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Abstract : The transmission of harmonic vibratory power from a vibrating rigid body into a supporting plate through
passive and active isolators is investigated theoretically and experimentally. The theoretical model allows for the trans-
mission of vertical and horizontal harmonic forces and moments about all three coordinate axes. The experiment is to
use vibration actuators attached to the intermediate mass of the two-stage mount to minimize the rotational and transla-
tional vibration of the intermediate mass. The performance is done by measuring the vibration at the error sensors due
to the primary vibration source and measuring the transfer functions from the control sources to the error sensors. Re-
sults show that over a frequence range from 1 to 100Hz, transmission into the supporting plate can be reduced substan-
tially by employing in parallel with existing passive isolators, active isolators adjusted to provide appropriate control
force amplitudes.
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1. Introduction

Conventional passive vibration isolation of machine-
ry from supporting structures, typically utilizes springs,
air mounts, rubber blocks or sheets of neoprene. An
isolation system is usually selected based on the operat-
ing frequency of the machine. For example, an electric
motor rotating at 1440rpm has an operating frequency
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of 24Hz. The machine mounted on the vibration isola-
tors must have a resonance frequency less than the
driving frequency for vibration isolation to occur. More
specifically, the driving frequency of the machine should
be at least V2 times the resonance frequency of the
system. However, by selecting a vibration isolator of
low stiffhess, so that greater isolation occurs, the de-
flection of the mount will be large and this may result
in unacceptable instability of the system. One way of
addressing these constraints is to replace the passive
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isolation system with an entirely active system. A pre-
ferred option is to add an active vibration control ele-
ment in parallel or series with conventional passive
vibration mounts. One disadvantage is that the active
system may transmit vibration that generates unwanted
vibration such as high frequency vibration or forces
and moments that act to increase the vibration in
support structure.”

When considering the possibility of including a feed-
forward adaptive isolation system in paralle] with exist-
ing passive equipment isolators for minimizing harmon-
ic vibratory power transmission from vibrating equip-
ment to a supporting structure, it is useful to have an
analytical model to estimate potential performance ben-
efits™ A review of previous work™” considers the
general topic of active vibration isolation.

The purpose of the work described here is to
develop such a model which allows the calculation of
the harmonic vibratory power transmission from an
arbitrarily vibrating rigid body to a supporting plate.

And it is to demonstrate the feasibility of using ac-
tive vibration control to reduce low frequency vibration
transmission through an existing passive isolation sys-
tem. The work involved the use of a feedforward con-
troller to minimize the motion of the intermediate mass
(assumed rigid) of a two-stage mount so that the vibra-
tory energy transmitted to the support structure could
be minimized. To do this, the error signals for the
controller were obtained using accelerometers mounted
on the intermediate mass and the cost function to be
minimized was the sum of the squared error signals,
which is equivalent to minimizing the kinetic energy of
the intermediate mass.

2. Theoretical Mode

A. Rigid body equation of motion

The experimental rig is modelled as a six- degree-
of-freedom rigid body which is supported by a flexible
rectangular plate through multiple elastic mounts, as
shown in Fig. 1. A vibratory source of frequency o
acting on the rigid body can be described by a
harmonic external force vector [@Q,]e¢’“ acting on the

center of gravity of the body as follows™®:
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Fig. 1. Rigid body isolated from a supporting plate by multiple
isolation mounts
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where the symbols F and M are, respectively, the
force and moment components of the 6-D force vector.

Referring to Fig. 1 the equation of motion of the
rigid body at the harmonic frequency o can be written
as”

L
ZyDy= @y + 121 RiQ; (2)

where D, is the complex displacement matrix of the
centre of gravity of the rigid body, Q'; is the force
coupling matrix at top of jth isolator, L, is the num-
ber of isolators, R’; is the matrix which accounts for
coupling between moments and translational displace-
ments and Z, =— w’my, o is the primary force exci-

tation frequency and s, is the diagonal inertia matrix.

B. Supporting plate equation of motion

By considering the force(in the z-direction) and mo-
ments(around the x- and y-axes) equilibrium, by in-
cluding the influence of the external forces and by
modelling the mass loading m? of each mount on the
supporting plate at frequency » as a concentrated iner-
tial force m;’w?w(o, w)8(o— 0;), the plate displace-
ment, w= w(o, w) can be described by the following
partial differential equationg):
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where p, E, » and £ are the density, Young's modulus
of elasticity, Poisson's ratio and thickness respectively
of the plate. The quantity ;= (x;,y;) is the location
vector of the jth mount on supporting plate surface,
and &(o—o;) is the Dirac delta function.

Using modal analysis, the platé displacement «(a, )
can be expressed in terms of mode shape matrix
$,(0) = [¢,(0), $2(0),, ¢p()]” and a modal ampli-
tude coefficient matrix w,(0) = [w,, wy, -, wplT as:

w=ulo, ») = $I (Pw, C))

where ¢7 (o) is I th plate mode shape function of a
simply supported rectangular plate.

Substituting (4) into (3) and using the orthogonal
property of the mode shape functions and Dirac delta
functions, the coefficient w, for Ith plate mode be-
comes:

L
m @l + fm0®)w; = 21[—3 or(a;),

__g¢1y(6/),¢1(0'j), _¢Iy(dj),¢'h(0j)y0] (5)

Q,t+ 21 C,,Iw;
1=12,-,P

where m; w;, 7, and C,., are the modal masses, the
angular resonance frequency of the Jth plate mode, the
loss factor of the Ith plate mode and the concentrated
mass contribution respectively.

When 71 in (5) increments from 1 to P, P simulta-
neous equations can be obtained for the coefficients
wy, wy, -, wp, and the matrix equation for wp is
obtained as:

L
Zrwp= 2, RIQ) ©®

where Z, is the uncoupled plate characteristic matrix
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including influence of the concentrated masses of the
mounts and the quantity R? is the force coupling
matrix for the jth mount.

C. System equations of motion
The matrix relation for displacements at the bottom
of the mount is

D} = (R})"w, Q)

where R®; is the force coupling matrix on supporting
plate for the jth mount.

A matrix equation describing the response of the
coupled system can be obtained as follows:

a2 ] (] ®

where D, is displacement vector of rigid body, @, is
harmonic driving force vector and the element matrices

Ay, Ay are given by the following expressions:
L
Apn=2+ ]21 RIK;(R)T (92)
L
A=~ 2 RIK(RDT (%)
L
An=— 2 RIK(R)T (%)
& b
Ap=2Z,+ 2 RIK(R)T (9d)

The resonance frequencies and mode shapes of the
coupled system can be obtained by solving the eigen-
value problem of the coefficient matrix [A] when
[Q]=0:

Ay A
Al = n Lz 10
L1=[ 42 a2 10
D. Active isolator
A passive isolator can be made active by intro-

ducing a force actuator connected in parallel with it.
When used with a suitable feedforward control system,
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the actuator exerts a control force on the rigid body
and the support point on the panel simultaneously. For
active isolators acting at the same location as the
passive isolators, the right part of Eq. (8) is replaced
by a combined force vector, and the equation of mo-
tion becomes:

L
Au AIZ][ ]: &t IZ:IR;Qf (11)
22 W _ LszQc
=1 %

where @; are the control force vectors generated by
each actuator acting on the support panel.

E. Power transmission into the support plate

The cost function chosen for minimization is the
time average power transmission into the supporting
plate through the isolators, and can be expressed as
follows:

L
= Re {4 jo 2} (&} - 09"} (122)
L
-2 Im{ 3 (0} - 070y (12b)
=2m{ 3, ()@ -5} (120)

where superscript H represents the transpose and con-
jugate of a matrix. In case where the matrix is real, H
can be replaced with symbol T representing the tran-
spose of the matrix. The time average power trans-
mission from the rigid body into the isolators can be
described as:

L
P,=Re{——%jw §1<Q;+Q;>”D;] (13)

and the input power due to the external driving force
is given by:

P,= Re {—% 19Q7 Dy) (14)

It is possible to express the total output power PO
by using an explicit quadratic function. Thus, the term

Z‘.} (D5YY(Q% — @5) in Eq. (12¢) can be expressed as:
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2 (D)@ - @)
=(Q)"aQ + (@) b + b, + ¢ (15

(e o5 @51".
The form of the matrices 4, b, b, and ¢ is

where @°=

dependent on the number of isolators used and to
make the solution of this problem tractable, we will
consider only four isolators between the rigid body and
the support plate; that is, L;=4. In this case, the
matrices a, b, b, and ¢ may be defined as follows:

3 ()@} - @5)

=(Q)7aQ + (@) b + 0, @ + ¢ (16)
where

a= G,KG, — G, (a7
b = G,KG;y (18)
by = G,KG, — G, 19
¢ = G,KG; 20)
and

HIR! HYRY HERY HTR
HIR® HYRY HYR: HYR! @1)
HIR? HYR) HYR: HYR!
HERY HERY HIRS HIR!

It

Gy

(R Hs —(RY)TH, (R)"Hs—(R!)TH,
G, = | (R H; —(R)TH, (R)TH, —(R)TH,
(R THs —(RDTH, (RY)TH; —(R)H,
(ROTHs—(ROTH, (R)THs—(R)TH,
(RDTH; —(R)TH,; (RY)THy—(RY)TH,
(Ry)"Hr—(R)"Hy (R;)"Hy—(ROTH,| ()
(R3) H, —(R})THy (Ry) Hy—(RS)TH,
(R)TH; —(R)THy (R)"Hy—(RY)"H,

(R} );Bn _(Rg) :Bm
(RI™B, — (RSB
Ga_ 2)” By 2) " By 23
| (RDTBy — (R By | =
(R{) By —(R) "By
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Gy= Q[ BiR! BiiR; B R} Bji R} (24)

K,
= K,
K X, 25)
Ky

where matrices H; - Hg are defined as follows:

H, = ByRi — BpR] (262)
Hy= By R, ~ ByR] (26b)
Hy= By Ry— BpR} (26¢)
Hy= leRz - BzzRf (26d)
Hs; = Ban - BlzRf (26¢)
Hy= By R;— BpR3 (261)
H;= B, Ri— BpR3 (26g)
Hy= BuRZ - BlzRf (26h)

and the matrices By, By, By, By, in the above ex-
pressions are the submatrix elements of the inverse of
system matrix A, as follows:

B Rl-[a A @
By=[A;~ Alez‘zlAm]_l 28)
Bp=[An— AnAi'Ap] 29)
Bp= —Ap'Ap[Ap— AyAjtAp] ™ (30)
By = —Ap'An[Ay — ApAn'Ay]™! €]))

The control force vector Q° of dimension(24 X 1) in Eq.
(16) is a combined vector of control forces as follows:

Q=0 @ Q" (32

204

Thus, by evaluating Eq.(12) and grouping the imagi-
nary terms, the total time average output power P, can
be expressed as the following real quadratic function,
with a symmetrical coefficient matrix for the quadratic
term:

2

Py=—31{(a)7ag"+ (¢) B+ 8T + Y (33)
where
azaT=—1[ ai+(ai)T ar_(ar)T (34)

_ar+(ar)T ai_‘_(ai)T

_ L[ @)+ b 35
=3 o] )
and
=197 @1 (36)

Clearly, the real output power for the uncontrolled
case where ¢°=0 is given by

Py =% wc' (37)

A reduction of output power as a result of the
action of the control forces will occur when the
relationship AP= Py’ — P,<0 is satisfied. In other
words, control force vectors satisfying inequality can
result in a reduction of the output power:

(¢°)7aq® + (a°) T8+ 874 <0 (38)

We know that the quadratic function of Eq.(33) has
a minimum given by

P = 5187718 c'} (39)
corresponding to an optimum control force vector of

qut= '_a_llg (40)

where the coefficient matrix « is a positive definite
matrix.
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The quantity P, is theoretically equal to zero for
an ideal controller, but the preceding analysis allows
the characteristics of a non-ideal controller to be taken
into account.

3. Experiment

A Instrumentation setup

In the figure 2, for the passive system, the top mass
is connected to the intermediate mass through 4 rubber
isolators and another 6 isolators were mounted between
the intermediate mass and the bottom mass. The mas-
ses of the top mass, intermediate mass and bottom
mass are 54.9kg, 481.3kg and 71kg, respectively. The
intermediate mass, measuring 700L X 510W X 170H, was
mounted between the upper mass and the base struc-
ture. Seven accelerometers consisted of four at vertical
direction and two in the y- and one in the x- direction,
were connected to charge amplifiers, which were in
turn connected to a digital signal analyzer. They were
used to measure the approximate kinetic energy (KE)
of the vibration isolator before and after the application
of active control.

The active vibration control system used seven
accelerometers for the error sensors and seven inertial
shakers as control sources, all of which were located
on the intermediate mass. To control the transverse
motion, pitch and rotation of the mass, four error sen-
sors and four control shakers were mounted on the top
of the intermediate mass. Two error sensors and two

Prisary shaker

)

A B&K Pulse system
Fig. 2. Instrumentation set up for expenimental demonstration
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Fig. 3. Eror sensor, monitor sensor and control shaker {oca—
tions

control shakers were mounted on one side of the mass
and one error sensor and one control shaker were
mounted on the adjacent side so that rotational motion
about the Z axis and the two translational motions in
the XY plane could be controfled. Seven monitor sen-
sors were used to evaluate the simulated control re-
sults. The distribution of the control shakers, esrror sen-
sors and monitor sensors are shown in Figure 3.

In the figure, cl-c7 are the control shaker locations,
and el-e7 and mi-m7 are the error sensor and monitor
locations respectively.

Here, feedforward active vibration control was used,
for which a digital controller generated an appropriate
control signal based on the error and reference ‘signals.
The controller used an adaptive FIR filter,” which had
the objective of minimizing the error signal. To do
this, a Causal Systems EZ-ANC 11 digital feedforward
controller was used to generate the control signals for
the control shakers. The signal for driving the primary
vibration was fed into the controller as a reference signal.

To simulate the disturbance vibration, seven inertial
shakers were mounted to the top mass. Four were mount-
ed with their axes in the Z direction, one with its axis

accleroset) g.'.sié ]
ers(error |y chaxl'gi_ - 3|EZ-ANC 11 PC
seasors} amplitiers, \(rontrolley compater
coatrol | __| poyer

shakers | amplifiers

prisary rower

shakers ]G'—'* asplifiersf¢ :;i:?;t“
Fig. 4. Block diagram of the experimental setup
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in the Y direction, and two with their axes in the X
direction.

To maximize the mechanical output of the shakers
(control and primary) at the frequency of interest, the
resonance frequencies of the control shakers were tuned
to match the primary excitation frequency. A block
diagram of the experimental setup is shown in Fig. 4.

B. Results and Discussion

Prior to using the EZ-ANC 1I controller to generate
the control signals, it was decided to determine the
maximum control that could be achieved using an ideal
controller. This work involved measurement of the
primary disturbance and measurement of the transfer
functions between the control sources and error sen-
sors, mounted as shown in Figure 3. A similar method
has been used in the past by others.'” An experiment
was carried out using an EZ ANC-II controller. Seven
control shakers and seven error sensors were used, and
the cost function that was minimized was the sum of
the squared error signals at the error sensors. The sig-
nals from the error sensors were input to the EZ ANC-
I controller and also to a Brilel & Kjar PULSE sys-
tem. The average reduction of the sum of the squared
signals at the error sensors was then measured using
the PULSE system. Control adaptation ceased once this
reduction reached a maximum. The power spectra at
the error sensors were then recorded.

The vibration isolation performance was determined
by summing the squared acceleration of 7 accelerome-
ters mounted on the intermediate mass

Fig. 5 shows the acceleration level reduction in over-
all performance of the active vibration control with the

| ------- Active confrol Pagsive contro—l|
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0 20 30 4 % 660 70 8 90 1C
Frequency (He)

Fig. 5. Comparison between the passive and active control
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existing passive isolators. According to the primary dis-
turbance simulated with primary shakers as rotation of
1440RPM, strong vibrations were generated at 24Hz,
36Hz and 48Hz over a low frequency range from 1 to
100Hz. From the figure, as expected, it can be seen
that overall acceleration level reduction was approxi-
mately 14dB, but the largest reduction at error sensor
location was 38dB at 24Hz. Although acceleration level
at several point did increase compared with passive
vibration isolation, one can see that in this case study
all the acceleration level increases occurs at sensing lo-
cations where primary shakers are every low.

4. Conclusion and Future Work

The work described here is to presented an analyti-
cal model to calculate the maximum achievable reduc-
tion of vibratory power transmission from a rigid body
through passive and active isolators to a supporting
plate. To do this, the cost function which was mini-
mized was the sum of the squared accelerations at the
error sensors, which is proportional to the total vibra-
tory energy contained in all six degrees of freedom of
the rigid intermediate mass.

According to experimental result we can know that
it is possible to significantly reduce the vibratory ener-
gy transmission from an intermediate mass to a receiv-
er structure by means of active vibration control. The
}otal vibratory energy of interest frequency could be

" experimentally reduced by 14dB. And It was found

that when the driving force is aligned with the vibra-
tion isolators, it is theoretically possible to reduce the
vibratory power transmission into the supporting plate
to zero. However, when the driving force is not align-
ed with the axes of the vibration isolators, active con-
trol provides limited vibration attenuation. Future work
will be conducted investigation for feasibility of using
active control to prevent major industrial accident caused
by vibration of rotating machine in chemical plant such
as pumps, reciprocating compressor, turbine and blower,
which will be evaluated the result between the simu-
lated and measured data.
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