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WEAK CONVERGENCE TO COMMON FIXED
POINTS OF COUNTABLE NONEXPANSIVE
MAPPINGS AND ITS APPLICATIONS

YASUNORI KIMURA AND WATARU TAKAHASHI

ABSTRACT. In this paper, we introduce an iteration generated by
countable nonexpansive mappings and prove a weak convergence
theorem which is connected with the feasibility problem. This re-
sult is used to solve the problem of finding a solution of the count-
able convex inequality system and the problem of finding a com-
mon fixed point for a commuting countable family of nonexpansive
mappings.

1. Introduction

Let C1,Cs, -+ ,Cx be nonempty closed convex subsets of a Hilbert
space H whose intersection Cy is nonempty. Given metric projections
P, onto C; for it =1,2,--- ,k, find a point of Cy by an iterative scheme.
Such a problem is connected with the feasibility problem. In fact, let
{91,92,- - , g} be a finite family of real valued continuous convex func-
tions on H. Then the feasibility problem is to find a solution of the
finite convex inequality system, i.e., to find such a point ¢ € Cy that

CQZ{CL'EHIQ,;(.’E)SO, Z=1,2,,k}

In 1991, Crombez [4] obtained the following result: Put T = ool +
Zle ar(I + N\ (P, — I)), where I is an identity operator, 0 < \; < 2
for: =1,2,--- ,k,a; >0fori=0,1,--- ,k, and Zf:oai = 1. Then,
starting from an arbitrary element x of H, a sequence {1z} converges
weakly to z € Cy. Later, Kitahara and Takahashi [8] dealt with the
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feasibility problem by convex combinations of sunny nonexpansive re-
tractions in uniformly convex Banach spaces.

Recently, motivated by Ishikawa [7] and Das and Debeta [5], Taka-
hashi and Shimoji [15] introduced a new iteration generated by finite
nonexpansive mappings and proved weak convergence theorems which
are connected with the feasibility problem.

On the other hand, Dye and Reich [6] proved the following result for
an unrestricted product of nonexpansive mappings: Let {T},} be nonex-
pansive mappings on a Hilbert space H with a common fixed point z €
H. Suppose that the algebraic semigroup S generated by {7} satisfies
the condition (W) with respect to p € H. Let r be a mapping from the
set of natural numbers into itself and let S, = T}.(,,) Ty (n—1) - - Tr(2) Tr(1)-
Then S, x converges weakly for each r € H. An algebraic semigroup S
generated by {7}, } is said to satisfy the condition (W) with respect to p
if for any bounded sequence {v,} of H and a sequence {W,} of words
from S with ||v, — pl| — [[Wnv, — p|| — 0, it follows that v, — W,v,
converges weakly to 0; see [6] for more details. Though they obtained a
sufficient condition for which S satisfies the condition (W) with respect
to p in the paper, it still seems to be a strong condition.

In this paper, we introduce an iteration generated by countable non-
expansive mappings and prove a weak convergence theorem which is
connected with the feasibility problem. This iteration is different from
that of Dye and Reich’s, and our theorem generalizes Takahashi and
Shimoji’s result [15] for finite nonexpansive mappings. Using our the-
orem, we also consider the feasibility problem of finding a solution of
the countable convex inequality system and the problem of finding a
common fixed point for a commuting countable family of nonexpansive
mappings.

2. Preliminaries and lemmas

Throughout this paper, we denote by N and R the sets of natural
numbers and real numbers, respectively. Let E be a Banach space and
let C be a nonempty closed convex subset of E. A mapping T of C into
itself is called nonexpansive if ||Tz — Ty|| < |z — y|| for all z,y € C.
The set of fixed points of T is denoted by F(T'), that is, z € F(T) if
and only if z = Tz. Let D be a nonempty subset of C. A mapping P of
C onto D is said to be a retraction if Px = z for each z € D. If there
exists a nonexpansive retraction of C' onto D, then D is said to be a
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nonexpansive retract of C.
For a Banach space E, we define the modulus dg of convexity of F
as follows: dg is a function of [0, 2] into [0, 1] such that

dp(e) = inf{l —|lz +yll/2: |zl <1, ]lyll <1, llz —yl| > €}

for each € € [0,2]. FE is called uniformly convex if ég(¢) > 0 for each
e > 0. E is called strictly convex if ||z + y||/2 < 1 for every z,y € FE
with ||z]] = |ly]l = 1 and = # y. It is known that a uniformly convex
Banach space is strictly convex and reflexive.

A Banach space E satisfies Opial’s condition [10] if, for each sequence
{z,} of E converging weakly to x, x # y implies

liminf ||z, — z|| < liminf ||z, — y||.
The norm of E is said to be Fréchet differentiable if, for each x € E
ety — fal
t—0 t
converges uniformly for y with ||y|| = 1.
The following lemma was proved by Schu [12].

LEMMA 2.1 [Schu [12]]. Let {z,} and {y.} be sequences of a uni-
formly convex Banach space E and let {a,} be a sequence of real num-
bers such that 0 < a < a, < b < 1 for all n € N. Suppose that
limp—oc ||0nZn + (1 — an)yn|| = ¢ exists. If limsup,,_, . ||z.|| < c and
limsup,, . |lynl| < ¢, then lim,_, o ||®n — ynl| = 0.

Let C be a nonempty closed convex subset of a Banach space E.
Let {T, : n = 1,2,--- ,k} be mappings of C into itself and let {a, €
R:n =1,2,-- ,k} be real numbers satisfying 0 < a,, < 1 for each
n=1,2,--- k. Then, we define a mapping W of C into itself as follows
(Takahashi [13]):

( Uy = ap Ty + (1 — Oék)I,
Up—1 = ap-1Tx1Ux + (1 — o 1)1,

Uz = aaToUs + (1 — ap)l,
\ W =U, =aThUs + (1 — Oll).[.
Such a mapping W is called the W-mapping generated by Ty, Th—1, - - -,

T, Ty and o, a1, <, a2, 0.
The following lemma was proved by Takahashi and Shimoji [15].
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LEMMA 2.2 (Takahashi and Shimoji [15]). Let C' be a nonempty
closed convex subset of a strictly convex Banach space E. Let T, T3,
.-+, Ty be nonexpansive mappings of C into itself and suppose that
ﬂle F(T;) is nonempty. Let ay,az, -+ ,a be real numbers such that
O<a;<1lforalli=1,2,---, k. Let W be the W-mapping generated
by Ty, Ty, -+, Ty and a1, oz, +-+, ag. Then

k
F(W) =] F(T).
i=1

The following lemma was proved by Reich [11]; see also [14].

LEMMA 2.3 (Reich [11]). Let C be a nonempty closed convex subset
of a uniformly convex Banach space E whose norm is Fréchet differ-
entiable. Let {W,} be a sequence of nonexpansive mappings of C into
itself such that the set of their common fixed points is nonempty. Choose
z € C arbitrarily and make an iteration {z,} by

Ip = Wan_l e W2W1£C

for each n € N. Then the set (o, e0{zm : m > k} N2, F(W,)
consists of at most one point.

3. The main result

Now we prove a weak convergence theorem for countable nonexpan-
sive mappings in Banach spaces which is connected with the feasibility
problem.

THEOREM 3.1. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E. Let {T,,} be a sequence of nonexpansive
mappings of C into itself and suppose

ab € Rwith0 < a <b<1andlet {a,p : 7,k € NJ1 <

Let €
k < n} C [a,b. For n € N, let W, be the W-mapping generated
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b.y Tn7Tn—1a e »T2> Tl and Cnon,pn-1,""" ,Q&p 2, On 1, that jS;

( Un,n = an,nTn + (1 - an,n)Iy
Un,n~1 = O‘n,n—lTn—lUn,n + (1 - an,n—l)Ia

Un,2 = an,2T2Un,3 + (1 - an,?)I’
\ Wn =Unp1— an,lTlUn,2 + (1 - an,1>1-

Let 1 € C and put x,,11 = Whyx,, for each n € N. Then ||Txz, —z,|| —
0 asn — oo for each k € N. Moreover, if either E satisfies Opial’s
condition or E has a Fréchet differentiable norm, then {x,} converges
weakly to z € (7, F(T,).

Proof. Let w € (., F(T,,) and ; € C. Then, by the definition of
{z.}, we obtain

1 — wl| = Whz,, —w|| = |Un, 170 — w|
S an,lnTlUrL,?xn - ’U)H + (1 - an.l)Hxn - w“
< an1lUn2xn — wll + (1 = an)l|z, — wl]

< an,lanﬂ”Un,an - w” + (1 - an.lan,Q)Hxn - w”

S an.lan,Q e an,k—IHUn.kl'n - w”

+(l—ap1an2 - o p—1)|Tn — w|

< ani@nz- e ona||Thz, — wl

+ (1 —anian2 - apa)llz, —wl|
<op10n2 0y pllz, — w|

+(1 - An 102" an,n)“xn — w||

= |lzn — wl,

and hence lim,_ o ||z, — w|| exists. Put ¢ = lim,,_ ||z, — w||. Fix
k € N. Then for any n € N with n > k, we have

NUn k@n —wl| < |j2, — w||



1280 Yasunori Kimura and Wataru Takahashi
and hence

(2) limsup |Un k20 — wl| < c.

43

On the other hand, since

“xn—{—l - UJ“ S Ap 10pn 2" arL.k—1||Un,k$n - 'LUH

+ (1 — Op 10p 2" an,k—l)”xn - ’lUH,

we obtain

2 — wl| = llEnts — ]|

lzn — wl < |Ung@n — wl| +
An 10p,2° " Op k-1

lzn — wll = zns1 — wl]
ak—1

< NUnpzn — wll +

and hence

(3) c< limninf U, kn — wi.

From (2) and (3), we have ¢ = lim, o |Un k2 — w||. So, we have
c= nh_{tg@ lan xTkUn k+1Zn + (1 — an k) Tn — |-

Since

lim sup || TxUp 4125 — w|| < limsup [|Un g12n — wl| = ¢

n—oo n—oo

and limsup,,_, ., ||z, — w|| = ¢, from Lemma 2.1, we get

lim |ITkUn,k+1mn — ZL'nH = 0.

n—oc
For each n > k + 2, we have

1Tezn — zall < N Thzn — TiUnsor1@all + | Tk Un k+1%n — Tal|
< len = Un k120l + [ TeUnpt12n — To|
= |lzn — (k1 Ter1Un kr2Tn + (1 = on k1) T0) |
+ ||TkUn,k+1$n - mn“

= tpps 1 | Ter 1Unks2Zn — Zoll + | TaUn ks 120 — ol



Weak convergence to common fixed points 1281
Consequently, we obtain limsup,, . ||Tx2, ~ 2,|| < 0 and hence
lim ||Txz, — z,| = 0.
T OO

Suppose that E satisfies Opial’s condition. Since {z,} is bounded and
E is reflexive, we can choose a subsequence {z,,} of {2,} converging
weakly to z. We shall show that z is a common fixed point of {T}}.
Suppose z & (1;—, F(T). Then z # Tyz for some k € N. Using Opial’s
condition, we have

liminf ||z, — 2| < liminf ||z, — Tiz||

+ | Tezn, — Tizl|)

< lim lnf(“an - Tkz"i“ + “'Tnl - Z“)

< liminf(||z,, — Texn,
n

= liminf ||z, — 2|
n

This is a contradiction and hence we have z € ;> F(T%).

Next, we shall show that the set of weakly cluster points of {zn}
consists of one point. Let {x,,} and {x,, } be subsequences of {z,,} con-
verging weakly 2; and zy, respectively. Then both z; and 2, are common
fixed points of {T}} and thus lim,, . |[zn — 21| and lim, ., ||z, — 29|
exist. We claim z; = z;. If not, we have

i

lim ||z, — 2z = lim ||z, — 21|
n—>0C 11— 00

< lim ||z, — 2|
T— 00

= lim ||z, — 25|
n—o0o0

= lim ”an — 22|
j—oo

< lim |z, — 2|
j—o0

= lim ||z, — 2]
n—oo

This is a contradiction and we get z; = 25. Therefore {z,} converges
weakly to z € (oo | F(Tk).

On the other hand, suppose that E has a Fréchet differentiable norm.
Without loss of generality, we may assume that C is bounded because
a common fixed point of {7} exists. Let {z,,} be a subsequence of
{z,} converging weakly to z. Then, since lim,,_, ., | Tezn, —zn,|| =0
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for each k € N and I — T}, is demiclosed, it follows from Browder [1]
that z is a common fixed point of {T}}. Since F(W,)) = M, F(Tk)
from Lemma 2.2, we have z € Ny F(Tk) = Noey F(Wy) and z, =
W, W, _1--- Wiz, for each n € N. Using Lemma 2.3, we obtain

o0

ﬂE&{xm:mZn}ﬂ ﬂF(Tk)z{z}.

n=1 k=1

Consequently, {z,} converges weakly to z € (y—; F(Tk). O

4. Applications

In this section, using Theorem 1, we consider the feasibility problem of
finding a solution of the countable convex inequality system. Further, we
consider the problem of finding a common fixed point for a commuting
countable family of nonexpansive mappings.

THEOREM 4.1. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space whose norm is Fréchet differentiable and let
a,be R with0 < a <b<1. Let{C,} be a sequence of nonexpansive
retracts of C such that (., C, is nonempty. For n € N, let W,, be the
W-mapping generated by P, P,_1, -+ , P, Py and &y, +* , 0.2, 0n 1,
where P, is a nonexpansive retraction of C onto Cy, for each k € N and
0<a<anry<b<lfornkeNwith0<k<n. Consider an iteration
{x,} defined by (1). Then {z,} converges weakly to z € Norqp Ch.

Proof. From Lemma 2, we have
F(Wa) = F(P:) = Cs
k=1

k=1

This implies

N FW) = [ F(Pu) =[] Cn.

Using Theorem 1, {z,,} converges weakly to z € Moy Ch. O
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REMARK 4.1. Let C be a nonempty closed convex subset of a uni-
formly convex Banach space E and let T be a nonexpansive mapping
of C into itself with F(T') # 0. Then, it follows from Bruck [2, 3] that
F(T) is a nonexpansive retract of C. We also know that every nonempty
closed convex subset of a Hilbert space H is a nonexpansive retract of
H and the norm of H is Fréchet differentiable.

THEOREM 4.2. Let C be a nonempty bounded closed convex subset
of a uniformly convex Banach space E whose norm is Fréchet differen-
tiable. Let {T,} be a sequence of nonexpansive mappings of C' into itself
such that T;T; = T;T; for all i,j € N. Let a and b be real numbers with
0<a<b<landlet {ani:nkeN1<k<n} Cla,bl. Then the
set of common fixed points of {T,,} is nonempty, and an iteration {x,}
defined by (1) converges weakly to an element of (., F(T,).

Proof. Since E is uniformly convex, from [1] or Kirk’s fixed point
theorem [9], we obtain that each T; has a fixed point. We also know
from commutativity of {7} that {F(T,)} is a sequence of nonempty
closed convex subsets which has the finite intersection property; for more
details, see [8]. Since C is bounded and E is uniformly convex, C is
weakly compact. Hence we have

() F(T.) #0.
n=1
Therefore, by Theorem 3.1, {z,} converges weakly to an element of
Moy F(T),). O
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