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I-RINGS AND TRIANGULAR MATRIX RINGS

Kang-Joo MIN

ABSTRACT. All rings are assumned to be associative but do not nec-
essarily have an identity. In this paper, we carry out a study of ring
theoretic properties of formal triangular matrix rings. Some results
are obtained on these rings concerning properties such as being Iy-
ring, f-ring, exchange ring.

Throughout this paper all rings are assumed to be associative but
do not necessarily have an identity. When a ring has an identity,
modules are assumed to be unital. The Jacobson radical of a ring R
will be denoted by J(R).

Let R and S be rings and gVs a left R right S bimodule. The for-
R

0 S] has as its elements formal

mal triangular matrix ring U = [

matrices [T where 7 € R,s € § and v € V with addition de-

0

’ !
fined coordinatewise and multiplication given by {g Z} [B Z,] =

re’ v+ vs
0 ss’ )

LemmMmaA 1. [4] If R is a ring, the following conditions are equivalent:

(1) Every left ideal L ¢ J{R) contains a nonzero idempotent.
(2) Every right ideal L ¢ J(R) contains a nonzero idempotent.
(3) Ifa g J(R), then zax = z for some z # 0.
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Proof. Given (1), let ¢ & J(R). Let L be the left ideal of R gen-
erated by a. Every element of L has the form ra + na where n € Z
and r € R. Let e € L be a nonzero idempotent in L. Hence e = ra
for some » € R. (3) follows with x = rar. Conversely let L € J(R)
be a left ideal. There exists ¢ € L and a € J{R). By (3), zaz = z for
some z # 0. raxa = za € L is a nonzero idempotent. The proof that
(2) & (3) is analogous. O

DEFINITION 2. [4] A ring R is called an Iy — ring if it satisfies the
conditions of lemma 1. An Iy-ring in which idempotents can be lifted
modulo J(R) is called an I-ring.

The class of I-rings is quite large. It obviously contains all division
rings, and, more generally, contains all local rings, where in this paper,
a ring R will be called local if it has an identity and R/J{R) is a
division ring.

ProrosiTION 3. [4] Let R be a ring in which idempotents can be
lifted modulo J(R). Then R is an I-ring if and only if R/ J(R) is an
I-ring.

Let R be a ring and 7 be a right ideal in R. I is modular if there
exists e € R such that
r—erel forallr e R [3].
It is well known that J(R) is the intersection of all modular maximal
right ideals of R.

PROPOSITION 4. The set of modular maximal right ideals of U

is given by {{g R;({S] | either I = R and K is a modular maximal
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right ideal of § or I is a modular maximal right ideal of R and K =
S}

_ I RVs
Proof. Let 0 K

Clearly I is a modular right ideal of R and K is a modular right

be a modular maximal right ideal of U.

ideal of §. If K # S, then choosing a modular maximal right ideal

of K’ of § with K C K', we sce that 102 ;{/, is a modular maxi-
mal right ideal of U and I rVs < B V, . The maximality of
¢ K 0 K

é R;{/Sl yields I = R and K = K’. If, on the other hand, K = S,

IV
then [0 g
modular maximal right ideal of R. Thus any modular maximal right

1s a modular maximal right ideal of V. Hence I is a

ideal of U has to be either [}g K,] with K a modular maximal right

ideal of S or [I V] with 7 a modular maximal right ideal of R.

0 s
Conversely, right ideals of the above form are clearly modular max-
imal right ideals of U. O
_ IRV
COROLLARY 5. J(U) = [ 0 J(S)]'
Proof. This is an immediate consequence of Proposition 4. O

COROLLARY 6.

1) [8 z] +J(U) — (r+J(R),s+J(S)) is a ring isomorphism

of U/J(U) with R/J(R) x §/J(S).
(2) Idempotents mod J(U) can be lifted in U if and only if idem-

potents mod J(R) can be lifted in R and idempotents mod
J(S) can be lifted in S.
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R

THEOREM 7. U = [0

gl is an Ig-ring if and only if R and §

are Ig-rings.

Proof. Assume that U is an fy-ring. Let I be a right ideal of R not

contained in J(R). I = [é 3/] is a right ideal of U with I € J(U).

e v

e v = . e v

ooef“"th[ooJ[oo
_evmdev7é00 e v| [e v] [e* ev
1o 0] 00 0 0{" [0 0] {0 O] |0 oOF
Hence €2 = e and ev = v. We sce that either e # or v # 0. If e = 0,
then ev = v = 0. We conclude that € # 0. Thus e € T and & = ¢

in R. Thus I contains a nonzero idempotent. Let K be a right ideal

of § such that K € J(S). K = [g IO(] is a right ideal of V and

K & J(U). There exists an element 0 # f € K with

IR A

K contains a nonzero idempotent. Therefore R and S are Ip-rings.

Hence there exists an element

Conversely, assume that R and S are Iy-rings. Let I be a right

ideal of U with I € J(U). Then there exists an clement [g Z] el
W o]

. O b E

To show that I contains a nonzero idempotent, it suffices to show

a v],, Ja vl|[R V] [aeaR oV +uS
that | b_U_[O b] [o 5]_[0 S

nonzero idempotent.
If b ¢ J(S), then zbz = z for some z # 0 by Lemma 1. (bz)? =

bz € bS. Let bz = f. f € bS and [0 ¢

¢ J(U). This means a ¢ J(R) or b & J(S5).

with

] contains a

0 f

] is a nonzero idempotent in

ulJ where u = [8 v]’
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Suppose ¢ ¢ J(R). Again by Lemma 1, there exists a nonzero
idempotent e € R of the form e = gz for some r € R. zax =2 # 0

implies (ax)® = e? = e.

GEU_GII:G,:L'U__GULE.’EUEU
0 0]/={0 o~ |o bllo o€

and | 4% @sv||aex azvi _ |ar azv
0 o0 o 0 {0 0

This shows that V is an Is-ring. O

R

COROLLARY 7. U = [0

g] is an I-ring if and only if R and S
are I-rings.

Proof. J(U) = [J(OR) ]Kg)] by corollary 5. By corollary 6,
idempotent mod J(U) can {)c lifted in U if and only if idempotent
mod J(R) can be lifted in R and idempotent mod J(S) can be lifted
in S.

By theorem 7, U is an [y-ring if and only if R and S are Ij-rings.
O

An associative unital ring R is said to be an exchange ring if Rp
has the exahange property introduced by Crawlery and J6 nsson[2][5].

If R is a ring without identity, we denote R’ the unitalization of
R ; that is, R’ = R @& Z with addition and multiplication defined by
(z,n)+(y,m) = (x+y,n+m), and (z,n)(y, m) = (zy+ny+maz, nm)
forall z,y ¢ Rand n,m € Z..

LeEMMA 8. [1] Let R a ring without unity and let T be a unital ring
containing R as a (two-sided) ideal. Then the following conditions are
equivalent for an element x € R ;

(1) There exists €* = e € R with e — z € T(z — 2?).



24 KANG-JOO MIN

(2) There exists e* = e € Rx with ¢ € T such that (1-e)—c(l—2x) €
J(R).

(3) There exists € = e € Rx such that T = Re + T(1 — z).

(4) There exists € = ¢ € Rx such that 1 —e € T(1 — z).

(5) There exists r,s € R and ¢ = ¢ € R such that e = rz =

s+ xr— sx.

Let I be a ring without unity and let R be a unital ring containing
I as an ideal. Let Mg be a module over a unital ring § such that
there exists an isomorphism ¢ : End{(Mg) - R. Let X =M a Y =
N, & Ny (*) be two decomposition of a right S-module X. Denote by
7 the idempotent in End(X) with image M and kernel ¥, and identify
End(M) with 7#End(X)n. We say that (*) is I-admissible if 7rom €
¢ Y(I) where 7; € End(X) is the projection onto N; determined by
the decomposition X = N; & N,.

THEOREM 9. [1] Let (I, R) and ¢ : End(Ms) — R be as above.
Then the following conditions are equivalent :

(a) For all x € I, there exist ¢ = e* € I and r,s € I such that
E=TTr=2+8§— 5.

(b) For all I-admissible decompositions X = M ®Y = N; & Ns,
there exist N] C N; such that X = M & N{ & N,,.

(c) For all x € I, there exist e = ¢* € I and r,s € I such that

e=xr=8+x—x8.

DEFINITION 10. A ring without unity I is called an exchange ring
if it satisfies the equivalent conditions in Theorem 9.

Note that I being an exchange ring is a symmetric condition which
does not depend on the particular unital ring where 7 is embedded as
an ideal.
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EXAMPLE. [1] (1) If I is an ideal of a unital exchange ring, then
I is an exchange ring. To see this, take an element x € I. There
exist r,s € R such that e = zr and 1 —e = (1 — z}{1 — s). Clearly
e € I and therefore s = ¢ — x + zs € I. Consequently we can write
e = x(re) = x + s — xs, with re, s € I and condition (c) of Theorem
9 is satisfied.

(2) The radical rings [3] are exactly the exchange rings without
nonzero idempotents.

(3) A ring I is said to be w-regular if for all x € I, there exist a
positive integer n and y € I such that " = x"yx™. All the (non-

unital) m-regular rings are exchange rings.

THEOREM 11. [1] Let I be an ideal of a (possibly nonunital} ring
L. Then L is an exchange ring if and only if I and L/I are exchange
rings and idempotents can be lifted modulo 1.

6 S
and S are exchange rings.

THEOREM 12. U = {R V] is an exchange ring if and only if R

Proof. Assume that R and S are exchange rings.

10 =" 0]

is a radical ring. By example (2}, J(U) is an exchange ring.

V/J(V) = [R/‘(IJ(R) S/;](S)] is an exchange ring.

Conversely assume that U is an exchange ring. U/J(U) is an ex-
change ring and U/J(U) = R/J(R) x S/J(S). Therefore R/J(R) and
S/J(8) are exchange rings. By Theorem 11 and example (2), R and
S are exchange rings. O
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