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SOME REMARKS ON 7휴-GROUPS

Dong-Soo Lee* and Sang-Cho Chung**

Abstract. Vogiouklis introduced Hv-hyperstructures and gave the 
“open problem: for」Efr-groups, we have /?* = 0”. We have an affir­
mative result about this open problem for some special cases.

We study /3 relations on -quasigroups. When a set H has at 
least three elements and (H, • ) is an -quasigroup with a weak 
scalar e, if there are elements x, y E H such that xy = H \ {e}, then 
we have (xy)(xy) = H.

1. Introduction
In 1934 S. F. Marty[?] introduced a basic concept of hyperstruc­

tures and, in 1990 T. Vougioklisf?] introduced Zfv-hyperstructures and 
studied about //^-groups defined on the same set H = {e, a, b}.

Freni[?] proved that, if H is a hypergroup, then p* = /3. Vogiouklis[?, 
Thm.1.2.2.] proved that, when (H, • ) is an J/^-group, the fundamental 
r 이 at ion /3* is the transitive closure of the relation /3. And also he gave 
the following 仏open problem”.

For //『groups, we have 0* = 0.

We have an affirmative result about this open problem for some 
special cases.

We study relations on 에-quasigroups. When a set H has at least 
three elements and (H, • ) is an //『quasigroup with a weak scalar e, 
if there are elements x, y E H such that xy = H \ {e}, then we have
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(xy)(xy) = 77. Using this lemma, when = H \ {a} and U2 = H \ K 
where Ui, tz2 a e H \ {e}, and K G H \ {e}, if % U * = H, then 
0 is an equivalence relation and H/g 스 Zp

In Theorem ??, let = H \ and tz2 = H \ K where 
Ui, iz2 €e € Ui D n2. If Ui U u2 = H, then also /3 is an equiva- 
lence relation and K//3 스 Zp

2. Some results on //沙-groups

Let 7/ be a nonempty set and P*(Zf) be the set of all nonempty 
subsets of H. We say that a function • : H x H ——> P*(2f) is a 
hyperoperation on H. We assume that for subsets 4, B of H

A • B = U a • b.
aG-A? b三B

A hyperoperation • on is weak associative(WASS) if the sets (x-y)-z 
and x . (jj . z} have nonempty intersection, i.e.

(x • y) • z x • (y • z) 0 for all x, y, z in H.

We say that a hyperoperation • on H satisfies the reproduction prop­
erty if

x • H = H • x = H for all x in H.

We call an ordered pair (H, • ) as a hyperstructure on H. A hy­
perstructure (H, • ) is called an Hv-semigroup if • is WASS and an 
Hv-quasigroup if • satisfies the reproduction property.

Recall that a hyperstructure (H, • ) is called an Hv-group if it is an 
Hv-quasigroup and an semigroup. Furthermore, an Hv-group (H, •) 
is called a hypergroup if • is associative.

From now on, we do not use the notation • in the equation if it does 
not cause any confusion.
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Definition 2.1. Let (H, • ) be a hyperstructure.
An element s e H is called a weak scalar if sx and xs are singletons 

for all x e H. Furthermore, if sx = xs, then s is called a scalar.
An element u e H is called a unit if x e uxDxu for all x e H.
An element e E H is called a scalar unit if ex = xe = {x} for all 

x e H.
Note that if a hyperstructure (H, • ) has a scalar unit, then it is 

unique.

Example 2.2. Let be a set {e, cz, b}. Then there is an Hv- 
quasigroup with a weak scalar but not scalar e.

e a b
e e a b
a b H H
b a H H

Let (H, • ) and (H', * ) be two hyperstructures. A function f : 
(H, • ) —> (、Hf, * ) is an isomorphism if f(x • y) = f(x) * j(y) for all 
x, y E H and it is a bijection. We say that H is isomorphic to Hf if 
there is an isomorphism between (2f, • ) and (Hr, * ), and we denote 
it by 乃 으 H'.

Let 77 be a hyperstructure. Let us denote by U the set of all finite 
products of elements of H and define the relation 0 in 7/ as follows :

x/3y iff {rr, y} C u for some u EU.

In general, /3 is not an equivalence relation. For example, let H be the 
set {e, a, b} and consider following Kv-structure:

e a b
e e e e
a e {e, a} e
b e e {e, b}
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Then the (3 relation on H satisfies the reflexive and symmetric laws 
but not the transitive law. For instance, we have a/3e and 이3b but not 
a/3b.

Let (H, • ) be an I心-group. We define the /?* relation as the small­
est equivalence relation, one can say also congruence, such that the 
quotient H/0* is a group. The 月* is called fundamental equivalence 
relation.

Freni[?] proved that, if is a hypergroup, then /?* = /3. Vougiouklis 
[?, Thm.1.2.2.] proved that, when (H, • ) is an /f^-group, the funda­
mental relation /3* is the transitive closure of the relation 日. And also 
he mentioned the following “open problem”.

For _Hv-groups, we have /3* = /3.

We study this open problem for some special cases.

From now on, a set H has at least three elements and (H, • ) is 
an /fv-quasigroup with a weak scalar e. We have some results for Hv- 
quasigroup.

Lemma 2.3. If there are elements x, y e H such that xy = H \ {e}, 
then (xy)(xy) = H.

In particular, if there is a Hnite product u of elements of H containing 
H \ {e}, then we have u2 = H.

Proof. Assume that xy = H \ {e} for some x,y E H. Since H is an 
J?v-quasigroup and e is a weak scalar, there are a, b E H \ {e} such
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that aeQbe = 0. Then we have

MM = (7J\{e})(H\{e})

D a(H\{e})Ub(H\{e})

D (H\ae)U(H\be)

= H\ (ae H be)

= H.

Therefore, we have (xy)(xy) = H. □

When H is an /fv-qiiasigroiip, if there is x, y E H such that xy = H, 
then clearly (3 is an equivalence relation and H/g 스 Zr.

Lemma 2.4. Let w = H \ {a} and — H\K where tq, EU 
and e € izi Pl 以才 If Ui \J U2 = H, then /3 is an equivalence relation and 
乃/0 으 Zi.

Proof. By the assumption, we have

UW2 D (H\{a})(H\K)

D e(H\K)U(H\{a})e

D (H \ eK) U (H \ ae)

= H\(eKQae).

We may assume that U\U2 羊 H. Then eKC\ae 羊 0 and so eKHae = 
ae, since e is a weak scalar. Hence we have = H \ ae. By the 
hypothesis, K n {a} = 0 and a e u2. Hence we have D ea and 
ae 羊 ea-
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Therefore we have

MM D (H\{a})(H\{a})

D e(H\{a})U(H\{a})e

D {H \ ea) U(H\ ae)

= 77 \ (ea A ae) 

= H.

Hence we have H//3 스 Zp □

Theorem 2.5. Let Hx and H2 be subsets of H where is a 
nonempty Snite set and let u\ = H \ H丁 and u2 = H \ H2 for some 
Ui, u2 E VI and e G m D%. If % U m = 7/, then /3 is an equivalence 
relation and H/0 스 Zp

Proof. We proceed by induction on the number of elements of the 
set 7五. In case |Bi| = 1, it follows from Lemma ??.

Suppose that it is true for |Hi| < n.
Let \Hi \ = n. Then we have |乃1이, |eJfi| < n.

Since 以i 0 以2 = H, we have Hi Cl = 0- Hence, by the assumption, 
we have

uw2 D (乃 \Hi)(2f\Zf2)

D l(H \ eH2) U e乃i] U [(H \ Hxe) U H2e]

= [(H \ eH2) U(K\ Hie)] U eHx U H2e

= [乃 \ (elf』n 乃ie)] U e/fi U 乃우

= H \ [(eH2 n Hie) \ (eH, U H2e)].
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On the other hand, let

Kn =(€乃1 n Hie) \ (eH2 U H正) 

K12 = (eH2AH1e)\(eH1UH2e) 

K21 = (eHi n H2e) \ (eH2 U Hxe) 

K22 = (eH2 A H2e) \ (eH, U Hxe).

Then we have, U\U2 D H \ K12 and similarly we have

UiUr D H\Kn, u2m D H \ K2i, and u2u2 D H\

Note that

K12 n Kn = [(eH2 A Hxe) \ (eH, U H2e)] n [{eHx n Hxe) \ (eH2 U H2e)] 

= (eH2 A Cl eHr Cl Hxe) \ (eHi U H2e U eH2 U H2e) 

= 0,

\wi D (乃\乃1)(日\伍) 

D 以…⑴ 

= e[(H\Hi)UH2] 

D (H\eH1)UeH2,

and

UW2 D (H\7/i)(H\/f2)

D e 나I\H2)

= e[(K\/f2)UJfi]

D (HXe^UeHi，

Hence we have mmUmm D [(H\eH^) Ue/f2] U [(K\ UeHi] = H.
Using the same method, we have

Kn n K^i = Kn n k22 = 7fi2 n k2i = k12 a K22 = k2i n k22 = 0 

and

U1U1UU2U1 = U1U1UU2U2 = U1U2UU2U1 = 711^2^2^2 = U2U1UU2U2 = H.
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(Case 1) |JCi2| = n.

Since \Hie\ < n, we have 사么 = (eH2 Cl H^e) \ (eHi U H2e) = Hie 
and so H^e C eH》. Hence Kn = (eHi Cl Hxe) \ (eH2 U H2e) = 0 and so 
uWi 三〉H \ Ku = H.

(Case 2) \K12\ < n.

Subcase 2-1) e E K12-

Since K12 A Kn = 0, we have e g K^. Hence we have e € uiu-^. 
On the other hand, since Ku A K2i = 0, we have e 우 JC2i. Hence we 
have e € U2U1. Therefore, e G Pl and u^ui U U2U1 = H. If 
|Kn| = n, then \eHr Cl Hre\ = n, since |/fie|, |e/fi| < n. Hence we 
have eHi = H^e and so = 0. Therefore U\U2 D H \ K12 = H. If 
IJC11I < n, by induction hypothesis, we have H/0 은 Zp

Subcase 2-2) e , K12.
Then we have e E Since u^ui U U2U2 = H, we have e E U2U2 

or e G U1U1. Therefore, e E A U2以2 or e G Pl UiU^. Since
U U2U2 = U1U2 U U1U1 = H, by induction hypothesis, we have 

月7/3 스 Z1. □
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