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Abstract

Equations of motion of an engine mo니nt system including f&mdation flexibility are derived. Forced vibration analysis 

is carried out for the given engine mount system excited with the unbalanced force and moment. A new optimal design 

method for the engine mount system is proposed, in which vibration characteristics of the chassis frame structure are 

considered as design parameters.
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I. Introduction

One of the important problems encountered in the 

automotive design is the reduction of engine vibrations and 

ultimately the dynamic forces transmitted from the engine 

to the body structure. Rubber mounts or hydraulic mounts 

have been used to connect the engine to the base structure 

to isolate the vibrations. In general, rubber mounts are used 

extensively to control noise and vibration in automotive 

fields.

Many researches in this area have been made, especially 

for analytical methods to predict dynamic characteristics 

and various optimal design techniques for engine mount 

systems[l-3]. In most of these researches, supporting 

structures had been assumed as rigid bodies, so that 

vibration effects of the supporting structures are neglected 
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in dynamic analysis of engine mount systems. However, 

in real vehicle systems, there exist various kinds of 

vibration modes in foundation such as those of the 

suspension system, body structure, and any structural 

components. If engine and foundation motions are coupled 

together, coupling effect on dynamic characteristics may 

be enormous. Recently, researches of vibration analysis of 

engine mount systems with flexible supporting structure 

have been made[4,5].

In this paper, a computational method is presented for 

the accurate dynamic analysis of the engine mo니nt system 

that is supported by flexible foundation. Equations of 

motion for the engine mount system including foundation 

flexibility are derived. Using the equations of motion for 

the engine mount system, the forced vibration analyses are 

carried out for the given engine mount system excited with 

the unbalanced force and moment. Design parameters such 

as stiffiiess, location, orientation angle of rubber mounts, 
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and natural frequency of the fb니ndation structure are 

optimally determined for the optimal design of the engine 

mount system.

II.印uations of Engine Mount System with 
Flexible Foundation

2.1. Equations of Engine Mount System
Figure 1 shows the configuration of a typical 3-point 

engine mount system with a supporting structure. The 

engine-transmission assembly is modeled as a 6-DOF rigid 

body; the rubber mounts are modeled as linear tranlational 

springs with a stiffiiess coefficient in each of the three 

principal directions; the supporting structure is modeled as 

a flexible body.

Engine-transmission assembly motion can be expressed 

with translational and rotational displacement vectors of its 

mass center, ｛x^, ｛0cg\. The translational displacements 

of the engine-transmission assembly at the mount position 

(xw). can be expressed by the displacement of the mass 

center and position vector of the mount point (rm). with 

respect to the engine mount system.

(Xm｝ ■= ｛为函｝ + (仇富｝ + ｛ K帛■

=｛xcgi + [ T] / (6cgi (1)

where [ T], is a transformation matrix fbr the i 배 mount 

as shown in Eq. (2).
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Figure 1. Configuration of an engine mount system with flexible 
supporting structure.

For a flexible foundation the forces acting on the mounts 

can be written as

(/｝ ‘•= [KL (｛为必厂｛先次｝，-) (3)

where [X]2 is the stif&iess matrix of the i-th elastic 

mount, and ｛xmcii is the foundation displacement vector 

at the mo니nt locations. Thus the equations of the engine 

mount system including the displacements of the supporting 

points can be expressed as

[一虬]｛厲+ 山사 一耳成』3嚣丄= ｛兀｝ (4)

where

侦指｝ = ｛次扁。妪｝
K KT

TtK TtKT

成次丄=

K

TtK

(5)

(6)

(7)

In Eq. (4), (/J is the engine excitation force vector, 

is the mass matrix composed of mass and mass 

moment of inertia about mass center, [ K」.is the stiffiiess 

matrix of the engine mount system, and [Kmcii is the 

stiffiiess matrix of the supporting structure, which appears 

when flexibility of the chassis structure is considered.

2.2. Equations of Supporting Structure
The supporting structure can be modeled using the finite 

element method. Dynamic flexibilities of the supporting 

structure are obtained in the form of modal mass, modal 

stiffiiess, and mode shape matrices by performing finite 

element analysis. The equations of the supporting structure 

can be written as follows.

[Mg\｛方 £ + [Kg]｛ Qd + ["』「[uc]｛德

-[ uci r[7fJ｛xe｝ = [ 我시｛•舟 (8)

In Eq. (8), [K^ and [2fw] have nonzero elements only 

at the mount positions as follows;
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Figure 2. FE model of the supporting structure with。너t engine­
transmission assembly.
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And [Mg] is a modal mass matrix, [Kg] is a modal 

stiffiiess matrix, (^c} is a modal coordinate vector, (/J 

is an excitation force vector of supporting structure, [ wc] 

is a modal matrix.

2.3. Equations of Coupled 타]gine Mount System
By combining Eq. (4) and (8), the equations of the 

coupled engine mount system can be written as follows.

engine. Natural frequencies of the engine mount system 

with the chassis structure are obtained through vibration 

analysis fbr the computer simulation model. Figure 2

Unit： Hz
Table 1. Natural 이jencies of the 니nc이jpled system.

Mode number Mode shape Freciuency

1 Sprung mass vertical 1.72
2 Sprung mass roll 2.39
3 Sprung mass roll (Body dominant) 3.39
4 Sprung mass pitch 5.01
5 Sprung mass yaw 8.49
6 Fro가 axle vertical 10.18
7 Rear axle vertical 10.28
8 Body fore-aft 13.97
9 Rear axle「에 14.42
10 Fro가 axle「에 14.79
11 Yaw + torsion 25.34
12 Torsion + bending 34.88
13 Front torsion 34.88
14 Front bending 37.89
15 Rear bending 42.38
16 Rear torsion 47.67

24 3rd bending 194.40

+ Kg + " ?Km uc — u cKm ( 4 c ]
~Kluc Ke 卩知J

HT}

In Eq. (11), fe is a engine excitation force vector.

III. Vi나ation Analysis

3.1. Normal 애Me Analysis
The specific engine mount system to be discussed in this 

paper is a passenger jeep car model with a 4-cylinder 

Table 2. Natural fiE디uencies of the coupled system.
Unit： Hz, %

Mode number MATLAB NASTRAN Percent error

1 1.544 1.543 -0.02
2 2.173 2.172 -0.06
3 3.205 3.204 -0.02
4 4,467 4.432 -0.79
5 4.494 4.474 -0.44
6 4.892 4.891 -0.03
7 6.419 6.410 -0.14
8 8.572 8.567 -0.06
9 9.091 8.888 -2.28
10 10.176 10.178 0.02
11 10.276 10.280 0.03
12 11.239 11.079 -1.44
13 12.841 12.524 -2.53
14 13.993 13.991 -0.01

30 195.952 195.837 -0.06
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Figure 4. Comparison of force transmissi니ity th「。니gh the mo니m 2.

shows the finite element model of the supporting structure 

including the body, the frame, and the suspension system. 

Figure 3 shows the mounting locations on the frame. Table 

1 shows the natural frequencies of the model using 

NASTRAN.

Natural frequencies for the coupled system are computed 

by solving Eq. (11) using MATLAB, and they are compared 

with the NASTRAN an시ysis results in Table 2. The 

comparison in Table 2 shows that the presented method 

gives accurate analysis results. Figure 4 shows the 

comparison of force transmissibility through the mo니nt 2 

when vertical excitation force acts on the mass center of 

engine-transmission assembly.

3.2. Forced Vibration Analysis
In general, unbalanced forces, moments, inertia torques, 

etc. cause vibrations of the engine frame[6]. In this study, 

only vertical force and pitch moment are considered for 

the forced vibration analysis.

In the case of the 4-cylinder 4-cycle engine, the 

unbalanced forces from the individual pistons are added 

algebraically, so that the resultant force acting on the 

engine frame is simply

「 4711. a)2R2 丄、 “c、

Fz =  cos (2 a)f) (12)

Eq. (12) shows that the secondary unbalanced inertia 

force oscillates with a frequency equal to twice the engine 

rpm and with amplitude that is proportional to the square 

of the rpm. In Eq. (12), Mp is the reciprocating mass per 

cylinder of the engine, o)is the angular velocity of the 

crankshaft, R is the radius of the crank, and L is the 

length of the connecting rod.

Although the forces due to acceleration of the pistons 

in an in-line engine are in the same plane, they do not 

have the same line of action. In the case of the in-line 

engine of 4 cylinders, the resultant pitch moment acting 

on the engine frame exists as shown in Eq. (13) if the 

midpoint of the 4 cylinders does not coincide with the mass 

center of the engine.

My= lrFz (13)

In Eq. (13), lr is the distance of the mass center 

projected on plane of cylinders from the mid-axis of 4 

cylinders.

The vibration modes and forced response characteristics 

of the coupled system can be simulated living the 

eigen-value problem of Eq. (11). The displacement of the 

coupled system can be obtained as follows.

U:H oc ?][c7] 1
房,一疽+丿2京加仲

［妒言服:} (14)

In Eq. (14), [ t7] is a modal matrix of coupled system and 

& is the modal damping ratio of the i* vibration mode. 

A modal damping ratio is assumed to be 0.3%. Substituting 

Eq. (14) into Eq. (3), we can obtain transmitted forces for 

the mounts.

3.3. Response Characteristics by Engine Excitation
Figures 5-7 show the transmitted forces through the each 

rubber mount due to engine excitation. In high speed range 

of the engine, the transmitted forces are increased, since 

these engine speeds are near the natural frequencies of 

bending and torsional modes for the supporting structure.

Figures 8-10 show the comparison of transmitted forces 

for the engine mount systems with a flexible supporting 

structure and a rigid supporting structure. In high speed 

range where structural vibration modes of the flexible
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Figure 8. Transmitted forces through the rubber mount 1.
(Rigid and flexible foundation model)
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Figure 7. Transmitted forces through the rubber mount 3.

foundation exist, the two models show different behaviors 

for the transmitted force as in Figures 8-10, where 

vibration picks are not appearing for the rigid foundation 

model.
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Figure 9. Transmitted forces through the rubber mount 2. 
(Rigid and flexible foundation model)
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Figure 10. Transmitted forces through the rubber mount 3.
(Rigid and flexible foundation model)

IV. Optimal Design of Engine Moimt 
System

Using the computer simulation method discussed in the 

previous section, desigiY bptlAiizhtioh of the engine mount 

system for vibration isolation is presented, and the effects
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Table 3. Design variables and their limits.

Design variable Unit Lower limit Intiial vaiU6 Upper limit

xt Backward distance of the mount 1 from the E/T mass center m 0.5570 0.6070 0.7070

Z1 Vertical distance of the mount 1 from the E/T mass center m 0.2290 0.2590 0.2890

X2 Forward distance of the mount 2 from the E/T mass center m 0.0500 0.0800 0.1500

*• Lateral distance of the mount 2 from the E/T mass center m 0.1896 0.2096 0.2896

b Vertical distance of the front mo니가s m 0.1050 0.1550 0.1850

y3 Lateral distance of the mount 3 from the E/T mass center m 0225 0.2325 0.3125

a 1 Inclined angle of the mount 1 from the vertical line Deg. 0.0000 10.0000 90.0000

02 Inclined angle of the mount 2 from the vertical line Deg. 0.0000 35.0000 90.0000

a 3 Inclined angle of the mo니nt 3 from the vertical line Deg. 0.0000 35.0000 90.0000

s. Shape factor of the mount 1 - 0.3500 0.5000 0.7000

S2 Shape factor of the mount 2 - 0.3500 0.5000 0.7000

S3 Shape fa기아• of the mount 3 - 0.3500 0.5000 0.7000

di Diameter of the mount 1 m 0050 0.0680 0.0900

d2 Diameter of the mount 2 m 0.0150 0.0680 0.0900

d3 Diameter of the mount 3 m 0.0150 0.0680 0.0900

of the foundation flexibility are discussed. In this study, 

the objective of optimal design is to determine the design 

parameters of the individual mounts and the natural 

frequency of supporting structure in order to minimize the 

response displacements at the mass center of the passenger 

compartment which is mounted on the supporting structure 

by elastomers.

The optimization problems are solved using MATLAB 

optimization function 'Anins', which minimize a nonlinear 

objective fiinction of several design variables [7]. It is a 

direct search method that does not require gradients or 

other derivative information. At each step of the search, 

a new point in or near the current simplex is generated.

For the optimal design, we focused our attention on the 

engine idling speed range of 600-1400 rpm, where the 

structural vibration modes of the supporting structure exist. 

The objective function fbr minimizing the displacement of 

the passenger compartment due to engine excitation can 

be written as follows.

F= Minimize 11 RT\ + 普][履(|g,(先)1+ 幻3) ]} (15)

where | RT\ 皿 is a maximum displacement of the passen­

ger compartment center, 网 is the weighting factor of the 

i버 constraint equation, g^x) is the 1th constraint equation, 

and NC is the total number of constraint equations.

Minting locations, orientation angles, diameters and 

shape factors of rubber mounts, and natural frequency of 

the fore-bending vibration mode of the supporting structure 

are used fbr design variables. Table 3 shows the design 

variables and their limits. The allowable compression and 

shear strain of the rubber m이mt are 20% and 30%, 

respectively.

Deflections at mount positions due to quasi-static forces 

are constrained to be within 17mm, which is required in 

the design target.

V. Case Study

To study the flexibility effects of the supporting structure 

on the optimization of the engine mount system three 

separate cases are considered.

Casel) The coupling effect is neglected. Transmitted 

forces through mounts are computed with the rigid founda­

tion. Transmitted mount forces are considered as input data 

to the finite element modal model of the supporting 

structure. Mounting locations, orientation angles, diameters 

and shape factors of rubber mounts are used as design 

variables.

Case2) The coupling effect is considered with 24
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Table 4. Engine mass and inertia properties.

Mass (kg)- Inertia properties (Nm/s )

m Ixx lyy Izz Ixz

225 8.51 24.18 19.09 0.54 5.39 0.27

vibration modes of the flexible foundation. Design 

variables are same as in case 1.

Case3) 24 vibration modes of flexile foundation are 

used for the coupling analysis. Mounting locations, orienta­

tion angles, diameters and shape factors of rubber mounts, 

and natural frequency of fbre-bending vibration mode for 

the flexible foundation are used as design variables.

Details of the engine inertia properties are given in Table

4. Optimization results for the 3 cases are compared in 

Table 5. As shown in Table 5, design values can be 

improved by considering the coupling effect of the engine 

mount and supporting structure. The flexible system can 

reduce the response displacement of the passenger compart­

ment by 26.9 %, but without foundation flexibility res­

ponse displacement is reduced by 8.6 %. In case 3, the 

response displacement is reduced by 30.7 %. It is 아lowu 

that the response displacement of the passenger compart­

ment is significantly influenced particularly by the natural 

frequency of fore-bending vibration mode of the supporting 

structure.

VI. Conclusions

In this paper, a computational method is presented for 

the dynamic analysis of the engine mount system that is 

supported by flexible foundation. Using the derived equa­

tions of motion, the forced vibration analyses are carried 

out for the given engine mount system excited with the 

unbalanced force and moment. The forced vibration 

analysis results show that the flexibility of the supporting 

structure has significant effects on the vibration modes and 

the transmitted forces. Especially the flexibility effects 

become more significant in the range of the natural 

frequencies of the supporting structure.

Optimal design for the engine mount system is presented, 

in which mounting locations, orientation angles, shape 

parameters of rubber mounts, and natural frequency of the 

supporting structure are selected as design variables to 

minimize the response characteristics of passenger compart­

Table 5. Comparison of optimization results.

Method Symbols （招 gh?켜 Case 1 Case 2 乙 Case 3

Shape 
parameter of 

engine mount (m)

Si 0.5000 0.3507 0.3501 0.3653
s2 0.5000 0.3619 0.4369 0.4029
S3 0.5000 0.3619 0.4369 0.4029

di 0.0680 0.0556 0.0422 0.0721

ch 0.0680 0.0702 0.0689 0.0576

ch 0.0680 0.0702 0.0689 0.0576

Location of 
engine mount (m)

Xi 0.6070 0.5570 0.6433 0.5635

Z1 0.2590 0.2535 0.2884 0.2886

X2 0,0800 0.1008 0.0699 0.0960

0.2096 0.2169 0.2525 0.2454
b 0.1550 0.1850 0.1208 0.1542

y3 0.2325 0.2145 0.2419 0.2389

Orientation 
angle of engine mount 

(Degree)

a 1 10.0 12.3 9.6 10.1

02 35.0 40.9 42.7 30.0

03 35.0 30.7 50.0 43.7
Natural 

frequency of 
foundation (Hz)

37.89 37.89 37.89 37.89 41.1

Objective 
function

1-^71max 2.0354 E-5 1.8612 E-5 1.4867 E-5 1.4095 E-5
Reduction rate (%) 0 9.6 26.9 30.7
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ment. It is shown that improved optimization results can 

be obtained by considering the flexibility of the supporting 

structure. The response displacement is significantly reduced 

particularly when the natural frequencies of fore-bending 

vibration modes of the supporting structure are considered 

as design variables in design optimization.
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