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Simultaneous Optimization for Robust Design
using Distance and Desirability Function

Yong Man Kwon?)

Abstract

Robust design is an approach to reducing performance variation of response values
in products and processes. In the Taguchi parameter design, the product-array
approach using orthogonal arrays is mainly used. However, it often requires an
excessive number of experiments. An alternative approach, which is called the
combined-array approach, was suggested by Welch et. al. (1990) and studied by
others. In these studies, only single response variable was considered. We propose
how to simultaneously optimize multiple responses when there are correlations among
responses, and when we use the combined-array approach to assign control and noise
factors. An example is illustrated to show the difference between the Taguchi’s
product-array approach and the combined-array approach.

Keywords : Robust design, Parameter design, Product-array approach, Combined-array

approach, Simultaneously optimize multiple responses.
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= AE W ool VEY F HYHE AIAEY o2& o] &3 diAwcte] AFHI 9l
E} i %Oﬂ/\i E3u 2 - 2 (combined array approach)?] Welch, Yu, Kang, % Sacks(1990)°l

o7 AUt 2 o]FFE Vining®t Myers (1990), Box® Jones(1992)5 o] ¢l&te]
‘751%‘1‘4. Tl ol FIAAE AojQdztet Zo] shte Ao wiXele AFER S ¥

(FAEAR & 57 & ] S AAJQAEARS
A oJE Z9-o AFPAFA B A
3| = k& ¥k (multiple responses)$l 7
7F giEEo)g. gF drSoA AdAAAe] HAHZAL FE W2 Derringer®t Suich(1980),
Khuri®} Conlon(1981)5°l 2]3dte] o] Fo]Hth. Derringer?t Suich(1980)& 71 &d45 o] &3 t}
ExN FA A3} wers a8 3 Khurigt Conlon(1981)<- A& g4=(distance function)2 ©] &%

93 U8 B AR YA ANAR, DY 24 AN FAEL FIATE D5 8
e F4 HA3 Yotolth, £F B seule HAdA UF Wee B ATE A9 Heigl
A e Aol

=59 53& Derringer®t Suich(1980)7F A Ale 7 &8 ol &3t T Fuldd 2

)‘:5].
GuiAA ZHAE HAT AF GF B3 54 HADH YA AQHT BFA PRER wla
Sl Aol AUE YY) BT £EAYE 2olLA AR 28AAE GEE AF 0 T4 2
M8 gore AASHL 3AANE X wgA AXT HYH FAn dFH PEER 4AE B
o]

SRS yE AARS(0F FSAAS( 20 A8 kol AR A Ao AAHE T
FEAAEs 4 4 x=(x,%,,2)' % 2=(2,29,,2,) 2 HYERW7I2 2k AP N
olii WHEWMFE MFE yolEta A 1 WA NS o|AIARYLE g 2o

vilx,2)=Bpt+x BitxBx+2z'Rz+2 yi+tz2Dx+e, i=1,2,,r (21)
q714  Bi= X1, y/=mxl, B/ =B (X[ R/ =R mXm, D mxI[q EZ3co 3
AASEY ¥ 2 PHolu g A HAFAM AP ot A21)E FE2 e
U® o 2

q714 y;i& ¢ WA WSS e ZAXY Nx1 WMEHel:, Xt Nxp Hd AFPY
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E( _8,‘):_0, Vd?’( ﬁi):dﬁ]N: COU( £, _€')=O',‘jIN i,j=1,2,"',7, 1+
o] A¥Ettn stat I= wxr¥Eoli (4,)HA Yihe oyolth 2 9 EHFAZE USH
2o,

J

Y=Y~ X(XX)'X1Y/(N-p)
ANA Y=y, 5., 3)910 Iy RE A&7t 19 NxN gZolh, 4 @214 Fold 7
Aol Ag thest 2ol & 4 Aok

W X 0 * 0 _61 £
y=| 2 |= 0 X0 &y &= e @23)
Yy, 0 0 - X —ar £y

71M ¥& vNX1, Z= rNxrp, 6= rpx1 2831 = rNxlolth F#H o BA-FEALY
2 g3 2

8

Varle)=2QI=
og71A4 KE A2 7}F(Kronecker multiplication)®] o,
2] (2.3)9 A g2 M BEHFA ZH(best linear unbiased estimator(BLUE))&

=z 'z 'w=(Z2D'Zy
olth. wWatx, 49 BLUEE 8 =(18,", 8, ., 8,) otk aANAN B=(X'X)7'X = i
AA g9 AAFA AP FALAFF4 Folth(Huang (1970, p.188)S HAIR) 6,9 #
ge e g
Va8 )=(Z'Q7'2) '=(X'X)"\x

i(x,2)=2(x,2 8, i=1,2,,7 (2.4)
714 g'(x,2) (x,2)34d0A4 Ad=Hod XA Y3 2& Fee wEo|th 4242
B ggel Hydn
Varl 94z, 2)1=g" (2, 2)(X'X) 'g(x,2)05, i=1,2,,7,
Coul y{x,2), v (x,2)]=g"(x,2)(X'X) 'g(x,2)05, i,7=1,2,",7;i%;.
wpehA,
Varl Wx,2)]=2"(x,2)(X'X) 'g(x,2)2, i=1,2,,7

714 Y (x,2)=( 3(x,2), %(x,2),, 3.(x,2)2 (x,2)8N4 F88 FLSA4

wejolth Var[ 3(x, 219 2833 %e gL 2o

Varl 3(x,2)1=g"(x,2)(X'X) 'g(x, 2)3.
224 A O3 22 AegE 23 ARY o2 Yed & o
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yi(x,2)=by+x bi+x Bix+z Rz+z ri+z Dix, i=1,2,r (2.5)
EH 3] Box$t Jones(1992) Sl ol Aojdatet #AEAate g4z FHojgl
WN23tFo N YFEEY BARE S
& 7he Ao FAY HERYY B4Ry
fel]
AA

KR
2E Ao 5 gl FEAFEY 20 #F

21(2.5)9

lo
£

>
2

2ol BEE m )2 YENIIZ 3 ol WA FYE Prryold s thw g

mD= [ iz, 2)2)dz, i=1,2,,7

A7 pa)e 29 HEUEHFOIM 2& R -1<z<DIN ZYEEE Ytk Boxs
Jones(1992)E HF#EdA S tpg3 2oz kg

mi(x)=byg+x bi+x Bix+(tr R)/3, i=1,2,,7 (2.6)
7N tH{(R)e #2 R d44 92859 Folnt. &3, St A B35 349 9

FRY) g H A FHE(mean square variation) S v;(x)g ¥ thg3 2o}

v (x0)=| ( 3:(x,2)— m(2)p()dz, i=12,,7.

R,

Box®} Jones(1992)& #HTAFHEFS v #ohx st4
0,(x)=( z;+ D;x)( xi+ Dix)/3 + A;, i=12,,» (2.7)

A7) A, =[4Z7" (¥ )P+ 5375 S (PPl 45013 yu'e Riel A A3 ki 2

o gxolth $3E 0, ()8 A FHE EARYrolgm sAt
A 248 WERE 4260 383 2o 1A & £ A
m()=h(x) Qo i=1,2,,7 28)

AN B (x)=(1,%), =, %, x5, %5, 229, %1%, 1/3,0,1/3) 283 G o=( by,
By, e, by, by, By, By, By, Py, Pam) e B0 ARE B 9,
o] AR Fojgts AMMREE g9 FA-FE} PP G 2

Varl 8,)=(X'X);'>
A7 Gy=( By', Bo’. 0 Bo), (XX pxp 23T (X' X)g'e gxg A7IA
p=U+m+n)(i+m+2)/2 281 ¢={(+DU+2)/2+ molth. (X' X)o's (X'X)7'9

gxq BEVPoIT. AQZHE Thgol HPHTh



Simultaneous Optimization for Robust Design using Distance and Desirability Function 689

Varl m(x)]= 1 (1) X X)g  h(2)Z

AN mlx)=( m(x), my(x), -, m () e xlH A FFEPAe weloldh fan
Vard ()]l 20333& ges 2o,
Var[ m(x)]= £ (2)(X ' X)g ' 2(2)3. (29)

=49 A sAHA 5

Ay 28 FeE Ao Brbsed g %
;;%o}or @ ol FAFT FEA

. % ==X (nominal-is-best characteristics): r; = m;(x)2 4% 3.

2. tHE A (larger-the-better characteristics): 7; = Max zer, m; (%), 714 R, = A=

3. 45 A (smaller-the-better characteristics): 7; = Min ,eg, m; (x).

ZEA o O m(2)9 ANgErE i 2o

—~ ~

Dl 2(x), 2] = [( 2(x) —1)" { Varl m(2)1t ™l x) — 01"

39 oI m(x)e BA-TEA #8 429F o83y, $Id€ d&FH 2L A

1/2

()=o) 3 ' (mx)—1)
B ()X ' X)g i x)

Ztzke] 239 FERPY m(x)9 FLE g2ud 47 AFAE wy,wy, o, w,E Fo
471 0<w; <1 o8 S w,=1 olth 1d FErde HMFe 1Y AdgFe e
zd.

AW m(x)— )y S UW(m(x) — o)}
B (X' X)) (%)

(2.10)
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0
QAN w=| %27 0 o qeinziy FHdd RN AFEde g FAHH

Min _ Min 3IW(m(0) -0 3 {W(m(x)— 0t

xR, Dl®)= sep B (X)X X)g h(x) @1
FoRP g SAHAE = D, FHY HTEFHd A AAAA] gle o AHSE
F on Fort Fod ANe A48 FTERIAE o B4 FRBAE nesdve
Zolth vk FAIA A A digdte A4 HAE Ao Aoyt F FEEFol W 1
HE Ry daire el s AHF1 oAl HEsE & do

4 Z < 73 gz
g = o mEtA 9eEse A FAHEH BARYY R £ FETE FL& YAEA #
o FAAF d3 FAAANIST FAFT U FAHAse} 2L HHE A4 F oy
BEAREEZ ] BA-FEAS 1 AEgsE Faled oz o] Aok AYFgFdMs B4t
g RA-FEiPE S ALLsle BFFEF oy sldideode BARFEY Hogd HAa
el Urol BFE3stgtt. 98+ Derringer®t Suich(1980)7F A8 21 g+E o]&3le &
Aol BAS HAEXOoZ WHIse Nz FHAHIeHE Actslzmzt o) EARYE L g5
olmz EARHH HiAgd o At A 2AH A NS d(x)FS 1ol 9z Aoy
#d o Azt 74 7R AA 00] Hol dx)itol 00 HEE g Zo] g4y g
l 0 vi<v(x)
d(x)= [w V< V(X)) <V} (2.12)
. Vi — Ujx
1 ’Uj(LC)SU,'*
A7) vuE min ep v{%), viE max yep vlx) THI we Yoo Az YEdL g
%kol T EJE% o] %E?] SAANMG 1A ghe]l 1o 77 An B4R o] FE R A

% Ao AE
SERLIES

e A AR

& gol 0o AR Aol ok
2% 708 A N0FF dlx) 0<d()<DE @398 3
o W F ANNFFE J1HG T AHEstel Yehuw ogw 2o

Dy(x) = (di(x)xdy(&)x - xd (e (2.13)
webd 2130 h e BARFe] e A Ye e go] Agtarh
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MY Dx) = T (d(x)x dyx)x X da) (214
AQRI14)ZFE FAUTTE a2 o 2%]°1°1X}°ﬂ EHEL HARE 7 5 A Eo
24 EAAA 3 H

Bewas} o4 A A ZulAE AAS ) A% FAHH Wow RN $st AL
x =

@ 37 9% ARE Dy(n)9 FAWFA U F 0 D(2)E
EAAAT S AN % & S A0, SUSE AANAE FIIE Y FYTE 3
oe Aol FHolBE FHAN 4F Mg FARAI AL T 2ol AdAnA Bo,

Min _ Min AW(m(x)—of TTHW(m(x) = )b

xR, DB T xer, H ()X X7 h(x) 215

subject to D,(x)=1
714 min gep D(x) </<max geg DS(x) ©Ith [ &
Sol g Fode] AAE Heoloh. A@215)E $HAHe= A
Vs FAHTE XX ZAH AV donz g °ﬂ/\1 21101"]1} o AFsE AH

BE Aol AdAAEY] FAHAHES Fate Rl 2 Aot

fr

FA HAE ekl A A7t AGE waEEH S
3 A 235 gk dAE

3.1 WA AH Y

2w WS (nner array)ols 2459 Aodx A, B C D 18 Fg HuwWd
Lig(2"%)el wxetn 2 d(outer array)dl 257F( Nyt A% 24, Nio & 23)9 F&Ax N&
Xttt <E 1>olAE Aojdatel #ate] vEh glon <E 2>+ IApgo] o Aguixloln A
= AR oy R AR g0 thE JHEEA Asst Ao

ZE A8 y2 YUEA a2la vtE 283 y' $AEAeth fEE < 2>9 A¥¥s=

BE &3 o] SNH|(signal-to-noise ratio)gs AT + AUtk

(1) GHEA: SN,=—101og 1x[1/3 i}y,, —30, (2 BAE4: SN;=—101log 10[1/321)’%,‘]-*‘35.
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<E 1> o2y 7
A7 0 FF 1 FF
A 1 3% A 7Hmin) 120 130
B: 43 2=(TC) 70 80
C: dA4L%(7C) -20 -15
D @ A7 (%) 5 10
F . 284 %pm) 300 300

< 2> RAWEO o dExe

SUAMA| A B e e e e e Ce eD e e Fe %) Vo
Awls| 1 2 3 456 7 8 9101112131415 | N, [N, | N, | Ny

i
1 -1-1-1-1-1-1-1-1-1-1-1-1-1-1-1 59 | 6312329
2 -1-1-1-1-1-1-11 1111111 59 | 64 | 30 | 37
3 -1-1-11111-1-1-1-11111 65 | 69 | 27 | 33
4 -1-1-1 1111111 1-1-1-1-1 51 | 56 | 24 | 29
5 -1 11-1-111-1-111-1-111 59 | 75| 36 | 34
6 -1 11-1-11111-1-111-1-1 59 | 65| 21 | 18
7 -11111-1-1-1-1111"11-1-1 65 |74 | 32| 30
8 -11111-1-111-1-1-1-1191 51 [ 69 | 29 | 25
9 1-11-11-11-11-11-11-11 59 | 55| 30 | 35
10 1-11-11-111-11-11-11-+-1 59 | 45| 31 | 36
11 1-111-11-1-11-111-11"-1 65 [ 57 | 33 | 41
12 1-111-11-11-11-1-11-11 51 | 44 | 20 | 26
13 1 1-1-111-1-111-1-111~+-1 59 [ 61 | 31 | 25
14 1 1-1-111-11-1-111-1-11 59 | 58 | 32 | 26
15 1 1-11-1-1t1-111-11-1-11 65 | 62 | 24 | 20
16 1 1-11-1-111-1-11-111-+-1 56 | 51 | 34 | 31

<E 3> y o ZAEHE <E 4>y EAENE

2l S f V F 2l S f V F,
A 3.7830 1 37830 13.27 A 04658 1 04658 1.04
B 3.6290 1 36290 1273 B 21830 1 21830 4.87
C 7.1824 1 71824 2519 C 17490 1 17490 3.90
D 0.6400 1 0.6400 2.24 D 137456 1 13.7456 30.63
F 0.0240 1 0.0240 0.08 F 133043 1 13.3043 29.65
e 28514 10 0.2851 e 44805 10  0.4487

A 181148 15 A 349342 15

FAENES <F 3> 293 <FE LHERH yodMe= A B aln CIAT} oFF {8t yyolA
Dt FAAZY #ojsttt. b <& 5>2RE FA] FHH 20 ABCoDoF, (120 min, 80T

rr
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-20T, 5%, 800 rpm)°] & ¢ F 3tk

<E 5> 8¢ & Q%R

£l TE yolthd SNl o] & | y,ollthg SNul9 & | HATE

A |0 (120 min ) 4762 47.81 O
1 ( 130 min ) 39.84 45.08

B |0(70 T) 39.92 43.49
1(8 T) 4754 49.40 @

c |0(-20T) 49.09 43.40 O
1(-15T) 38.37 49.49

D |0(5%) 42.13 53.86 O
1 (10% ) 45.33 39.03

F |0 (800 rpm ) 4342 53.74 O
1 ( 900 rpm ) 44.04 39.15

32 S¢MeH =N

AANAET AL2AAE («x, 2)0] 29Fo|EE dAFIARFLR Uel
o] xtel SR WHALES THE AHFE

=
)
e
_>KJ_A‘
A
=)
il
o
o
Lok
o
k)
i)
i)

yi(x,2)=by+x

mi(x)=by+xb;, i=12,-7. (3.1)
ai(zc)=%( 7+ D;x)'( z;+ D;x), 1=1,2,,7 (32)
WA FAE HFEE AGDE g8y Zol 1A & F Udd
7/’2;(.&):_@(.&) /_50,' 1= 1,2,"',7’

~

AN B (x)=(1,x, -, %) L3 9 = ( bioy bil,"‘, b)'E g9 gFEo|th
EudoE Ao x(F& A), x(EFL& B 83 x3(2L 09 #FAdA x (B2 D),
x(F2 F) 283 22 NE e Huug Li(28)o) 28wz s <# 6> 5T
Ao o3 AFAFHE DM AAUMAKE 2> BAL )M o3 APARAA 12799 ARES
AbEE T Zxii gy EFmMES 3RS @AM vwEr] 95t <E 6>9A 5719 Aol
2t 18] &AEAae) Fo] A ZAANAM <F 2>2HEH HAPARE JHAT 272 A
e oA y o= AXNo| 2yl ME BxXNol Ho#s xnotth wetA <E 6>

ag
3 FedAS 490l AF iAW g Aol

L= =] RS
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<E 6> B 97 HEAE

G AS
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 il ¥
g%
1 -1 -1 -1-1-1-1-1-1-1 -1 -1 -1 -1 -1 -1 53 | 23
2 -1 -1 -1 -1 -1 -1 -1 1 1 1 1 1 1 1 59 | 30
3 -1 -1 -1 1 1 1 1 -1 -1 -1 -1 1 1 1 69 | 33
4 -+ -1t -1 1 1 1 1 1 1 1 1 -1 -1 -1 -1 56 | 29
5 -1 1 1.-1 -1 1 1 -1 -1 1 1 -1 -1 1 69 | 36
6 -1 1 1 -1 -1 1 1 1 1 -1.-1 1 1 -1 -1 61 |21
7 -1 1.1 1 1 -1 -1 -1 -1 1 1 1 1 -1 -1 74 | 30
8 -1 1 1 1.1 -1 -1 1 1 -1 -1 -1 -1 1 59 | 25
9 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 1 -1 60 | 30
10 1 -1 1 -1 1 -1 1 1-1 1-1 1 -1 1 -1 51 | 31
11 1 -1 1 1 -1 1 -1 -1 1 -1 1 1 -1 1 -1 57 | 41
12 1 -1 1 1 -1 1 -1 1 -1 1 -1 -1 1 -1 44 | 26
13 1 1 -1 -1 1 1 -1 -1 1 1 -1 -1 1 1 -1 64 | 31
14 1 1 -1 -1 1 1 -1 1 -1 -1 1 1 -1 -1 65 | 32
15 1 1 -1 1 -1 -1 1 -1 1 1 -1 1 -1 -1 62 | 20
16 1 1 -1 1 -1 -1 1 1 -1 -1 1 -1 1 1 -1 51 | 31
7|12 FAX]l a b ab ¢ ac bc abc d ad bd abd cd acd bed abed
BH;‘(] X1 X9 ¢© Z X1 X € X3 € e X4 e e X5 e

<E 6>2FH 338 24 HARYL 74 7 oeH 2o

v (x,2) = 60.00 — 3.25x, + 3.13x,— 4.25%3+ 1.38x;— 0.13x5 — 1.002

— 2.252x;— 0.632xy— 2.252x3— 0.882x4 + 0.132xs.

9o (x,2) = 29.31 + 0.94x; — 1.06x5— 1.19x3+ 3.06x, + 2.94x5+ 0.062

—0.81zx;— 1.81zxy— 0.442x3+ 0.312x4 + 0.192xs.

(33) 2 AGHRFH 4(26)% H2.1E o8y, 53 2& F49
=g

e 4x

mi(x) = —3.25x,+ 3.13x, — 4.25x3+ 1.38x4— 0.13x5 + 60.00.

my(x) = 0.94x; — 1.06x;— 1.19x3+ 3.06x, + 2.94x5+ 29.31.

2(x) = (—2.25%,~ 0.63x,— 2.25x3 — 0.88x; + 0.13x5 — 1.00)%/3.
2o(x) = ( —0.81x;— 1.81x,— 0.44x3+ 0.31x,+ 0.19x5+ 0.06)%/3.

(33)
(34)
AR S
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0949 RE —1<x;,%, %3, %,8<12 BANN FHoln, R, Aol my(x0), my(x),
0 (x) 2L ,(x)d WAE 2 7 47.86< my(x)< 72.14, 20.12< my(x)<38.50,
0.00< 2,(x)<16.99 223 0.00< v, (x)<4.37°Ik
FE A8 y& goSHolnR JoRdy (09 FEANE Al 2147 H3 e A
2 o= BAEHDZ my(n9 BEXE A4 20127 Dok 23 EARY p(x)E F
23 0, =0.00019 AW} oi=16.99°I}h. FH ()& Hag v, =0.0001" Aoz
vi=4.3701th Banded e sUFgsrE Q1A AF ¢-18 HEn F OgrE

p=29 W A(213)% HEdh < 7> FAWE F U@+ D(x)7 083 BT L of
W gk olaelA EAWTY SAHAG Sk Dv(z)% Apgstel T SAHAS Anolth. <E
7>l EARF HFo] 2 7 w,=017 wy=09 U W ANt HHREAEL x=-10, %

=10, %3=05, %4=-10 8% x5=-10 o™ o] W m(x), my(x), 0;(x), v.(x) 22

D,(x) #e Z Z 6301, 2072, 002, 092 283 0.89°]t}.

<E 7> FA3AH38 @4t D,

713 A # A A SAH A gk
w, Wy X Xy X3 X4 Xs my (x) my(x) 0(x) 0,(x) Dyx)
Subject to D,(x) = below" 0.83
01 09 -10 10 05-1.0-1.0 63.01 20.72 0.02 0.92 0.89
03 07 -10 1.0 -10-1.0-10 69.38 2250 437 0.33 0.83
05 05 -10 10 -10 -08 -1.0 69.66 23.11 3.95 0.29 0.85
07 03 -10 10-10 09 -1.0 7200 2831 1.27 0.06 0.96
09 01 -10 10 -10 10 -10 7214 2862 1.15 0.05 0.96

x “below m"E molyt m Bo} F& oW g 9w gt
33 23 vl

3143 328 2RE 7)1&9 t7x WYPE Z, SNHE AHES wamdg29F 7 =20
At EFEHTHAMY G5 ¥g FAH 2 S

2]
wapejde] Ad <F 5> HRE FAHAN 2042 A(B CilDoF( x1=-1.0,
%4=-10, x5=-1.0) &, 120 min, 80C, -20C, 5%,

=€ 800 rpme] HUL FTEMEY 2 <K
T>2RE FAAHE 274 F Ao EAEAAY @

B0l 052 FUS

r:u K
i
oft
2
e
rob
=
|
o
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800 rpmel HE AL ¢ + AU FAF AXE FHALAA FAAYE Fo
B Fol WA AR AAEAL WRHAD AGAA & Be) BFHA g
122 FORAE 7129 RANAPZ Y W2 2HE 92 F AU

4. AE

B eRodE FRRde U@ A PAA D, FAEPel AN Yo Do F 2y
of gk HZ 3 Wt o) g3t TAHEY FAHTE FAM aHI oF e FAHAHE W
S AXSAT. 3NN S Azo] AT HAH P ALgHe HP5E A FoluA
T 7129 waMEPEIET b= AHE A4S £ Yo m=E A9 FA] FHH3 gore
AoiQAte] FEHE Waedof s17] WEel shte Aol M2 e FEAA F A oy
FAEAANA FA FF 39 BHERAT 22 & dAou AN AL PEe Folg
g ol HAH2AE 37 o gFdFA 2V £0)8 AHo] Ao EHAE HACNA AF
A Bt A wxtefdd EFgugel Jed AMMEo] Aot HAH3E w2 FHHIES o)&
goK 7129 & AYP ALY 8L TET & o] dFA sevlg AANM GO
Z AAE A BAAS A2 ¢+ Y= gAuste] & = 98 Aot
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