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ABSTRACT

This paper presents the application of the technique of differential transformation to the vibration

analysis of beams resting on variable two-parameter elastic foundations. The closed form series

solutions for beams are obtained for various boundary conditions. Numerical calculations are carried

out and compared with previously published results, The results obtained by the present method

agree very well with those reported in the previous works. The present analysis shows the usefulness

and validity of differential transformation in solving nonlinear problem of the free vibration.

1. INTRODUCTION

Beams resting on an elastic foundation are
engineering. The Winkler elastic
model is one of the
one-parameter models, which consist of an infinite

common in

foundation simplest

number of closely spaced springs uniformly

distributed
limitation of this model

beam. To overcome the
which disregards the

along the

interaction between springs, several two-parameter
models have been suggested.“"“ All these are
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equivalent mathematical models. The only
difference is the definition of the foundation
parameters.

Since the coefficients of the corresponding

differential
parameters are constant along the length of the

equation are constants when these

beam, the solution of the differential equation can
be obtained easily. If the foundation parameters
vary along the beam, the differential equation in
most of the cases cannot be solved exactly, and
numerical techniques should be applied.

Dynamics and stability behavior of the Winkler

foundation model have been thoroughly
investigated by both approximate methods™ and
6.7

exact approaches, " The same beam on constant
two-parameter foundation has been analyzed in an
exact way by Valsangkar et a® and the

corresponding Timoshenko beam has been studied
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© presented the closed

by Rosa. Eisenberger' "’
form series solution for the vibration of the beam
on variable two-parameter elastic foundations by
using the infinite power series.

In this study, a transformation technique called
differential transformation method is applied to
analyze the free vibration of beams on variable
elastic foundations, The concept of this tr,ans-
formation was first proposed by Zhou"" in 1986
and was applied to solve linear and nonlinear

initial value problems in electric circuit analysis,

Recently this method seems to attract researcher's *

) . . . (12~15)
interest in solving eigenvalue problems. " In

this paper, the free vibration analysis for beams

resting on  variable two-parameter  elastic
foundation is considered. Using differential
transformation method, the closed form series

solutions for the beam are obfained for various

boundary conditions. Numerical comparisons are

carried out and compared with previously
published results and the accuracy and efficiency

of the present method are discussed.

2. Governing Equation of Motion

differential

governing the bending vibration of beams on

The partial equation of motion

variable two-parameter elastic foundation is given

as follows:
Ela—45 - i['K—(x)i’i} +K(x)z=— WLk
ax* oox| U ox P (D

Where EI is the flexural rigidity of the beam,
K(x) is the
Winkler foundation parameter along the beam,

z{(x, t) is the lateral displacement,

K, (x) is the second foundation parameter along
the beam, po is the material density of the beam,
and A is the cross-sectional area. The right term
of equation (1) represents the inertia forces during
vibrations.

Assuming a steady-state solution

38 /E=LBAE

OH

2(x,1) = w(x)e™ 2)

Substituting equation (2) info equation (1), we
can obtain the ordinary differential equation of
mode shape as follows

d'w d

= _—E{k—l(x)%] +K(x)w— pAa*w=0

El

(3)

(3) are treated to
have the following polynomial variation along the

The coefficients in equation

beam:

Kx=Ykx
) ﬁ:x ()

f](x):jgokl,jxj (5)

p and
of terms

Here g are integers representing the

number in each series. Using this
representation, the coefficient functions can be
represented, exactly or up to any desired accuracy.
In order to solve the equation (3), two boundary
conditions are needed for both ends of x =0 and
x =L. The boundary conditions considered here

are as follows:

Simply supported end (S):

2 M
w =0 and ‘2;3 =0 (6)
Clamped end (C):
w =0 and %T;C—)=O (7)
Free end (F):
2 3
‘(’ix’g’ =0 and f’ixg” =0 (8)

3. Differential Transformation

Let y(x) be an analytic in domain D and x=0
be a point in D. Then there exists precisely one
power series with center at x =0 which represents

Bta=2F/A 119 A8E, 20014
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y(x) i this series, the Maclaurin series of the

function y(x), is of the form

: d*y(x)]
2& [ o for VxcD (9

If we define differential transformation of function
y{x) as follows

£
Yy =L 4 (kx)
L4 L (10)
and substifute equation (10) into equation (9),
equation (9) becomes
=3 Yk
»(x) Zx Q) an
Y(£) is the differential transformation(T-
function) for the original function y(x), and
equation  (11) Is the differential inverse

transformation of ¥(x)."*'

From the above definition of the differential
transformation of a function, we can derive the
rules of transformational operations: some of these,
which are useful in the following analysis, are as
follows:

Original function T-function
w(x) = y(x) * z(x) Wk)=Yk)LZ(k)
2(x) = Ap(x) Z(k) =AY (k)
()= P Z(k) = (k + DYk +1)

Y
w(x) = %f_) W(k) = (k + Dk +2)Y (k +2)
k
w(x) = y(x)z(x) W(k)=2Y(1)Z(k~l)
e ey YOm) k=m0

W)= 2"y (x) W= "

[n actual applications. the function y(x) may be
expressed by a finite series and equation (11) can
be written as

o

=aZUESHE=EH/A 11 A

=3 FY(k
¥(x) éx (k) (12

ika(k)

k=n+l 15

(12) that
neglected. Generally, n is decided by the desired

Equation implies

convergence of the natural frequency.

4. Application of Differential Transfor-
mation to Beams on Variable Two-
Parameter Foundations

Taking differential transformation of equation
(3) and using the transformational operations

mentioned above, we obtain
EICk +1)(k + 2}k +3)k+ W (k+4)

—i(/ﬂ)(k—l+1)K,(l+1)W(k—l+1)
=0

—i(k—l+l)(k—1+2)K](l)W(k—l+2)

/=0
k

+ 3 KW (k—=1)-a’ pAW (k) =0
=0

for k=0.1, - . -4 (13)

Where W k), K, (k), and K (%) are T-functions
of w(x), K,(x), and K(x). respectively.

The transformed boundary condition equations at
each end should be obtained by differential
transformation method as follows

At the end x=0
Simply supported end (S):

W) =0 and W(2) =0 (14)
Clamped end (C):

W) =0 and W(1) =0 (15)
Free end (F):

W(2) =0 and W(3) =0 (16)

At the end x=L

Simply supported end (S):

iW(k) =0 ik(k — )W (k)=0

k=0 k=0 (17)
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Clamped end (C):

I;W(k)=0 and ;kW(k)=0

(18)
Free end (F):
gk(k DWW (k)=0 and
ék(k —1)k-2)W(k)=0 (19)

5. Numerical Analysis and Discussions

In order to obtain the natural frequencies of

beams resting on two-parameter elastic
foundations, we should take advantage of the
transformed equation (13) and the four

corresponding boundary condition equations (14~
19). These equations can be arranged in matrix

form as
@ 4o @, ag. [W(O) 0
G G2 @, Gy (WO |-
an+l,l an+1,2 am—l,n an+l_n+l W(n) 0 (20>

A non-trivial solution exists when the determinant
of the coefficient matrix vanishes. This condition
leads to the following frequency equation:

a 01,2 ...... a, ., a,,m,
Ay Qyy eeiens c Gy, Gy
=0
(21
an+1,l an+l,2 """ anH,n an+l,n+l

The solution of equation (21) vyields the desired
frequency parameter !”. The number of the
available frequency parameter obtained is not more
than # + 1 since the equation (21) could have the

imaginary roots, w!”

is the i-th estimated natural
with

decided by the {following desired convergence

frequency corresponding to =, n being

(accuracy) of the frequency parameter.

360 /RS XNESEE =2H/A 11 A

@

Y is the i-th

frequency corresponding to

where o estimated natural

n—1 and € 1s a
desired tolerance (accuracy).

Substituting o = o{”
W(,WM.W(2)..W(n) and substituting these into

equation (11), we obtain the i-th mode shape,

into equation (20), solving

For the first example, the free vibration of a

cantilevered beam on variable one-parameter
(Winkler) elastic foundation that was analyzed in
reference (10) is considered.

Since this beam has the boundary conditions of
ends, the
condition equations become eguations (16) and
(18).

The beam properties are as follows

free-clamped transformed  boundary

EI=1.5%10° Nm?,
K(x)=(4x-3x*+ *)x10°N/m,
pA=15x10"kg/m and I =3 m

In Table 1, the first three natural frequencies of
the beam obtained by the present method are
differential
transformation solution is presented. A glance at
Table 1

frequencies are very much the same as those
10)

given and the convergence of

reveals that the calculated natural

obtained by Eisenberger.( The convergence of
the first three natural frequencies are shown in
Fig. 1. Here, the first three natural frequencies
converge to 10.00796, 2763314 and 70.06638
respectively.

As the second example, the free vibration of the
cantilevered beam on variable two-parameter
elastic foundations that was analyzed in reference
(10) is considered.

The beam properties considered here are ,
EI=500 kNm’ &, (x) = (6x —*)x10° kN,

K =03x —22/2)x N/m, pA=10x10’
and L =3 m.

kg/m

A8 &, 2001d
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Table 1 The first three natural frequencies of a beam on variable one-parameter elastic foundations.

Natura} Present method Eisenberger’'s
frequency result
1st Series size { »n)
4| 18 22 2% 30 34 '
9.39758 9.68149 9.99334 10.00694 10.00791 10.00796 10.00796
2nd Series size ( n)
17 21 25 29 33 37 '
22.48810 27.12761 27.60154 27.63148 2763310 2763314 2763314
3rd Series size ( n)
20 24 28 32 36 0
| 5750623 | 6805435 | 69.92009 | 7006102 | 70.06624 | 7006638 | 70,0663
80 o 18t [requency
» 2nd frequency
70 |. .| a3rdfrequency Sisiasasssnnane . .
o Lt In Table 2, the first three natural frequencies of
. * the beam obtained by the present method are
§ w0 . given and the convergence of differential
L - T e cisssssssssmnanas transformation solution is presented. Table 2 also
20 - " shows that the agreement between the calculated
10 B, . vhetesessestetsereerirsaey natural frequencies and the results obtained by
0 e s o T TR T v w Elsenberger (10) is very good. The convergence of

Series Size, n

Fig.1 The convergence of differential transfor-
mation solution for a cantilevered beam
on variable one-parameter foundation in
reference (10)

the first three natural frequencies are shown in
Fig. 2. Here, the first three natural frequencies
converge fo 4038242, 83.76883 and 173.07397

respectively.

Table 2 The first three natural frequencies of a beam on variable two-parameter elastic foundations,

I . »
Eisenberger's

frlisggfclv Present method result
Series size ( n)
1st B | w 21 %5 29 3 |
359359 | 4121221 | 4040683 | 4038321 | 4038265 | 4038242 40.38242
Series size ( n)
2nd 16 2 24 2 32 s |
99.45347 84.53887 $3.59031 83.77716 $3.76369 #3.76883 83.76883
Series size ( »n)
3rd 18 22 26 30 34 ® | o
15162021 | 18079170 | 17305139 | 17306339 | 17307431 | 17307397 | 17307397

Job
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Series Size, n
Fig. 2 The convergence of differential transfor-
mation solution for a cantilevered beam
on variable two-parameter foundation in
reference (10)

To extend the application of the present method
to general vibration analysis, the free vibrations of

beams on  variable two-parameter  elastic
foundations were analyzed for the wvarious
boundary conditions of simply supported(S),

clamped(C) and free(F) ends of beams.
The free vibration analysis of beams on variable

two-parameter  elastic  foundations  ( kj(x) =

(1+6x—x2)><102kN, K(x)=(1+3x—x2/2)><103N/m)

were performed. The results obtained are presented
in Table 3. The beam properties are the same as
the above second vibration example.

The free vibration analysis of beams on the

elastic foundations of El (x) = (2+6x~ ¥ )% 102 kv

and E(x)=(2+3x—x2/2)><103 N/m were examined.
The calculated results are shown in Table 4.
5. Conclusions

In this paper. the free vibration analysis of
beams resting on variable two-parameter -elastic
foundations is performed by using differential
transformation. The steps processed in this study
differential

equations, getting an ordinary differential equations

are, deriving the governing partial

with  variable coefficients, transforming the
ordinary  differential  equations into algebraic
equations, solving the algebraic equations, and

finally inverting the solution of the equations to
obtain natural frequency.
The results obtained by the present method are

presented for various boundary condifions and

Table 3 The first three natural frequencies of beams on variable two-parameter elastic
foundations of ki(x)=(1+6x—x2)x10% kN and k(x)=(1+3x-x2/2)x10° kN/m

frzlgltj;;acly Boundary conditions of the beam
S-S C-S c-C F-S F-C F-F
1st 73.48655 83.07517 90.94202 50.95693 51.00052  50.83447
2nd 129.35662 152.52305 176.88876 82.50252 9041046 72.05633
3rd 244.11446 281.10782 319.69212 15294236 17738891  91.41607

Table 4 The first three natural frequencies of beams on variable two-parameter elastic

foundations of 1 (x)=(1+6x— x2) x10

WV and k(x)=(1+3x-x2/2)x10° kN/m

frislt;ﬁy Boundary conditions of the beam
S-S C-S C-C F-S F-C F-F
_________ Ist | 80.70996 89.57061 96.97978 59.73714 59.77627 59.64606
2nd 134.79251 157.28323 181.10050 89.14084 96.58646 78.79165
" 3‘1}d ‘ 248.14948 28472076 32295552 157.70963 181.60017 97.44573
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agree very well with those reported in the
previous works. The present analysis shows the
usefulness and validity of differential

transformation in solving nonlinear problem arising
in the vibration problem.

ACKNOWLEDGMENT

This work was supported by the Brain Korea 21
Project in 2001,

REFERENCES

(1) Zhaohua, F. and Cook, R. D.. 1983, "Beam
Elements on Two-Parameter Elastic Foundations”,
American Society of Civil Engineers, Journal of
Engineering Mechanics, Vol, 109, pp. 1390 ~1402.

(2) Filomenko-Borodich, M. M, 1940,
Approximate Theories of the Elastic Foundation”.

“Some

Uchenyei Zapiski Moskovoskogo Gosudarstuennogo
Universiteta Mechanika, U. S. S. R., Vol. 46. pp.
3~8,

(3) Pasternak, P, L, 1954, "On a New Method
of Analysis of an Elastic Foundation by Means of
Two Foundation Constants”.,  Gosudarsvennoe
Izdatelstvo Literaturi po Stroitelstvu i Arkhitekure,
Moscow, U, S. S. R..

(4) Viasov, V. Z., and Leontev, U. N, 1966,
Beams, Plates and Shells on Elastic Foundation.
Israel Program for Scientific Translation, Jerusalem.
Israel.

{5) Rosa, M. A. De 1998

Dynamics of Beams on Winkler

“Stability and

Foundations”,
Earthquake Engineering and Structural Dynamics,
Vol.18, pp. 377~383.

(6) Farghaly, S. H. and Zeid, K. M., 1995, "An
Exact Frequency Equation for an Axially Loaded
Beam-Mass-Spring System Resting on a Winkler
Elastic Sound and

Foundation”, Journal of

=L ZHUESEHS=2H/A 11 ¥

Vibration, Vol.185, No.2. pp. 357 ~363.

(7) Maurizi, M. J., Rosales. M. and Belles, P.
1998, "A Further Note on the Free Vibrations of
Beams Resting on an Elastic Foundation™, Journal
of Sound and Vibration, Vol.124, No.l, pp. 191~
193.

(8) Valsangkar. A. J. and Pradhanang, R.. 1998,
“Vibration of Beam-Columns on Two-Parameter
Elastic Foundations”, Earthquake Engineering and
Structural Dynamics, Vol.16, pp. 217 ~225.

(9) Rosa, M. A. De. 1995, “Free Vibrations of
Elastic
Vol.57,

Timoshenko Beams on Two-Parameter
Foundation”, Computers and Structures,
No.l, pp. 151~156.

(10) Eisenberger, M.. 1994, "Vibration Frequencies
for Beams on Variable One-and Two-Parameter
Elastic Foundations™, Journal of
Vibration, Vol.176, No.5, pp. 557 ~584.

(11} Zhou, J. K.. 1986,

mation and Its Application for FElectrical Circuits,

Sound and

Differential Transfor-

Huazhong  University  Press,Wuhan  China(in
Chinese).

{12) Chen, C. K. and Ho, S. H. 1996.
“Application of Differential Transformation to

Eigenvalue Problems”, Applied Mathematics and
Computation., Vol. 79, pp. 173 ~188.

(13) Moinuddin M. and Hac H. D, 1998,
“Vibration Analysis of Continuous Systems by
Differential Transformation”, Applied Mathematics
and Computation, Vol.96, pp. 17 ~26.

(14) Malik, M. and Allali, M., 2000, “Charac-
Plates by
Differential Transformation”. Journal of Sound and
Vibration, Vol, 233, No. 2, pp. 359 ~366.

(15) Ho, S. H. and Chen. C. K., 2000, “Free
Vibration Analysis of Non-Homogeneous Rectangular

teristic Fquations of Rectangular

Membranes Using a Hybrid Method”, Journal of
Sound and Vibration, Vol. 233, No. 3, pp. 547~

555,

A 835, 20014/363



