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Analytic Solution to the Spatial Propagation of the Flexible
Structures
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Abstract

In this paper, a singularity problem of the state tramsition matrix is investigated in the spatial
propagation when the spatial matrix differential equation is constructed via time finite element analysis.
A parametric study shows that the degree of singularity of the state transition matrix depends on the
degree of flexibility of the structures. As an alternative to avoid the numerical problems due to the
singularity, an analytic solution for spatial propagation of the flexible structures is proposed. In the
proposed method, the spatial properties of the structure are analytically expressed by a combination of
transcendental functions. The analytic solution serves fast and accurate results by eliminating the
possibility of the error accumulation caused by the boundary condition. Several numerical examples are
shown to validate the effectiveness of the proposed methods.
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Table 1 Configuration Parameters for the Flexible

Table 3 Condition of the State Transition Matrix

Structures with respect to
Parameter Value NO Rcond( Q) Reond( 2,,) Scale
Dynamic Stiffness 3.2106 [Nm] 1 4.8732¢-009 9.5648¢-003 1x 10-1
Linear Density 0.3556 [Kg/m] 2 1.3226e-010 1.3301e-004 5% 10-1
Length 0.81 [m] 3 4.3398e-013 1.4631e-004 1
Number of Time Finite Elements 22 4 4.0034e-017 7.5157e-006 5
Order of Shape Function 2 5 1.4837¢-018 1.2116e-007 10

Table 2 Condition of the State Transition Matrix
with respect to EJ

NO  Rcond*( Q) Reond( 2 ) Scale

I 1.6159¢-018 1.2356¢-007 1x 10-1
2 4.6727¢-014 9.8594e-006 5% 10-1
3 4.3398e-013 1.4631e-004 1
4 6.3303e-010 9.1161e-004 5
5 5.1482¢-009 8.7999¢-003 10

* Reciprocal condition number of a matrix
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Table 4 Condition of the State Transition Matrix
with respect to L

NO Rcond{ ) Reond( 2., ) Scale
1 1.0874¢-007 1.4122e-001 1> 10-1
2 5.2027e-010 1.9128e-003 Sx 10-1
3 4.3398¢-013 1.463 1e-004 1
4 5.7272e-023 1.1770e-017 5
5 1.9411e-025 5.9146e-022 10
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State Transition Matnx
> Analytic Solution

b
Fig. 2 3-Dimensional (pl)ot for the open-loop
response: moderately flexible case
(a) Using state transition matrix
moderately flexible structure (b) Using analytic solution

Fig. 1 Tip displacement for open-loop response:
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— State Transition Method
< Analytic Solution

Fig. 3 Tip displacement for the forced response:

moderately flexible structure
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5 Tip displacement for the forced response:
highly flexible structure
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Fig. 4 3-dimensional plot for the forced response:

moderately flexible structure
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Fig. 6 3-dimensional plot for the forced response:
highly flexible structure
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