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ABSTRACT

An analytical compressive stress-strain relationship model for circular and rectangular concrete specimens confined with laminated
carbon fiber sheets (CFS) is studied. Tsai-Hill and Tsai-Wu failure criteria were used to implement orthotropic behavior of laminated
composite materials. By using these criteria, an algorithm which analyzes the confinement effect of CFS on concrete was developed.
The proposed analytical model was verified through the comparison with experimental data. Various parameters such as concrete
strength, ply angle, laminate thickness, section shape, and ply stacking sequences were investigated. Numerical results by the proposed
model effectively simulate the experimental compressive stress-strain behavior of CFS confined concrete specimens. Also, the pro-
posed model estimates the compressive strength of the specimen to a high degree of accuracy.
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1. Introduction

It is inevitable that reinforced concrete structures dete-
riorate over time due to aging, fatigue, and other envi-
ronmental factors. Recently, a quick and simple solution
of rehabilitating the deteriorated concrete members by
wrapping them with carbon fiber sheets (CFS) became
popular, and many researches on this retrofitting method
have been performed. Many experimental studies have
been performed by domestic researchers to estimate the
strengthening effects of compressive concrete members
strengthened by CFS. For example, Lim and Chung
(1992), Kwon and Chung (1999), and Lee and Koo (1999)
studied the strengthening effect of confined concrete col-
umns. Choi et al. (1999) and Jang et al. (1999) studied the
stress-strain relationship, the confinement effect, and the
strength enhan-cement of strengthened compressive
members experimentally. In addition, a couple of empir-
ical equations for the estimation of strengthening stresses
in compressive members have been suggested (Jeong et
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al., 1997; Lee et al., 1998). The time has come to develop
a fundamentally sound analytical model that can simulate
the experimental results on the confinement effect of car-
bon fiber sheets for retrofitting of concrete members.
Unfortunately, a lack of analytical researches on this topic
has not solved the need for an analytical model that can
represent generic properties of CFS laminate as well as
concrete members in a consistent manner.

The behavior of laminated CFS wrapped concrete
member in compression is governed by several param-
eters such as fiber alignment characteristics of CFS, the
failure behavior of laminated composite materials, and
the confinement effects in concrete. Popovics (1973)
introduced a numerical model for the stress-strain rela-
tionship of confined concrete. Several researchers per-
formed similar studies, analytically and experimentally,
based on hoop and spiral reinforcements (Scott et al.,
1982; Ahmed and Shah, 1985; Priestley and Park, 1987;
Mander et al., 1988). Saadatmanesh ez al. (1994) pro-
posed a analytical model to evaluate confining effect of
carbon fiber sheets which were used to retrofit bridge
columns. They studied the confining effects based on P-
M-¢ curves of the columns. Empirical studies were also
carried out by Hosotani et al. (1997, 1998). Recently,
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Malek and Saadatmanesh (1998) applied a laminate the-
ory to analyze shear-strengthened beam with CFS. How-
ever, the major flaw of all these studies is that they do
not consider the fundamental characteristics of lami-
nates.

In this study, an analysis is performed to obtain the
stress-strain relationship of concrete member confined
with laminated carbon fiber sheets in compression by
implementing specific characteristics of retrofitted fiber
reinforced composite.

2. Analysis on the Behavior of Laminates

2.1 Stress-strain relationship of laming

A lamina, or ply, is a plane layer of unidirectional
fibers or woven fabric in a matrix. The lamina is an
orthotropic material with principal material axes in the
direction of the fibers (longitudinal), normal to the fibers
in the plane of the lamina (in-plane transverse), and nor-
mal to the plane of the lamina. For an orthotropic mate-
rial which has three mutually perpendicular planes of
material symmetry, the stress-strain relationships can be
defined as
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where C;are the stiffness matrix components.

In most structural applications, composite materials are
used in the form of thin laminates loaded in the plane
direction. Thus, a composite lamina can be assumed to
have plane stress condition with all the stress components
in the out-of-plane direction being zero, i.e., Gy=1T,= T,
= (. Then, the stress-strain relationships for lamina, Eq. (1)
can be reduced to
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vhere the reduced stiffness matrix components (Lee et al.,
995) are
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Fig. 1. Stress components in unidirectional lamina referred tc
loading and material axes.
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Generally, the lamina principal axes do not coincide
with the loading or reference axes (Fig. 1). Then, the
stress and strain components referred to the principal
material axes can be expressed in terms of those referred
to the loading axes by the following transformation rela-
tionships

&)
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and
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where the transformation matrix [T] is given by Eq. (7)
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where m = cos6, n = sin.
Using Eq. (5) and Eq. (6), the stress-strain relationships
based on the loading axes can be expressed as
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where 7,= 7, 18 shear stress, ¥, = Y., 18 shear strain, and (0]
is transformed reduced stiffness matrix.

2.2 Stress-strain relationship of laminate
A laminate is made up of two or more unidirectional
laminas or plies stacked together at various orientations.
For a lamina, we can relate the strains at any point in the
laminate to those of reference plane strains and the lam-
inate curvatures. Consider an individual layer k in a mul-
tidirectional laminate whose mid-plane is at a distance
from the laminate reference plane. The stress-strain rela-
tionships for this layer based on a laminate coordinate sys-
tem is
K

0
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where gg- are the strain components on the reference plane,
K;; are the curvatures of the laminate, and z is the distance
from neutral surface defined by the reference plane. Inte-
grating Eq. (9) along the thickness, the forces and the
moments for the n-laminate plies are
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where N, are normal and shear forces per unit length, M,
are bending and twisting moments per unit length, A, are the
extensional stiffness, B; are the coupling stiffness, and D;are

the bending stiffness. Also, A, B, and D, are defined as
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where Qf;- are the stiffness matrix for layer &, and 4, is the
distance from the neutral surface defined by the reference
plane to the upper and lower surfaces of the layer k. The
complete set of equations can be expressed in the matrix
form as

-6
M BD| x

As shown in Eq. (15), the number of nonzero terms in
the laminate stiffness matrix is reduced for certain lam-
inate configurations. Symmetry or anti-symmetry of geo-
metric and material properties about the middle surface,
ply orientation, and ply stacking sequences are the param-
eters that govern the form of the laminate stiffness matrix.

Depending on ply staking sequences, laminate ply
angle may be symmetric and anti-symmetric with respect
to the middle surface. In other words, a laminate is called
symmetric when there is a corresponding layer at an equal
distance from the reference plane on the other side with
identical thickness, orientation, and properties for each
layer on one side of a reference plane. The laminate has
symmetries in the mid-plane for both geometry and mate-
rial properties.

For a symmetry condition, a coupling stiffness will con-
sist of pairs of terms of equal, absolute values and in oppo-
site signs. Thus, By for a symmetric laminate are 0 and no
coupling exists between in-plane loading and out-of-plane
deformation (curvature). On the other hand, an anti-sym-
metric laminate has plies of identical material and thick-
ness at equal positive and negative distances from the
middle surface based on the ply orientations which are
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anti-symmetric with respect to the middle surface. Thus,
all the terms in the laminate stiffness matrices are nonzero.

3. Failure Analysis of Laminate

Macro-mechanical failure theories for composites have
been proposed by extending and adapting isotropic failure
theories. All theories can be expressed in terms of the
basic strength parameters referred to the principal mate-
rial axes. In this study, Tsai-Hill and Tsai-Wu failure cri-
teria are adapted for the failure analysis of laminates.
Tsai-Hill criterion has the form of

o o T 0,0,

2ttt o2 T

F 1 F 2 F 6 F 1
where F, is longitudinal strength (tensile strength when
0,>0 and compressive strength when 0,<0), F, is trans-
verse strength, and F, is in-plane shear strength. The
assumption of Tsai-Hill criterion is that the tension and
compression have an equal strength. In comparison,

Tsai-Wu criterion is able to consider the different
strengths in tension and compression in the Tsai-Wu cri-
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Fig. 2. Flowchart for failure analysis of laminate.

terion. Tsai-Wu criterion is described by the tensor poly-
nomial as

fi=0;+f,;0,0; a7

where the contracted notation i, j =1, 2, ..., 6 is used, and f;
and f;; are fexperimental strength tensors of the second and
fourth ranks, respectively.

As the damage grows, the stiffness of the damaged ply
as well as that of the entire laminate is reduced. As the
limit state, crack density laminate modulus is reduced
to approximately 90% of its original value and the in-
situ modulus of the 90° layer is reduced to approx-
imately 25% of its original value. In this study, the stiff-
ness reduction factor of laminate of 0.25 is used based
on the experimental result by Daniel and Ishai (1994).
In order to obtain the stress-strain relationship of CFS
for various laminated angles, it is important to find a
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Fig. 3. Stress-strain curve of CFS laminate.
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layer where first-ply-failure occurs in advance. Simul-
taneously, the loads and strains at the time of a failure
should be determined. The stiffness of damaged ply is
modified by using the reduction factor. Then, one can
recalculate the stress state of each ply and investigate a
new stress-distribution. The above procedures will be
repeated until the next failure of lamina. Finally, when
all plies reach their failure state, a stress-strain curve of
carbon fiber sheets is derived. Fig. 2 shows the algo-
rithm for analysis that obtains the stress-strain rela-
tionships of laminate.

In order to verify the developed algorithm, the results of
analyses are compared with the experimental data from
other studies (Fig. 3). CFS products used in this study is
IM6/SC1081 and AS4/350-6 Carbon/Epoxy laminate.
Experimental results and material properties are obtained
from Daniels experiment (1994). Fig. 3 shows that the
developed failure algorithm for laminate using both Tsai-
Hill and Tsai-Wu criteria shows good agreements with
Daniels experimental results.

4. Analysis on the Stress-strain Relationship of
Concrete Members Confined with CFS

The stress-strain relationship of concrete members
confined with CFS is obtained using two different
approaches. One is the analytic model for the stress-
strain relationship of the concrete member confined with
CFS by Mander et al. (1988). The other is the empirical
model for stress-strain relationship proposed by Hoso-
tani et al. (1998) and Nakatsuka ez al. (1998). Since the
stress-strain relationship proposed by Mander et al.
(1988) is obtained by modifying the results from the
confinement effects of concrete members confined with

Table 1. The Empirical formulas of Hosotani model.
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hoops or spiral reinforcements, it is fundamentally not
proper to represent the confinement effects of concrete
members confined with CFS. Therefore, in this study,
the empirical model for stress-strain relationship pro-
posed by Hosotani et al. (1998) and Nakatsuka et al.
(1998) is used to develop a confinement effect analysis
algorithm. Brief reviews of Hosotani and Nakatsuka
models are given in next two sections.

4.1 Hosotani model

Hosotani et al. (1998) proposed their model based on two-
step relationships as shown in Fig. 4. More specifically, this
model shown in Fig. 4 was divided into two domains
according to the ratios of reinforcement. The formulae for
stress-strain curves by Hosotani are tabulated in Table 1.

Here, E, is defined according to the shape of the cross
section of the compressed specimen.

E = 0658—2— 40,078 E,
§ pcfscftch A/p_fEf

(circular section)
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Fig. 4. Stress-strain model of Hosotani,

Domain Empirical Formula List of Symbols
_ 1 8(‘ n—1
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1re ! f. :compressive stress of confined concrete
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fo=f+E(e.~¢) € : strain at compressive strength f,
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g <e =g, Ee~f: E, :second domain grade value
E—E)e
=(——g——c _) ! (E;<0)
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E = 1198t 001 E
& p cfscftE cf A/B_f o

(rectangular section)

19)

4.2 Nakatsuka model

The model proposed by Nakatsuka et al. (1998) is
divided into three domains as shown in Fig. 5.

The formulae for stress curves are tabulated in Table
2. As same as in Hosotani e al. model, the three sec-
tions are divided accordin to the ratio of reinforce-
ments,

4.3 The calculation of ultimate compressive failure strain
of confined concrete

To calculate the ultimate longitudinal compressive
failure strain of confined concrete, two approaches are
used. One is based on an energy balance method pro-
posed by Scott et al. (1982) and the other is based on the
empirical formulae developed by Hosotani et al. (1998).
In this study, the latter is used to evaluate the ultimate
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Fig. 5. Stress-strain model of Nakatsuka.

Table 2. Empirical formulas of Nakatsuka model.

compressive failure strain of concrete. The ultimate
compressive failure strains suggested by Hosotani are
given as follows according to the cross sectional shapes
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Fig. 6. Flowchart of confinement effect analysis.
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of specimens.

In the above equations, E. is the longitudinal Youngs
modulus of CFS and is the volume ratio of p.. defined
as
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8 v
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——— Experimental
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(a) Normal strength concrete
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Per = 4XNXtep/d

22)

where 1. is the thickness of a ply, N is the number of lami-
nation, and d is the length of the section.
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Fig. 7. Compressive strength of concrete based confinement effects of concrete members reinforced with CFS.
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Fig. 8. Specimen cross sectional shape based confinement effects of concrete members reinforced with CFS.
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Fig. 9. Reinforcement ratio based confinement effects of concrete members reinforced with CFS.
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algorithm for the stress-strain relationship of concrete
members as shown in Fig. 6.

Using the algorithm shown in Fig. 6, the stress-strain
relationship of concrete members confined with CFS are

4.4 An analysis algorithm for the the confinement effect
of reinforced concrete members

The stress-strain models stated in sections 4.1-4.3 are
implemented and combined to develop the lamina analysis

80+ 80
60 60 -
© ™
o o
2 40- 2 40
@ 1723
o 8
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0 0.004 0.008 0012 0.016 0 0.004 0008 0012 0016

strain
(a) Perpendicular to loading axes

strain
(b) Parallel to loading axes

Fig. 10. Lamina fiber direction based confinement effects of concrete members reinforced with CFS.
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Fig. 11. Stacking sequences of laminate confinement effects of concrete members reinforced with CFS.
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presented according to the various parameters such as a
compressive strength of unconfined concrete, a ratio of
reinforcement, a cross-sectional shape of specimen, fiber
direction of lamina, and stacking sequences of laminates.
The experimental data and procedures which are com-
pared to the analytical results of this study in the following
discussions are already presented by Lee ez al. (1999). Fig. 7
to Fig. 11 show better agreements of stress-strain curves for
Nakatsuka et al. (1998) than Hosotani et al. (1988) to the
experimental results. It is important note that Fig. 8 shows a
higher degree of confinement effect of the circular specimen
than that of the rectangular specimen. In addition, Fig. 10
and Fig. 11 reveal the direct consequences of the number of
laminate layers and the stacking sequences of laminates on
the CFS confinement effect of concrete members. The
results show that the variational fiber direction laminate
stacking sequences give better confinement effect than a
single fiber direction oriented laminate stacking sequences
(Fig. 11). Also, a greater number of laminate plies apply
higher degree of confinement stresses on the inner to con-
crete specimen than a fewer number of plies (Fig. 9).

5. Conclusions

In this study, the stress-strain behavior of concrete com-
pression member confined with CFS is studied analyt-
ically. The concluding remarks are as follows

1. Using Tsai-Hill and Tsai-Wu failure criteria, the ana-
Ivtical stress-strain model for gradual failure of laminate
for various fiber directions is developed;

2. The developed fiber composite laminate model is
implemented into Nakatsuka and Hosotani stress-strain
confined concrete relationships to develop a new model
for the analysis of confined concrete for various fiber
direction laminates;

3. Modified Nakatsuka model having the ability to con-
sider multi-angle fiber directions of laminates better sim-
ulates the experimental results than that of the modified
Hosotani model;

4. The results from the analysis of the fiber composite con-
fined concrete using the newly developed model when com-
pared to the experimental results for various parameters such
as a core concrete compressive strengths, reinforcement
ratios, specimen sectional shapes, laminate fiber directions,
and laminate stacking sequences show good agreements.
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