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EXISTENCE, UNIQUENESS AND NORM ESTIMATE
OF SOLUTIONS FOR THE NONLINEAR DELAY
INTEGRO-DIFFERENTIAL SYSTEM

JoNG SEO PARK AND YOUNG CHEL KwWUN

ABSTRACT. In this paper, we study the existence, uniqueness and norm estimate of
solutions for the nonlinear delay integro-differential system.

1. INTRODUCTION

The existence for solutions of evolution equation with the nonlocal conditions in
Banach space has been studied first by Byszewski [1].

In this paper, we study the existence, uniqueness and norm estimate of solutions
for the following nonlinear delay integro-differential system with nonlocal initial
condition :

t
" 2D _ Aalt) + £ (8,2 /0 kt,s,20)ds),  te (0Tl
z(t) + g(xty, - -+, 2, () = (1), t € [—h,0],

where 0 < t; < -+ < tp < T (p € N), bounded linear operator A is the infinitesimal

generator of Cy semigroup on a Banach space.
C([=h,0] : X) is a Banach space of all continuous functions from an interval
[=h,0] to X with the norm defined by supremum,

f:00,T) x C([-h,0] : X) x X — X,

g: [C([—h,O] : X)]p — C([-h,0] : X),

k:[0,T] x[0,T] x C([-h,0]: X) = X
are given nonlinear functions and ¢ is a initial function. If a function z is continuous
from [—h,0]U[0, T] to X, then z; is an element in C([—A, 0] : X') which has pointwise
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definition:
z1(#) = z(t +6) for 6 € [-h,0], t €[0,T].

2. EXISTENCE, UNIQUENESS AND NORM ESTIMATE RESULTS

We consider the following integral equation

z(t) = SA){p(0) — g(ws,, -+ ,4,)(0)}
(2.1) + /0 St — 5)f(s, s, /0 “h(s, . )dr)ds, te 0T,

x(t)_*_g(xtn )xtp)(t) =¢(t)) t (S [_h,O]
Then the continuous solution z(t) € C([~h,T] : X) of (2.1) is called the mild

solution of (1.1).
Let X be a Banach space with the norm || - || We shall make the following

assumptions of f, k, g and a Cy semigroup S(t).
(H1) There exists a constant L such that _
£, e1,%1) — f(E, 02, %)l < L(lle1 — e2llo-n11:x) + 11 — ¥2llx),

for 1,92 € C([—h,0] : X), ¥1,¥2 € X, t € [0,T] and f(¢,0,0) =0.
(H2) The nonlinear function

k:[0,T} x {0,T] x C([~h,0} : X) = X
satisfies a Lipschitz condition

k(t, 5,01) = k(t, 8, 02)ll < Lallopr - p2llo-r.11:x)
where ¢1, 2 € C([-h,0] : X), t,s € [0,T}, L, is constant and k(t,s,0) = 0.

(H3) The nonlinear function

g: [C([-h,0]: X)]P = C([-h,0] : X)
satisfies a Lipschitz condition
lg(@trs - s 3,)(8) = 9(Fers -5 Tty )(8) | < Kllwe — Ztllo(=n,00:x)-

where z;, Z; € C([-h,0]: X), s € [-h,0] and K > 0 is constant.
(H4) ¢ € C([—h,0]: X). '
(H5) (IS < M.

Now, we will prove the following theorem.
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Theorm 2.1. Assume that the hypotheses (H1)-(H5) are satisfied and
M{K+LT(1+LT)} <1,
then nonlocal Cauchy problem (1.1) has unique mild solution.
Proof. Define the operator F : C([—h,T]: X) — C([-h,T] : X) by
() — g(mey, -+, 78,)(t), t € [~h,0],

(Fz)(0) = SE){#(0) — g(zt,,- - ,21,)(0)}

+/0tS(t — 8)f(s,zs, /osk(s,r, z,)d7)ds, t € 0,7,

for z, € C([~h,T] : X).
We will prove that F is contractive mapping defined by (Fz:)(8) = (Fxi+9)(0).
If 2, y. € C([=h,T): X) and t + 0 € [—h,0],

(Fze)(0) — (Fye)(0) = (Fze40)(0) — (Fy1+6)(0)

(22) = g(xtl, cee ,.’Etp)(t + 9) - g(ytl’ ot 7ytp)(t + 6)

And if =, y. € C([—h,T]: X) and ¢t + 8 € [0, T, then

(Fz:)(8) — (Fye)(0)
= (Fz146)(0) — (Fy144)(0)

(23) = S(t + 0){9(33,:1, ce ’ztp)(o) - g(ytl’ e ’ytp)(o)}
t+6

+[Tsto-s) {f(s,:cs, / 7)) = F(6,0 [ ks, y1>d~r>} ds.

0

From (2.2) and (H3),

(Fz:)(0) — (Fy) O < Kllze — ello(—n11:x)-

Hence
(Fze) = (Fy)lle-naix) = sup [[(Fze)(8) — (Fye) (Ol
~h<8<0

< Kzt — wello-n,11:%)-
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From 2.3 and (H1)-(H5),

[(Fz)(0) = (Fy) (Ol
< S+ Olllg(zer, - 2,)(0) — 9wty »35,) O

+/0t+0||5(t +6—s)| f(s,xs’/osk(s’ 7 Zr)dr) = f(s’ys’/o Ko ur)dn)

- < MKz — yello(—n.11:%)

t+0 s
+ M/O L {llms — Uslle(=h1):x) +/0 Ly |z, — y-r”C([—h,T]:X)dT} ds

ds

t+6
< MKzt — yillo-na:x) + ML/O {1+ Li(t + 0)} |25 — Ysllo-r11:x) d8

< MKzt - yello-nryx) + ML{1+ Li(t +0)}(t + 0) ||z: — ytllC([—h,T]:X)/()t+0d3
< M{K + LT(1 + LiT)}H|ze — wtllo-n11:x)-
Thus
| Fz: — Fuelloq-nix)y = sup  ||Fz:(0) — Fu(0)|l
—h<0<0
| < M{K + LT(1+ LiT)} = — wellog-n1y:x)-

Since M{K + LT(1 4+ L,T)} < 1, F is a contractive mapping on C([—h,T] : X).
Consequently, an unique fixed point of F on C([—h,T] : X) is a unique mild solution
of (1.1). O

Next theorem is characteristic for the continuous dependence of the nonlinear
functional integro-differential system (1.1) with the classical initial condition.

Theorm 2.2. Suppose that the hypotheses (H1)-(H5) are holds and
M{K + LT+ I,T)} < 1.

Then for each ¢y, ¢2 € C([—h,0]: X) and mild solution z}, z? of the equations

i . . t .
&) _ paie) + (2, / k(t,5,20)ds), ¢ € [0,T]
(2.4) dt 0
mi(t)+g(x§l,--- 71’%,,)(*’) =¢i(t)’ . te [—h,O], =1, 2,
the following inequality is established

M ML(1+ LiT)T
25) o} - Hlognmyn < T e TEEE LT 1o oot
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Proof. Let ¢; € C([~h,0]: X) (s =1, 2) and 2t (i = 1, 2) be the mild solution of
(2.4). For t + 8 € [0, 7],

zi(0) — 23 (0) - ,

2.6) = S(t+6){¢1(0)—$2(0)} — S(t + O){g(zt,, - -,z )(0)—g(=3,, -, 77, )(0)}
t 8 s
+/ S(t+9—s){f(s,xi,/ k(s,T,xl)dr) —f(s,xz,/ k(s,7,22)dr)}ds
0 0 0
and for ¢t + 0 € [=h, 0],
3 (60) — 77 (6)
= d)l(t + 9) - ¢2(t + 9) + g(m?p ot -,l‘?p)(t + 9) - g(l’%l, e ’x%p)(t + 9)
From 2.6 and (H1)—(H5),
IEAOREAG!
< M|l — b2lle(- hO] xy + MKz} — 22|l o(=n,11:30)
+M/ (|$ —ws“C([ h,T): X)/ Ly||z} “CET”C([ —hT): X)dT) ds
< M|¢r — d2llena:x) + MKllzi — 22llc-n1y:x)

t+6
+ML(1+ Li(t + 9))/0 Iz = 22l o(—n,Ty:)ds-

(2.7)

Therefore

||373t1 - x?llC([—h,T]:X)
=_sup. IIw%(é’) -z (0)|

2.8
28) < M“¢1 bolle(nox) + MK ||zt — 2|l o(-h,1):x)

T
+ ML+ L) [ e} = 2lloqonmands.
From 2.7 and (H3)-(H4),
iz} (8) — z2(O)|| < llb1 — 2lle(-nopx) + Kzt — 22l o(—h,11:X)-

Thus

Izt — 22llonryx) = sup_ “'Tt (6) — z2(0)||
(2.9) —h<6<
< |l¢1 - ¢2“C([—h,0]:X) + K|z — ¢l c(-h1):%)-
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Since M > 1 and MK < 1, then 2.8 and 2.9 imply that
2
Iz} — 2l o(n,ry:x)

M ML(1+ L
< 7ok 9 — Sliog-nax) + —1(—IJ )/ [E3 —%HC([ h,T]:X)dS-

By Gronwall’s inequality,

M MLQ + LT)T
2
le: = @lleq-nrix) < T 191 =~ @lleg-nox) exp < 1- MK ) B

Remark 2.1. Let 0 < t; < -+ < t, < T (p € N), Theorems 2.1 and 2.2 can be
employed the following ¢ defined by

g(zey, - 2t,)(8) = chx(tk + s),

where z € C([—h,T] : X), s € [-h,0] and ¢, (k =1,---,p) is constant satisfying

P
(2.10) M{Z]ckl +LT(1+L1T)} <1

k=1
Remark 2.2. Let 0 < t; < -+ < t, and ¢ (k = 1,---,p) is constant such that
0<t;—e and ty_y <ty —e€ (k=2,--,p). If the nonlinear function g is defined
by

P
c
g(xtn"'axtp Z i T+S
Ek k"eb
where z € C([~h,T] : X), s € [—h,0] and ¢, (k=1,---,p) is constant satisfying

2.10. For s € [—h, 0], since

Z k (z(1+s) —y(r + 5))dr

k=1 th‘fk

p N,
(Z |ckl ) |z — yt”C([—h,T]:X)>

k=1 /
Theorems 2.1 and 2.2 can be employed the function g.

”g(ztl’ e ”xtp)(s) - g(ytl’ ) ytp)(s)“ =

IA
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