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Sliding Mode Control for Attitude Tracking of Thruster-Controlled
Spacecraft

Yee-Jin Cheon

Abstract: Nonlinear pulse width modulation (PWM) controlled system is considered to achieve control performance of thruster-
controlled spacecraft. The actual PWM controlled motions occur, very closely, around the average model trajectory. Furthermore
nonlinear PWM controller design can be directly applied to thruster controlled spacecraft to determine thruster on-time. Sliding mode
control for attitude tracking of three-axis thruster-controlled spacecraft is presented. Simulation results are shown which use modified
Rodrigues parameters and sliding mode control law to achieve attitude tracking of a three-axis spacecraft with thrusters.
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L Introduction

In a great variety of practical cases, the control signal in
variable structure systems(VSS) is a pulse-modulated signal(in
particular, pulse-amplitude, pulse-frequency or pulse-width
modulated control signal). Variable structure systems in which
the control signal is a train of pulses constitute a sub-class of
such systems, which poses specific properties. A natural name
for such system is referred to as sampled-data variable struc-
ture systems.

PWM controlled systems constitute a sub-class of nonlinear
sampled-data control system. The sampled output error, which
is difference between the desired and the actual system output
signals, is translated into a pulse control signal whose pulse
width is proportional to the error signal. Typically, PWM con-
trolled systems, as VSS in sliding mode, are known as robust
with respect to parameter variations of system and external
perturbation signal1].

Sira-Ramirez has studied a different design approach by us-
ing the geometric properties of average PWM controlled sys-
tem response[4][5]. By allowing a simpler analysis of nonlin-
ear PWM controlled systems through their average response, it
is also known that actual PWM controlled system response
shows sliding mode trajectories around integral manifolds of
the average PWM controlled system model[1]. Furthermore,
thruster-controlled spacecraft system constitutes a sub-class of
nonlinear PWM controlled system. Therefore nonlinear PWM
controller design can be directly applied to the attitude track-
ing of thruster-controlled spacecraft. In real application, it is
very important to determine on-time of thruster because sys-
tem response directly depends on it.

In this paper, sliding mode control problem for attitude
tracking of thruster-controlled spacecraft is considered. Actual
thruster on-time is given by PWM controller. Spacecraft con-
trol problem is considered based on modified Rodrigues pa-
rameters to achieve non-singular attitude description and
minimal parameterization. The specification of nonlinear
PWM controlled system is made on the basis of the average
PWM model. The main contribution of this paper is utilization
of nonlinear PWM controlled system that exactly describes the
behavior of thruster-controlled spacecraft.
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H. Theoretical background
In this section, a review of variable structure control and dy-
namic equations of motions for a three-axis stabilized space-
craft is presented.
1. Attitude kinematics and dynamics
The attitude of spacecraft is assumed to be presented by
quaternion. The quaternion representation is defined as

[)’O = cosg (1a)

B =n; sing—, i=123 (1b)
where n; is an unit vector corresponding to the axis of
rotation, and & is the angle of rotation. For minimal parame-
terization of the attitude, we use modified Rodrigues
parameters(MRP) which is derived by applying stereographic
projection of the quaternions. The transformation from
quaternion to MRP vector ¢ s given by [2].

o= b , i=123 )
By +1
Using Equation (1), the modified Rodrigues parameters are
written as
o .
6 =tan—n 3
p (3)

Studying Equation (3), it is evident that the MRP have a
geometric singularity at € =%360 degrees. But the non-
uniqueness of the MRP allows one to avoid their
singularities{2]. The MRP kinematic differential equation in
vector form by using spacecraft’s body angular velocity (@),
is

&z%[(1—02)13x3+2[0'x]+200'T]’n:B(o')w 4)
where the notation czz(aTo-) is used, and I;,3 is the

3x3 identity matrix. The cross matrix operator [ox] is
defined by

0 —073 o}
ex]=| o3 0 -o &)
-0, O 0

The inverse transformation of B(s) in Equation (4) in
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explicit vector form is given by:

B"(a):(—]f—z)z[(l—az)l3x3—2[ax]+aa T] (6)
(2

Let J be the rigid body inertia matrix, and u be the
control torque vector, then Euler’s rotational equations of
motions for a rigid body are given by

(1'):/(0))+JA1M (N
where
flo)y=J[Joxi (8)

2. Variable structure control
The system presented as

X =[xy, x) (9a)
X3 = fH(x,x0) + glx), x)u (9b)

is referred to as a regular form in variable structure control
literature[3], where x, €R", x,eR™, and ueR" . It is
possible to specify the sliding manifold s=0 as [3]

s=x,—85(x))=0 (10)

where sg(x,) is the solution of equation s=0 regarding to
x5 . The equation of motion along the manifold s=60 in
Equation (10), or x, = so(x) will be of the form.

X = fi(x),8p(x)) (1)

i.e. the shiding equation does not depend on the gradient of
vector § and the sy(x;) may be therefore chosen arbitrarily.
As a result, we face a design problem for the system (9) with
an m-dimensional control  sy(x;) rather than (m+n)-
dimensional control. A switching surface can be found by
designing a nonlinear feedback control law x, =s,(x|) for
the system (9a). When designing control law for system (9a),
sg(x;) can be simply treated as control input to the system.
For especially spacecraft model, dynamic system model is
given in state form below:

X :F(x| )xz (123)

Xy = f(x),%0) +G(x), X )u (12b)

Systems modeled by Equations (12a) and (12b) are also
regular form. And the sliding surface is defined below:

§=Xy—8g(x1)=0 (13a)

solx)) = F(x) ™ fig(x)) (13b)

where f;, determines the desired evolution form of evolution
of x;.

The nonlincar model for spacecraft motions can be
characterized by Equation (4) and Equation (7), and is of
regular form as Equation (12) with x; =6 ,x, =0, F=8B
and G=J'. The sliding manifold is defined as Equation
(13) with sy(@)=B"(6)d(a).

s=w-s0(o'):w—Bfl(a)d(o') (14)

The d(o) determines the desired form of evolution o
given by

de)=A(6 —-6,) (15)

where o, is a desired final value of the attitude parameter,
and A is a diagonal matrix with negative elements. Notice
that if the state trajectories move onto a sliding manifold
(s=0), then w:B‘](a)a’(a) and the kinematic equation
governing the attitude parameter evolution becomes

o =Al6 —06,) (16)

Due to the propertiy of matrix A, the decoupled sliding
motions and exponential convergence towards the final desired
orientation are achieved. Simultaneously, spacecraft’s angular
velocity @ would tend to zero as desired.

IT1. Generalization about PWM controlled systems
Consider the nonlinear PWM controlled system, described

by:
x = h(x)
B hi(x)+hy (x)sign(e(1,)) for 1, <1<t +r(x(t; NT
- hy(x) for 1y +r(xe(y WT <1<, +T
(17)

where A(x) and /,(x) are smooth vector fields defined in
R" and e(s;) is a known smooth function of x. The
is the k-th sampling time(initial instant of the k-th pulse). The
duty ratio function 7(x) is determined in correspondence
with the value of sampled state vector x(z;), and takes
values in bounded interval [0 , 1]. The regions where 7(x)
is fixed at either 0 or 1, constitute the saturation regions of the
PWM controller. The sampling period T, also known as the
duty cycle, is assumed to be constant, and sufficiently small as
compared with the time constants associated with the
dynamics of the controlled system.

The system in Equation (17) can be expressed, in terms of a
switched position function # taking values in the discrete set
1,0, +1}, as:

x =h(x)+uhy(x) (18)

where
u=PWMr(e(t;))

B sign(e(t)) for t, <t <t +r(x(t )T (19)
N 0 for 1) +r(x(NT <t <ty +T

Notice that the average PWM model of Equations (17) and
(18), in the region where O0<r(x)<1, simply described as
following:

x =hy(x)+ hy(x)r(x)sign(e(x)) (20)
Corollary 1 [1]

In those regions of the state space where O<r(x)<1, the
state trajectories of the PWM systems represented in Equations
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(17)-(19) exhibit a sliding mode behavior about integral
manifolds of the average PWM muodel in Equation (20).

Consider an output error feedback PWM controlled system
defined in R" | and described by

x=[(x)+g(x)u (21a)
y=z(x) (21b)
e=yy -y (2l¢)
u=MPWMr(e(t;)) (21d)

where f and g are smooth vector fields, z is output
function. The control input « is a discontinuous control
vector obtained as the output of a PWM excited by the output
error e. The sampling process is assumed to occur at fixed
time interval T, in other words, #,,; =¢, +T . M is the maxi-
mum allowable input magnitude. The PWM operator,
PWMr(e), characterizing an ON-OFF switch, is defined as
in Equation (19) with r(e(r;)) as the error dependent duty
ratio function defined by:

Jaie(z,\.)] for Je(t,) </

r(e(r;)) = 1 (22)

1 for |e(tp) > la

with « is positive constant. Fig. 1 depicts block diagram of
nonlinear PWM controlled system.

X ¥

Fig. . Nonlinear PWM Controlled System.

Notice that

r(e(ty ))sign(e(t; )
ceft; ) for |e(t,) sl (23)

=sat(e(ty ), a)= {sign(e(tk ) for |e(r ) 1/a

It is known that the behavior of the infinite frequency sam-
pled system is described by a nonlinear system which includes
a continuous piece-wise smooth control input generated as the
output of a memoryless nonlinear function of the saturation
type[1]. As the sampling frequency /T tends to infinity, the
description of the nonlinear system in Equation (21), an aver-
age model of PWM controlled system, will be the form of

x = fx)+glx)yy (24a)
y=z(x) (24b)
e=yYy -y (24¢)

v = Msat(e,a) (24d)

Fig. 2 depicts the average model of PWM controlled system
corresponding to the system as shown in Fig. 1.

1&

' = S+ g(x)w

Fig. 2. Average model of PWM controlled system.

IV. Attitude tracking of thruster-controlled spacecraft

The thruster-controlled spacecraft system can be represented
as nonlinear, output error feedback PWM controlled system
described in Section IIl. Fig. 3 depicts nonlinear PWM con-
trolled system for thruster-controlled spacecraft system.

Spacecraft Dynamics

PWM M

Sliding Manifold
2]

s=w- B 1(w)(l((;') [

o= f(w)+J"u

@
Attitude Kinematics 4‘

6 =Bl )w

Fig. 3. Sliding mode control for thruster-controlled spacecraft
system.

From the Equation (21), the spacecraft system can be de-
scribed by

o= fw+J 'u (25a)
y=s=w-B"(c)d() (25b)
e=y, -y (25¢)
u=MPWMz(e(1; ) (25d)
6 =Bow (25e)

It should be noted that the desired output, y,, becomes
zero vector because the sliding manifold is selected as output
of the system for feedback purpose. As described in Section 11,
if the output is driven to y =0 and the state trajectories stay
on the manifold (s =0), then the controlled attitude parame-
ters asymptotically converge to ¢ =6, and spacecraft’s an-
gular velocity @ also asymptotically tends to zero.

Theorem 1 [1]

The closed loop PWM controlled system (21) is asymptoti-
cally stable toward the manifold ¢=0, if and only if the
average PWM system (24) is asymptotically stable toward
such a manifold.

Theorem 2 [1]

If the control law u = Msign(e) creates a sliding regime
locally around the manifold e=y, —y=y; —z(x) ., then
there exists a sufficiently high gain « of the average PWM
operator such that the state trajectories of the average PWM
system stabilize toward e¢=0.

V. Simulation
An example of a three-axis spacecraft maneuver is pre-
sented and the simultaneous reorientation of all axes is consid-
ered here, and the following inertia matrix is taken from the
reference [6].

J =diag[l14 86 87] kg—m>

The initial conditions for the angular velocity are set to zero,
and also the initial conditions for the modified Rodrigues
parameters are set to zero, and given by the following:
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a(t)=[0 0 01
(tg)=[0 0 01
The desired attitude parameters are given by
6,=[-01 05 1.0

The matrix A is set to —0.015/5,5 sec” and the high
gain parameter @ is chosen as 50, repectively. The sampling
frequency in PWM controlled system is set to 1 sample per
0.25 second. Also, the maximum torque of thruster is limited
to 1 N-m.

Plots of switching function trajectories are shown in Figs. 4
through 6. Also the comparisons between the angular velocity
trajectories of PWM controlled and average model are shown
in Figs. 9 through 11. From the Figs. 4 through 6 and 9
through 11, one can clearly know that the actual PWM
controlled motions occur, very closely, around the average
model trajectory. Plots of the PWM model’s angular velocity
and the average model’s angular velocity trajectories are
shown in Figs. 7 and 8, repectively. Fig. 12 depicts time
trajectories of modified Rodrigues parameters, and shows that
spacecraft rotates from the initial position to the desired
position. Also, plots of PWM controller’s on-time trajectories
are show in Fig. 13.
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Fig. 4. Plot of switching function trajectories(s;).
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Fig. 5. Plot of switching function trajectories(ss).
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Fig. 6. Plot of switching function trajectories(ss).
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Fig. 9. Plot of angular velocity trajectories(w,).
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Fig. 10. Plot of angular velocity trajectories(w;).
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Fig. 11. Plot of angular velocity trajectories( ;).
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Fig. 12. Plot of modified rodrigues parameters trajectories
(PWM model).
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Fig. 13. Plot of PWM on-time trajectories.

VI. Conclusions

The problem of sliding mode control for attitude tracking of
three-axis thruster-controlled spacecraft is considered based on
nonlinear pulse width modulation controlled system and modi-
fied Rodrigues parameters. PWM controller outputs give on-
time of thrusters. The sliding motion of PWM controlled sys-
tem occurs, very closely, around sliding manifolds of the aver-
age model of PWM controlled system. Simulation results
show the performance of sliding mode controller.
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