
Phase Change of Forward-Scattered Light in the Critical Region Bull. Korean Chem. Soc. 2001, Vol. 22, No. 10 1105

Phase Change of Forward-Scattered Light in the Critical Region

Yunsoo Kim, Kyoung-Ran Kim, and Dong J. Lee*

Department of Chemistry, Pukyong National University, Nam-Gu, Pusan 608-737, Korea 
Received June 15, 2001

The changes of azimuth and ellipticity due to the linear dichroism and Kerr effect are analytically obtained in 
the critical region, when the incident light is completely linearly polarized above (or below) the horizontal at 
45o. The results are discussed in two extreme cases in the critical region.
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Introduction

When a static uniform field is applied to a fluid perpendi­
cular to the propagation of light, molecules in the fluid are 
partly oriented. This renders the fluid anisotropy and gives it 
birefringence, that is, the ability to refract light differently in 
two directions.1-8 This effect is called the Kerr effect. One of 
theoretical methods to discuss the birefringence is based on 
the Rayleigh theory of scattering. Lord Rayleigh9 pointed 
out that the refraction of light is a consequence of light 
scattering. The individual molecules scatter a small part of 
the incident light and the forward parts of the resulting 
waves combine and interfere with the primary wave, result­
ing in phase change which is equivalent to an alteration of 
the light velocity. Thus, owing to the anisotropy of the mole­
cular polarizability tensors induced by the external field, 
there is phase difference between the axes along and perpen­
dicular to the direction of field. Since Kauzmann7 treated 
birefringent scattering including optical activity with the aid 
of quantum mechanical theory, many authors1,4-6 have studi­
ed birefringent phenomena theoretically by considering the 
interactions between molecular polarizability tensors and 
light. It is not adequate to discuss the birefringence in the 
critical region of a fluid by the Rayleigh scattering theory, 
since correlation between the fluctuating variables becomes 
important in the critical region near the critical point.10-12

The purpose of the present paper is to discuss the critical 
behavior of the phase change of forward-scattered light due 
to the linear dichroism and Kerr effect in a chiral fluid. A 
static electric field is applied to the nonpolar chiral fluid, 
which is composed of spherical chiral molecules with the 
same diameter and then some refringence is induced by 
distorting the molecular shape to some degree. It is, how­
ever, assumed that even though the anisotropy of molecular 
polarizability tensors is induced, the spherical shape is main­
tained. Then, we may easily extend the result of polariza­
bility density tensor of a nonpolar chiral fluid11-13 to the 
present problem.

In section II, the relationships between the changes of 
azimuth and ellipticity of a scattered light and anisotropy of 
polarizability tensor of a fluid are obtained with the aid of 
the Stokes' parameters.1,14-16 From the relationship we obtain 
the attenuation intensity, Rosenfeld equation and optical 

activity1 when the correlation of density fluctuations is 
neglected. Subsequently, we introduce a renormalized pro­
pagator by using the average polarizabily and dielectric 
tensors of the fluid. In section III we first obtain the change 
of azimuth caused by linear dichroism employing the Orn- 
stein-Zernike form of the correlation of density fluctuations. 
This change is due to the imaginary part of the renormalized 
propagator of the fluid due to the correlation, since the 
molecular polarizability tensors are assumed to be real in 
nonresonant frequency region. The approximate results are 
given in the two extreme cases in the critical region. Finally, 
the change of ellipticity due to Kerr effect and density 
fluctuations is obtained and discussed in the critical region. 
It is noted that the effects of optical activity on the changes 
of azimuth and ellipticity are neglected.

Theory

Let us consider monochromatic light propagating along y 
and incident on a scattering cell, which is assume to be an 
infinitely wide lamina (xz plane) with the infinitesimal 
thickness relative to the wavelength of light. If only a small 
fraction of the wave is scattered by the fluctuating chiral 
fluid in the scattering cell, the disturbance reaching a point f 
at Ro a large distance from the lamina in the forward 
direction is essentially the original light plus a contribution 
due to the scattering by the fluctuating fluid in the lamina. 
The total light at f is the sum of the primary wave and the 
scattered light from the lamina, which is given as1

Ea = (% + 2iccM dy)Eo，eexp[ia)(R。/c -1)], ⑴ 

where c is the light velocity in vacuum; Y邛 is the forward 
component of the macroscopic polarizability density tensor 
of the chiral fluid, which will be discussed in detail later; dy 
is the thickness and Eog is the incident light. From now on 
we shall take units such that c is unity.

The light Eog can be written as the sum of two coherent 
fields completely linearly polarized in the x and z directions

io = EoxX + EoZz. (2)

The general pure polarization state can be described in 
terms of the ellipticity, n and azimuth, Q15 Then, the
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Table 1. The definition of six basic polarized lights

Kind of polarized lights 。 n
horizontally linearly polarized light n/2 0
vertically linearly polarized light 0 0
linearly polarized light above the horizontal at 45o n/4 0
linearly polarized light below the horizontal at 45o -n/4 0
right circularly polarized light 0 -n/4
left circularly polarized light 0 n/4

complex amplitude may be written as
Eo = Eo [(cos。cosn + i sin。sinn) •§

+ (sin。cosn + i cos。sinn)Z ], (3)

where

-쯜<夾I ---<n<f (4)

The six basic polarization states of the incident field are 
given in the Table 1.

The Stokes parameters for the incident and scattered lights 
are defined as1,14-16

Io = <EoxEox*> + <EozEoZ*>, Mo = <EoxEoX> - <EozEo；>,
Co = -(VEoxEoZ? + <EozEox*>),
So = -i(<EoxEoz > - <EozEox >),
If = <EE *> + <EE *>, Mf = <ExEx*> - <EzE> (5)
Cf = -(<ExE；> + <EEX*>), Sf = -i(<ExE；> - <EEX*>),

where the subscripts o and f in the above definition denote 
the incident and total forward lights, respectively, and the 
sharp brackets represents the statistical average.

The Stokes' parameter If of the transmitted wave is, using 
Eq.⑴

If = <ExEx*> + <EzE；>

= [(毎 + 片 必 dy)(8xy -i 쓸 yYdy)

+ (毎 + i 쓸 必 dy)(8z7 -i 쓸 Y^dy)] <EpE/>.

Using the definition of Stokes parameters given in Eq. (5), 
we obtain If and the other parameters up to the first order of 
dy as follows

If- Io-쓸Im[(Y.x + Yyy)Io+(Yx - Yyy)M°-

(Yy + a)Co-i(Yfy - Y^x)So]dy, (6a)

Mf =〈Efx EfX)-{Efz EfZ

三Mo-쓸Im[(Yx + Y)Io+(Yx - Y)Mo-(Yz + }Zx)Co

-i(Yz - Yx)So]dy, (6b)

Cf =〈 Efx EfZ +〈 Efz Ef

= Co+쓸Im[ (Yfy + Yzx) Io-(YfZ - l^x) Mo-Yxx + Y，) C

+ i(Yxx - Yfz)Mo] dy (6c)

Sf = -i( E E *-Ef E *)

- So+쓸Re[(7fz- Yx)Io - (Yz + Yx)Mo

-(Yfx - Yfz)Co + i(Yxx+Yzz)So]dy. (6d)

In Eqs. (2.6) Re and Im denote the real and imaginary parts, 
respectively. The changes of intensity, azimuth and ellipti­
city are effectively infinitesimal so we can write If-1 - dI, 
Of-。工 d。and nf- n~ dn. The differential equations for 
the changes of intensity, azimuth and ellipticity with the 
respect to dy are given as

dy = -I쓸[Im(Yxx + Yzz)+ Im(Yxx- Y)cos2ncos2。

-Im(Yxz + Yx)cos2ncos2Q-Re(Yxz - Yx)sin2n], (7a)

jy = 쓸([Im(Yxx + Yzz)cos23-Re(Yxx- Yfz)sin2。] 

tan2n+[Im(Yxx - Yfz)sin2S+Im( Yz+Yx)cos2。]/ 

cos2n-Im(Yxz - Yzx)) (7b)

쁴; = 쓸[-Re(Yxx- Yzz)sin20-Re(Yxz+Yfx)cos2이

+ [Im(Yxx - Yzz^)cos2Q-Im(Yxz+Yzx)sin28]sin2n
+ Re(Yxz - Yzx)cos2n], (7c)

where we have used the relations

tan 20- tan2。- 2d。/cos22。，

tan 2nx - tan2n - 2dn /cos22n, (8)
For the linearly polarized light above (below) the horizontal at 
45o, we obtain

* = I 쓸 [ -Im(Yxx+Yz ~)±Im(Yxz+Yzx)], (9a)

쓸。= 쓸[±Im(Yxx - Yzz)-Im(Yxz - Yx)], (9b)

dy = -쓸 [+Re(Yxx - f)-Re (Yxz - Yx)]. (9c)

The sign 士 corresponds to the lights polarized linearly 
above and below the horizontal at 45o, respectively. The first 
equation, Eq. (9a) describes the absorption via the absorptive 
parts of the molecular polarizability tensors and the effect of 
density fluctuations; Eq. (9b) expresses an azimuth change 
due to linear dichroism brought about through a differential 
absorption of the two linearly polarized components of the 
incident light resolved along the x and z directions and Eq. 
(9c) shows the corresponding ellipticity change due to linear 
birefrigence, that is, Kerr effect. We may apply these 
equations to discuss various kinds of phenomena contained 
in Eqs. (7).

Let us consider a chiral fluid. The fluid is nonpolar before 
an external static electric field is applied. The molecules in 
the fluid are assumed to be spherical with diameter a. The 
anisotropy in the fluid is generated in the fluid by a partial 
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orientation of the induced moment due to the field and 
fluctuations of fluid density, assuming that the molecules are 
still spherical. Then, extending the previous theory for the 
macroscopic polarizability density tensor of the nonpolar 
chiral fluid,12-13 we may easily obtain the macroscopic 
polarizability density tensor of an anisotropic chiral fluid as 
follows;

7由(k0) = Ya从k0) + 淹(k0); (10)

佑从k0)= aa/po--쓰-J dk'd0 S2(k- k, 0- 0)

aaaKa，叭k'0'、)aj邓, (11a)

汤(k0) = Ya/ (k0)po

+ -쑈- JJ dk d0 S2(k - k, 0- 0)

aaa，La,a"(k , 0 )(/- & )a〃/Y

- -쑈i JJ dk'drn' S2(k-k, 0-0)

aaaKe人k', 0) [ya-/ (k', 0)+Ya/，(k, 0)]

- -쑈4 JJ dk'drn' S2(k-k, 0-0)

aaaKLa”(、k,0)[y"/ (k',0)+y"/ (k,0)].
(11b)

In Eqs. (2.11) we adopted the tensor notation in which the 
repeated indices mean summation over the indices; a«/ is 
the second order molecular polarizability tensor; po is the 
density of the fluid at equilibrium; S2(k, 0)is the correlation 
function of density fluctuations given as

S2( k - k, 0- 0)=房(Ap( k,0)Ap( k,0 )〉; (12)

幼 and ya" are given as

Ya/ (k0) = i("- /、)a/kr* aaaLa，"<k0)("- ")""y,

Ya" (k0) = i(/- /、) a/Ykr+‘2 aaa，La，"(k, 0)("-"')/彻.
(13)

La§ and Ka/ are the propagator due to the existence of 
discontinuity between molecules at the Lorentz cavity and 
the renormalized propagator, respectively,12 and / and / 
are the third order molecular polarizability tensors. The a, / 
and / are given as17

a / = 2如po(OnmRe[(“a)nm("/)mn(
" ")nm '£프0&"

n 一 2寸 一。/m[("a)nm(Ml)mn] e /a/ = h %02-砍 +血10膈
£T 0

+ 2 ? o0-mRe[(---a)nm(g/Y)mn}

h n 0 - 0nm + i lim £0，
£T 0

(1ia)

(1ib)

c， 2寸 一oIm[("/)nm(Ml)mn] e
膈=h %02-0” + 血10 瞞

£ 프 0

+ 2 " o(0nmRe[((-/)nm(g/Y)mn(
h n 0 - 02m + Him £0

£ 프 0

(1ic)

where pon is defined as

pn = exp( -EnkT / X exp( -EnkT) (15)
n

0nm is the circular transition frequency from the n(th state to 
the m(th state;仏 M and g are the electric dipole moment, 
magnetic moment and electric quadrapole moment, respec( 
tively; £ is an infinitesimal positive real number; Sa/ and Sa/y 

are the Kronecker delta and LevACivita tensor, respectively, 
and kBT is the Boltzman factor. The above results were 
obtained by the quantum statisitical method and thus are 
different from quantum mechanical results in the sense that 
the tensors show the temperature dependence and the time 
reversal symmetry is introduced to obtain the tensors.

First let us consider the isotropic fluid, neglecting the 
effect of density correlation. In this case we may use the 
orientational average for the tensors, that is,

〈aa/ =財。/a/〈/a/〉=〈 //y〉= ^/oSa/y, (16)

where17

c _ 2 寸 co 0nmRe [(h)nm(仇)mn] ziao = (-■- 바)n 2 2 , .v ， (1/잇3h 0 - 0nm + ilim£0
£ 프 0

/o = (2-바pn (((的2)nm(M)m시 . (17b)
3h 0 - 0nm + ilim£0

£ 프 0

Substituting Eq. (16) to Eq. (9), we have

* = - 3 Im(ao )pornI, (18a)

df = -6Im (1-3aop。)/o po®2, (18b)

架=-6Re f1-laopol/o po0 (18c)
匕成 6 \ 3 丿

In Eqs. (2.18b) and (2.18c) the term (1-3aopo) is the 
correction for the undue differentiation at the Lorentz cavity. 
From the Eq. (18a) we obtain for the final attenuation 
intensity in a cell with a finite path length l

I = Io exp - 3Im(ao )p。삐. (19)

where Io is the initial intensity. The Eq. (18b) shows the 
famous Rosenfeld equation1 for the azimuth change in an 
isotropic fluid as follows

A0 = -6lm f-jaopoj/opo 01. (20)

It should be noted that in the original Rosenfeld equation it is
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written as

Ae = -3Ga (f )pornl. (21)

[he expression Im(fio)^corresponds to 2G" The term (1­
3 aopo) is not included, when a molecule is considered. The 
ellipticity change is given as1

An = 6R^^(^-^aop^Popo 岳l. (22)

The results in Eqs. (21) and (22) confirm the fact that the 
linear dichroism and Kerr effect do not exist for the forward- 
scattered light in an isotropic achiral fluid and the changes of 
azimuth and ellipticity are caused by optical activity in an 
isotropic chiral fluid.

Now let us consider an anisotropy fluid caused by a static 
uniform electric field applied to an isotropic fluid perpendi­
cular to the propagation direction and at 45o to the azimuth 
of an incident linearly polarized light (thus the electric field 
is applied along the x-direction). First, let us assume that the 
light varies slowly over the molecular dimension. This 
assumption is obviously valid in the nonresonant frequency 
region where the frequency dependence of the polarizability 
tenors can be neglected and thus it can be said that the 
tensors are real in the nonresonant region. The effect of the 
term in Eq. (11b) is also neglected compared with that in Eq. 
(11a), since \\P - k|| << || a\\ in optical frequency region, 
|| …|| being the norm of tensor. Let us define the average of 
the second order molecular polarizability tensor and dielec­
tric tensor of the fluid as

a。=如 +严；a*=%,. (23)

Thus the Lorentz-Lorenz formula is given as

aopo = 3(匚-1)/(£o+2). (24)

where & is the average dielectric constant of fluid at equi­
librium. The renormalized propagator in a fluid is expressed 
by the average molecular polarizability tensor and dielectric 
tensor as10-11

A 、 1 c 7 、fi r(akqci) + 3kaka\aopoKaa( k 酒=-3r( ak ,g)(1 -「(akq--) + 1~ J

-| [ *F( ak,am)-1 ][F( ak ,am) + 3 ]®2

[k-(ffi + /lim)£) x *F(ak,aw)]-[1 - 쏩，), (25)

where the functions are

r(x ,y) = 3aopof( x,y)[ 1 - a°pof(x ,y )]-1,

*( x,y) = aopog( x,y)[ 1 - aopof( x ,y )]-1. (26)

f( x，y)= - Xd* 의X뜨 J( cosy+y s吋)， 

g( x, y) = cos xcosy +*sinx siny.

When x, y << 1, fx, y) and g(x, y) become approximately 1/3 
and 1. We may use the static approximation for the corre­
lation function in the case that the velocity of a molecule in 
the fluid is very small compared with the light velocity. We 
take the Ornstein-Zernike correlation function as the static 
function, which is given as

S2(k- k,⑦一小)=2nS(^-分)S2(k- k);

S2 (k - k) = —一-B-스一一-. (27)n 丿1 + ；(k -仃 k丿

where k is the isothermal compressibility factor and g is the 
correlation length of density fluctuations.

It is very easy to investigate the effect of density fluctu­
ations on the azimuth and ellipticity in the nonresonant 
frequency region. In this region the molecular polarizability 
tensors can be considered real and their dependence on 
frequency can be approximately neglected. Thus, the tensor 
jL is given as

〜f ,、、八 „ 1 £o + 2
Yaa( S = aaapo-(2n)43(£o-1) aaapoJ dk d(D

S2(k-k, rn-a!) x aopoKaa(k，小). (28)

Results

Now we are ready to give the final results for the changes 
of azimuth and ellipticity in the critical region.

The change of azimuth in critical region. The linear 
dichroism is obtained from the imaginary parts of the tensor 
components given in Eq. (28). Substitution of Eq. (27) into 
Eq. (25) leads to

J , J 、f _ 1 住。+ 2)2 / 、2 kB】X 3'/ \Imy(k,a)xx = ---- -----— (axxpo) ——a f (s,r),xx xxr" os-2 J1\32砍 3 丿 kag (29a)

ImY k,a)Z = 1 (Eo + 2) \ 、2 kmx 3r，、--- —:::— (azzpo) —--a f2( s,r), 16n" 3 丿、kag
(29b)

where

f1( s,r)=
—J，

从s,r)=
-1 +- s---2---- 2---s--r-
1 + s2 + 2sr (30)

s = ——호쓰。一- r =------ 탠-  
s [i +(gk)T2, r [1 +(호沪]1/2

The change of azimuth, Ae is

Ae( 顷)=±6니흐+으) a纣

[a；f1 (s, r )+2a2zf2( s,r )]p2l. (31)

where the sign 士 corresponds to the lights polarized linearly 
above and below the horizontal at 45o, respectively. Let us 
take the zeroth approximation for k, that is,
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k = noCD； n = £o/2, (32)

where n is the refractive index.
When the system is in the critical region far from the 

critical point, that is, g(D no<<1, we have

ImYDf = -备£/(봌의 (axxPo州小, (33a)

ImYDf = -宀&迎박으') (apo腿1加, (33b)/ \ ，z g、o[ Z I ' zzK o / Zlz ，、丿

A 0(d) = +
2 

kBTxD

[(axxPo )2-(a22po )2 ] l. (33c)

The A0 becomes divergent as the isothermal compressibility 
coefficient k diverges as g2 and is proportional to D4.

If the system is very close to its critical point, the results 
are

ImYMx 点또2' (axxpo)썉0) 

[1-2ln( 2gnoD)], (34a)

r y \f 1 (£o + 2'2/ \2^bTK /II \Imy(D)fz =      (azzP。) -븐厂3, (34b)八 ' 옹 nnoI 3 丿' e ； ， k ，

A0(d) = + 土壽；*]件+으) 'k*K顼 D
^o

[(axxPo )2[ 1 -ln (2gnoO)]-2(azzpo )2 ] l, (34c)

if gnoD>>1.

When the system is extremely close to the critical point, the 
behavior of A0 is described by Eq. (34c), when k = noD The 
effect of density fluctuations in the case of g(D n >>1 is quite 
different from that given in eq. (33c). It is logarithmically 
divergent. Futhermore the change of azimuth close to the 
critical point behaves as extinction D rather than d4 It is 
very interesting that the change of azimuth shows the 
phenomena of critical opalescence.9-10

The critical behavior of the ellipticity change. The real 
part of Ya a may be written as,

Re Yaa(k,D) = aapPo+ReYaa(k,0)+ Re Yaa(k,D) . (35)

The first part in the right hand side of Eq. (34) is due to the 
anisotropy of molecular polarizability tensor. The second 
and third terms are due to the static and dynamic parts of the 
renormalized propagator, respectively. The static part can be 
analytically obtained in the case that the correlation length is 
much larger than the diameter of a molecule, that is, g >> 시. 
The solutions are given as

n f/7c\ _ I 1 (£o + 2) / \ 2 7 "1 了-2Re Y1xx(k,0) = axxPo+2—2 "-_ 1- (azzPo) k^TKg

1 /^ / 、9 nk / ix( £o + 2) 7、 /c r 、aQ(aoPo)-y-—(&- 1)(—3—丿以gk) , (36a)

Bull. Korean Chem. Soc. 2001, Vol. 22, No. 10 1109

Re Y1zz(k,0) = azzPo+—J -흐0—킬 (azPo)2^bTKg 21 zz , zz o 2 zz o B

-Q(aoPo)-T7—(— - 1)性+으)e(gk)], (36b) 
시^\ oo 16 —oy 0 气 3 丿 ， ' 丿

where we have neglected the term proportional to g-1 and the 
functions are defined as

Q(aoPo)=匚 dx r( x )2 [ 1 + r( x )]T, j 0

^(gk) = b-sin「‘b - 22+으(1 - b)1/2；

b = ―-톡扑. (37)
(1 + gk )1/2

The function Q(aoPo) may be approximated as

Q(aoPo) 즈 竽(亍+쏴-云丿2. (%)
+ aoPo

When the fluid is in the critical region far from the critical 
point,①(gk) becomes

e(gk) 즈 으 gk. (39)

If the system is very close to the critical point, the function 
has the following maximal limit value

①(gk) 즈 2 n. (40)

The first term is much larger than the other in the two 
extreme cases. Thus, Yk,0)f becomes

ReY k,0 )fa = 頌1-2(으专丿(aaaPo 頌
27 n V.—o - 1 丿

乂 시Q(aoPo), (41)

if a << g.

The components of dynamic part are expressed as
-l 一 , cr2A f / 7 、 1 —o + 2 / 、2

A%/ k, d) = ■「-— -— (axxPo)xx xx o

x kBBTKg'D 疽 H1( r,s), (42a)
Cl2

f 1 —o + 2 2AyZz(k,d) = 8n -으3— (azzPo)

x kBTKg-D k「' H2( r,s). (42b)

where the functions H1 and H2 are given as

H (財) = (1 + 27 - 느$、뇨 r-土(1 -『)1/2+

1 + (쓰9] X "[(느9=•하 顿 

H (財) = (시-土+4；굼；) 霜 r-£(1-代 严+
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1 + (브3 ] X"[(느St■匚-U비' (43b)

When the system is in the critical region far from its critical 
point, the functions become

H1(r,s) = 8Jk, H2(r,s) = 4g/k, (44)
if gk, and g(D n° <<1.

Using these results, we obtain
c、r2

A《a(k,m) = sn 任°3 ) (aaapo、而丁或此 (45)

if gk and 饥0 <<1.

From Eqs. (41) and (45), the change of ellipticity is express­
ed as

△n =干 ¥( 1 + A )(axx - a疽)pol (46)

if gn0 <<1 and g>> 시,

where the sign 干 corresponds to the lights polarized linearly 
above(below) the horizontal at 45o, respectively.

A - 5-n^£o+ 2)(axx + aZ2)PokBTKg~2

n(U-1)시 Q (aopo)+(£。+ 2)ga] (47)

The parameter A describes the effect of density fluctuations 
on ellipticity change. The molecular effect on An is larger 
than the effect of density fluctuations in the case that the 
system is far from the critical point.

If the system is very close to the critical point, A/(^)4 a is 
obtained by using the zeroth approximation for k in Eq. (32)

c、r2
AYxx(rn) = 64 으3—- (aaaPoVkBTKg'cR (48a)

if gn)d) >>1.
c、r2

A^z(ffl) = 衆? 으+으 (azzPo)2k*頌此 (48b)

if 饥0 >>1.

Y( r ,0)4 a given in Eq. (41) can be neglected compared with 

Ay(^)aa of Eqs. (48). Thus, An(d) in the case of gn°>>1 is 
expressed as

An = +4 (axx - azz )po(Dl 干 2-6n
2

[3(axxpo)2 - (azzpo)] x kBTKgSl, (49)

if 饥0 >>1.

The term due to the density fluctuations is proportional to 
a", while the molecular contributing term behaves as a). The 
effect of density fluctuations becomes important as the 
system approaches the critical point. Extremely close to the 
critical point the term can be comparable or larger than the 
molecular contribution.
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