허2, 허3? | ['1, 放] = 어허 = 沙0止2（上 1 = '1?

aiicv-1 = 조1헤1）

r4 = {'1北2北3, 아 | [허1北2] = g즈 \ 사오 = t引 0止2아 거 = '1, 

atice"1 = 차1if1）

r5 = 01北2北3, 仁니 [<1,시 ='〒-2, 애3 = 於, （立2사厂x = ti,

at^-1 =
丁6 = {'1, @2北3, 사어 | ['1 北』= #*\ *2애 1 = ^2^1? OitlOi 1 =《흐 \ 

아6 = t3）
r7 =〈ti,t2,t3,a I \ti,t2] = tlk, *2시厂1 = t2ti, atior1 = i〕1, 

a6 = g）

r8 = 仏1北2北3,伏 I [허,시 = Kfc+2, *2아-1 = tw, 
OftiQ-1 = t}1, a6 = g）

r9 = 仏1北2北3, 어 | [허, 시 = 이서“4, c此2사厂1 = t2ti, 
W1C厂 1=i『1, Q6 = t3）

A（幻 y,之） = （y,—⑦，之 一 w 十 志）.

f2（西 y,z） = （—y, ⑦，之一 끼 + 志）.
fs（臥 y, 之） = （―?/, ⑦一？/ — I으느一 去 + 之十 느y2 — xv）- 
f4（x,y,z） = （-x + y+ I，—⑦, 之 + \x2 - xy + 豆丄 + 느一 針 

J*（財 y, 之） = （―切 x — y — I，2서" |?/2 ~ xy + 하느 一 녜 

/引立, y,之） = ⑵, 一⑦ + y + |, 之 + 느y2 — xy + 志 十 |）.

f7（x,y,2『）= 0 — 以 十 ⑦，之 + |⑦2 — 깨 + 志 一 |）. 

fs（xi 切 之） = （⑦ 一 y + |丄仏 之 + |⑦2 — w + 36fc — !）• 

九休 y,之） = （이, 一⑦ -H/ + |, 之 + |以2 — xy + 느즈 十 !）•
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Proof, We shall deal with only I\. Let A『 be a normal nilpotent 
subgroup of Ti such that G = I\/7V is abelian. Then

[1\,1\] = 0北2,어,潔）€川0 1\.

Suppose N contains both 흐1. Then N can be represented
by an ordered set of generators

하）

Then N reduces to （ht사, 盟 tg）. Since TV contains and g, we 
have gm, € N. Thus 2m and ' + m must be multiples of n.

Note that 0 < €,m < n. Thus ' = 0, 끙 and m = 0, 끙. Since —— 1 1 2 7 2

[tig, t2tf] = [h, t2] = 4k e N,

4k must be a multiple of n. Note that we shall do only an infra
nilmanifold Mi case, i.e., n = 4fe. Suppose N does not contain either 
titor 放燃'. Since G is not abelian in these cases, we induce a 
contradiction. So, the possible normal nilpotent subgroups are

M =〈ii, t= 燃）, n2 = 位珍, t2tf, 球）.

It is not hard to see N丁 〜 by using
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N = Ni = （ti, t2、潔）.

Therefore there exists only one Zm = Ti/TV free action on the nil
manifold H/N which yields an infra-nilmanifold homeomorphic to 
九/I\.

Suppose N does not contain either or t2? Since G is not 
abelian in these cases, we induce a contradiction.
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Let N = (ti, 放, 아16*사. Since G is generated by the images of 
a, it is enough to calculate conjugations of a by (/, B), where B = 
(J 어) G Autf此).
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Therefore if /:?/—> ?/ is the map generated by a, then

f(x,y,2；) = (y,-x,z-xy +

The other cases can be done by using a similar method. □
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