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Abstract

In this paper, we introduce neighborhood systems in an

L-fuzzy topology using complete MV-algebras. We

investigate the relationship between IL-fuzzy topologies and the neighborhood systems. We study the properties of

neighborhood systems.
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1. Introduction

Ward and Dilworth [12] introduced residuated lattices
as the foundation of the algebraic structures of fuzzy
logics. Hajeck [2] introduced a BL-algebra which is a
general tool of a fuzzy logic. Recently, Hohle [3,4]
extended the fuzzy set f:X—L where L is a complete
MV-algebra in stead of an unit interval [ or a lattice L.

It is a remarkable work to apply fuzzy topologies to
fuzzy logics. Ying{l15] introduced the neighborhood
systems as a new method.

In this paper, we introduce neighborhood systems in
an L-fuzzy topology in a view of [15] using complete
MV-algebras. We investigate the relationship between
L-fuzzy topologies and the neighborhood systems. We
study the properties of neighborhood systems.

2. Preliminaries

Definition 2.1 [4.10] A lattice (L, <, A, V,©,—,0,1) is
called a residuated lattice if it satisfies the following
conditions: for each x,y,zeL,
(R1) (L,®,1) is a commutative monoid,
(R2) if x<y, then x®z<y®z (O is an isotone ope—
ration),

(R3) (Galois correspondence): (x®Oy)<z iff x<y-z.

In a residuated lattice L, x*={(x—0) is called
complement of x=L.

Lemma 2.2 [10] In a residuated lattice (L, <,A, V,O,
—,0,1), we have the following properties: for x,y,z<L,
(1) x=1—x,
(2) 1=x—x,
(3) WOy<x,y,

Manuscript received september 15, 2001 ; revised
Nobember 10. 2001.

Complete MV -algebra, Neighborhood systems, Adherent points

(4) 2Oy=x/y,

5) ysx—ov,

6) WOy<a—y,

(7 x<y iff 1=x>y,

8) x=y iff 1=x->y=1y-x,
9 if y<z, (x—y)=2(x—2).

Definition 2.3 [4,10] A residuated lattice (L, <, A, V,
®,—,0,1) is called a BL-algebra if it satisfies the
following conditions:for each x,velL,

(Bl) xAy=xO(x—y),

(B2) xVy=[ (x=y)—yIA[ (y—x)—x],

(B3) (x—=»)V(y—x)=1.

Definition 2.4 [4,10] A Bl-algebra L is called an
MYV -algebra if x=x"*" for each xeL.

Definition 2.5 [4,101 An MV-algebra L is -called
complete if /;.x,EL and \\(:/pxiEL for any x,eL.

Theorem 2.6 14,101 Let L be a complete MV -algebra.
For each x€L, {y;| i€ }YCL, we have the following
properties.

O Ari=CVrd".
@ Vyi=( )"
3 Q(x\/y;-)=xV(Qy;).
(4) l\E/F(x/\y 2= x/\( ,\e/ry D

(5) x— ‘\e/ry ;= l\e_/r(x—w ).
(6) x—»Qyi: l_/g»_(x*y,-).
D (Vo d—z= Ny
® i/e\yr*x= ?\E/I,(y,'—’x).
9 Oy=(x—y7)".

(10) x<y iff x*=y".
Throughout this paper, let L be a complete
MV-algebra and L,=L~{0}.The class of all fuzzy
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sets on a set X will be denoted by L™ and the fuzzy
sets by the Greek symbols 4, g, v, etc.

Definition 2.7 [4] All algebraic operations on L can be
extended pointwise to the set L* as follows:

p—op iff pw(x)—p(x), for all xeX,
(uOp)(x) = w(x)OQp(x), for all xeX.

The set of all fuzzy points in X is dencted by PHX).
For x,€PKX), xA iff t<A(x).

All the other notations and the other definitions are
standard in fuzzy set theory.

Definition 2.8 [1,6]1 A subset T of L* is called an
L-fuzzy topology on X if it satisfies the following
conditions:
(O1) 0, 1T, where 0(x)=0 and 1(x)=1 for all
reX.
O I p,peT, piA\peT.
(03) If p,=T for each il l\e/[,u eT.

The pair (X, T) is called an L-fuzzy topological space.

3. Fuzzy neighborhood systems

Definition 3.1 Let AL ™ and x,=P{X).
Then the degree to which x, belongs to A4 is

[x ;A =p—A(x).

Lemma 32 For A,z,eL” and x,ePKX),
we have the following properties:
(1) [x;—=Al=Ax).
(2) [x,—Al=1iff x,=4
(3) [x,—A1=0 iff p=1 and A(x)=0.
4) [x,— I\E/F/z 1= ,-\e/zle”w 1, for any {g 3}, CL*.
®) [x,— Z/Eyt 1= i/glxﬁa,u J.for any {g},CL X,

Proof. (1) From Lemma 2.2(1),
[x,—A]=1-A(0) = A(x).
(2) From Lemma 2.2(7),
[x,—Al = pA(D) =1 iff p<i(x) iff x,E4.

(3) Let [x,—3]1=0. Since p—A(x)=0, by Lemma 2.2(5),

A< (p—Ax))=0. Thus, A(x)=0. Since p =
(p—0)=0 and L is a MV-algebra, by Lemma
22(2), 1=(0—0)=0" implies p=(pN " =0"=1.
Conversely, let p=1 and A(x)=0. From Lemma
2.2(1),

(4) and (5) are easily proved from Theorem 2.6(56).
Definition 3.3 Let (X, 7) be an L-fuzzy topological
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space, uL ¥ and ee P X).Then the degree to which 4
is a neighborhood of e is defined by

NAY=NTIe—p] | u<A, peTh.

A mapping N.L*-1is called the fuzzy neighborhood
system of e.

Theorem 3.4 Let (X, 7) be an L-fuzzy topological
space and N, the fuzzy neighborhood system of e.
For A,peL”, it satisfies the following properties:
(1) N(0)=[e—0] and N .(1)=1.
(2) N <[e—Al.
(3 NADSNLp), if A=p.
(4) NADAN L) <N ANp).

6 VD
< VAN ()| p<A [d—p]<N (u, »Vde P(X)}.

(6) N, (1) =p—N,(4), for each x,=PLX).

Proof. (1) Since 0, 1€ 7, N(0)=[e— 0] and
NA1D=[e>1]=1 because

3.2(2).
(2) 1t is proved from the following:

N D =NV{le—pl p<a peT)
={le=>Vpl Vu<d, p T}
( by Lemma 3.2(4))
<[e—Al.

ec 1from  Lemma

(3) It is trivial from the definition of N..
(4) 1t is proved from the following:

N ADAN 12
=V {le—pll 04, p€ TINN (1)
=V{le—pIAN )| p=<A, p=T)
( by Theorem 2.6(4))
=V {V{[e—olAle—wllp<d, w<py, pe T, 0= T}}

( by Lemma 3.2(5))
<V A{le—pAwll pAw<iAL, oAwe T}
=N (ANp).

(5) If peT, then N () =[d—x], for each dePKX).
It implies

NE(A)
=\VAle—pllp<i, pe T}
= VN LD <A, N () =[d—p), Vde PHX)}
< VAN L)l u<a, [d—ul<N (u), Vd= PKX)).

(6) For each x,ePHX), we have

N, (A
=V {pp(x)|p<a,pe T}
=p—> V{0 | psA, pe T}
=p—>V{lx,—pllesd, pe T}
( by Lemma 3.2(1))
= p—N, (D).

Theorem 3.5 Let N, be a fuzzy neighborhood system

of e satisfying the above conditions (1)-(4), for each
e= PHX). We define



T y= (AL *|[e—A)<N (A), Ve P X)}.

(1) Ty is an L-fuzzy topology on X.

(2) f N, is the fuzzy neighborhood system of e
induced by (X, T), then Ty=T.

(3) If N.'s satisfy the conditions (1)-(6), then

Ty=\ViAeL ¥|[x;~A]<N, (3), Vxe X}

Proof.
(1) (OD) 1t is easily proved from Theorem 3.4(1).
(O2) Let u,,#,=Ty For each i={1,2}, we have

[e—u <N (1), VesPLX).
It implies

[e—=p i Auyl =le—p INe—p,]
( by Lemma 3.2(5))
<N g DAN Lu22).
SN 1A\ 19).
( by Theorem 3.4(4))
Hence p\Ap.€Ty.

(O3) Let u,=T for each il Since for each el
[emp JEN (1), Ves PAX),
we have
fe— 1\6/[‘# 1= l\e/r[e—w 1 (by Lemma 3.2(4))

< i\E/I"NE('u i)
<N z\e/l"ﬂ ) (by Theorem 3.4(3))

Thus, i\e/r’u T
Hence Ty is an L-fuzzy topology on X.
(2) Let Ae T y.From the definition of 7 y and Theorem
34(2), we have [e—Al=N_A).
es PAX),

[e—A] =N (1)
=V{le—pllp<duecT},

Since, for each

then, for each x,€PHX),

Al (by Lemma 3.2(1))
—u Mup A psTh
ul (€D

Alx)

L

|

X

RN
ERE
~ %
SNy

®
T

Thus, A=V, with x,T. So,AeT.
Hence T CT.
Let p#=T. Then
N =VA{le—AllAi<py, e T}
={e—p].
So, peT MA).Hence TCTT .
(3) We only show that

[x 14’/1]—<—Nx,(/1), Vi, P X)
elx,=A=AU0)<N, (D), Vxe X,

L-fuzzy topologies on complete MV-algebras

(=) It is trivial.
(<) From the condition (6),
N (D) =N (D)

2t->A(x) (by Lemma 2.2(9))
=[x ,—Al.

Definition 3.6 Let (X, 7) be an L-fuzzy topological
space , AeL” and esPH X).Then the degree to which
e 1s an adherent point of A4 is defined by

Ad JAY=N (A"

Theorem 3.7 let (X, T) be an
space .For each de L, we define operators
CrIpL*LY as follows:

L-fuzzy topological

CAN=/N{peL" | A<p,p’= T},
IAD=V{veL* | v<i,veT}.

For each AeL ™ e,x,2P{X), we have the following
properties.

(1) IAAH=CHAD".

(2) [e—=I{AD]=N,A.

(3) [e=CHA 1=Ad L))"

4) Ad, () =[x,OAd (D).

Proof. (1) Since (A*)" =4, we have
I3 =V{vel” | v=2",ve T}
=V{velL® | v’=,veT}

(by Theorem 2.6(10))
=\V{(y)*eL¥ | A<v*, veT)
=(AelL®| i<y, (W) '=veTh)’

(by Theorem 2.6(2))

= CT(A)‘-
[e—1 ()] 2[8—’\/{111' | 4 <A, p €T}
(2) :\/{[e'*’:u i] l /J,-SA,#,-G T}
(by Lemma 3.2(4))
=N (A).
[e=CHD'] =le~IHA")] (by(1)
3) =N, (by (2))

= Ad ()"

Ad, (D) =N,(2")"
=({—>N,1"N"
@) (by Theorem 3.4(6))
=[x ,ON, (1" "]
(by Theorem 2.6(9))
=[x,0Ad (D]

Example 3.8 Let L=([0,1],<,A,V,0,—,0,1,"
be a complete MV-algebra defined by (called ge-
neralized
Lukasiewicz logic, ref.[5,101)
1
a—b=min{l,(1—a’+ 5" i}
aQb=max {0,(a’+5’~1) '}
where p is a natural number.
Let X={x,y} be a set and geL *as follows:
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#(x)=0.3, w(y»)=0.4.

We define an L-fuzzy topology
7={0,1, 1}.

From Definition 3.3, we can obtain N,,,, N, ;L*—L

X2

as follows:

1, N ifA=1,
N, D= (1-0.6”+B.3”) P 1A,
1-0.6% 7, otherwise,
1, ifAzp,
N,,“m:[ 1
' (1—-0.2") *, otherwise.

Moreover, N, ,N,;L*—L as follows:

1, ifA=1,
le(/i)=[0.3, if 1#A24,
0, otherwise,
1, ifAd=1,
Nyl(A)=[0.4, if 1#£A>p,
0, otherwise,

From Theorem 3.4 and Theorem 3.5 (2-3), we have
TN= {_1,_0,/1} =T.

From Definition 3.6, we can obtain Ad,,,, Ad,:L*—L
as follows:
0, R if A=0,
Adxu.s(")=[ (0.6°—0.3% %, if 0#A<u",
0.6, otherwise,
0, . ifA=0,

Adx-("):{(l—o.B") b QEA<pu”,

1, otherwise.

ThUS, Adxo_ﬁ(/i) = [x 0,5®Adxl(/1)]-
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