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AN INTERARRIVAL HYPEREXPONENTIAL
MACHINE INTERFERENCE MODEL:
H,/M/c/k/N WITH BALKING AND RENEGING

A. 1. SHAWKY

ABSTRACT. The aim of this paper is to derive the analytical so-
lution of the queue: H,/M/c/k/N for machine interference with
balking and reneging, and FIFO (first in, first out) service disci-
pline.

1. Introduction

Kleinrock [5] studied the queue: M/M/c/k/N for machine interfer-
ence without balking and reneging, Gross and Harris[3] discussed the
system: M/M/c/m/m with spares only and Medhi [6] treated the sys-
tem: M/M/c/m/m without balking and reneging. Gupta [4] treated
numerically the interarrival hyperexponential queue: H,/M/1/m with
state dependent arrival and service rates, and Shawky [7] studied the
system: M/M/c/k/N with balking, reneging and spares. This paper
aims to derive the analytical solution of the queue: H,/M/c/k/N for
machine interference model with balking and reneging.

2. Description of the system

As in Goyal [2], the arrival channel consists of r independent branches.
A unit arriving for service joins the it* branch with a fraction o; of the
time on the average, so that Y., 0; = 1. Only one unit can occupy
any one of the branches at a time and if a unit is present in any one
of the branches, the arrival channel is busy and no other unit can enter
any other branch. The unit in the i*® branch joins the system (queue
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or service) with rate A; per unit time. We assume that we have a finite
source (population) of N customers, ¢ servers (repairmen) are available,
that the service times are identical exponential random variables with
rate x4 and also the system has finite storage room such that the total
number of customers (machines) in the system is no more than k. The
queue discipline is assumed to be first come, first served.

Let (§ be the probability that a unit joins the queue when the system
size is greater than or equal c.

It is also assumed that the units in the queue may renege according
to an exponential distribution, f(t) = ae™®*, t > 0, with parameter
a. The probability of reneging in a short period of time At is given by
m=Mm—-caAtforc<n<kandr,=0for0<n<ec

3. The steady—state analytical solution

Let P, ; denote the equilibrium probability that there are n units in
the system and the unit in the arrival channel is in the i** branch, where
n=0,1,2,...ki=12,..r.

The steady-state probability difference equations are

(1) N)\iPO,z' = ,u/Pl,i, 1= 1, 2, ey Ty

@) (N =n)hi+nulPr;

T
= 0i(N-n+1)Y APors+(m+ DpPosrs, n=1,2.,c— 1,

s=1

3) (N —c)BXi + cp] Py

= Cfi(N —Cc+ 1) Z AP, ~1,s + (Cu + a)Pc+111;, n =c,

s=1

(N —=n)BXi+cu+ (n—c)a)Py,,;

(4) = 0N -n+1)) BAPa1s

s=1

+H{ep+ (n—c+1)a}Ppyri, n=c+1,.,k—1,
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(N = E)BAi + cp + (k — c)o] Pri

.
(5) = oi(N-k+1)Y B\Pi1s
s=1
+0i(N = k)Y BAPrs, n=k.
g=1

Summing up equations (1)—(4) over ¢, and adding the results obtained
forn=1,2,...,k — 1, we get

(6) (N —n) ZpiPn,,- =(n+1) ZPM-M’ n=0,1,2,...,c — 1,
i=1

i=]1

(7) (N —n) BpiPus

i=1
,
= [e+(n+1 -—c)5]ZPn+1,,-, n=cc+1,..,k~—1,
i=1

where p; = ’—)},6 = %
From (2) and (6), we have

-
B(Tl,i)Pn’i — no; an,s = (’I’L + I)Pn+1,ia n=12 ..,¢c—1,
s=1
where
B(n,i) = (N —n)p; +n,
which can be written in the matrix form as

(8) BP=(n+1)Q, n=1,2..,c—1,
where

B = [bij],
such that

bij = —noy, i #J
bi; = B(n, 1) — noy,
PT - [Pn,la Pn,2a ey Pn,r],

and
QT = [Pn-f-l,l, Pn+1,2; ooy Pn+1,r],
where T' denotes the transpose of a matrix. Now, B! is given by

B~ =},
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where
A nTi ik
i = Bln, )Bm )Da’ 7!
1 no;
bi\iz

B(m3) | B%(m,i)Dn’
r
_ (o83 _ _
D'n = l—nz;m, n= 1,2,...,0— 1, D() = 1.
1=

Using this value of B~! in (8), we get

n+1 A TLO’iP,H_lj‘
9) Pu=—t"lp..; Dointls b 01, c—1.
(9) n,i B(n, 1) { n+l1, +]~=1 B(n.j)Dn n=20 c—1

From (4) and (7) we obtain

[(N = n)Bp; + ¢+ (n— )8} Py — i [c+ (n = )8] Y Pus

s=1
=[e+(n—c+1)| Piy14, n=cc+1,... k-1,
which can be written in the form
(10) DP={c+(n—-c+1)0}Q, n=c,c+1,.,k—-1,
where
D = [d;],
such that

dij = —ai{c+ (n — )b}, i #J,

dy = A(n,z) - 0’1{6 + (n— 6)5},

A(n,i) = (N —n)Bp; + ¢+ (n —c)é.
Now, D! is given by

D' = [dy),
where
oi{c+ (n~c)d} ., .
d)j = { ( .)}\77'#],
A(n,i)A(n, j)Dn
Q) 1 ogi{c+ (n—c)d}
W = N+
A(n,9) A%, i)Dy
and

thl_zr:ai{c—l-(n—c)&}

A(n,3) ,n=cc+1,.,k—1

i==]
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Using the value of D1 in (10) we get

r

+(n—c+1)8 e+ (n—0)8} Pyt ;
c+(n ) Poris ZU{C (n = ¢)8} Py

(11) Py, =

A(n,9) ot A(n,§)Dy ’
n=c¢c+1,..,.k—1.
Similarly, from (5) and (7) we have
T
(12) A(k,))Pey =0y A(k,$)Pys, i=1,2,...,T.

8g=1
It is easy to verify that the determinant formed by the coefficients of
Pyii = 1,2,...,7, is zero and therefore we can solve equation (12) for
any r — 1 probabilities involved in terms of Py,. Leaving out the rt*
equation, we have the matrix representation of (12) as

(13) ER = - A(k,r)GPx ,,
where E is the (r — 1) x (r — 1) matrix

E = [e;]
such that

ey = 0iA(k,j), i #7J,
€y = (0',,; — 1)A(k’7’)’
where
RT = [Pk,l, Pk,2, vey Pk,”'—l]y

GT = [oy,09, ey O]
Now, E~! is given by
B! = e
such that
N
% T ARk T
o\ - it
w orA(k,i)
As before,
o U,'A(k, r) -
(14) Py, = oo Ak 1) Py, i=12,.,r-1.

Thus, we have expressed all the probabilities P, ; for n = 0,1,2,..., k;
¢ =1,2,...,r in terms of one unknown probability, namely Py .. This



664 A. L. Shawky

unknown probability may now be evaluated by using the normalizing
condition:

k r
(15) Zzpn,i = 1,

n=0 i=1

and hence all the probabilities are completely known.

The following example illustrates the method discussed above.

EXAMPLE. In the above system: H,/M/c/k/N with balking and
reneging, letting r = 2,¢ = 3,k = 5 and N = 8, i.e., the system:
H,/M/3/5/8 with balking and reneging, the results are

Ps1 = nPsy, Py1 =aFs2, Py =0bFsp,

Pyy = dPs3, P3g=ePsg, Po1 = fPs52,

Py = gPs2, Py =hPs3, Pig=1LPs),
h

¢
Poy = ——PFs3, Poo=—D"Fs,
8p1 8p2

where

_ (3802 +3 +28)0n
(36p1 + 3+ 20)02”

A.
pi = _11 i=1,2,
7

(5=9—, o1+ 09 =1,
7

L__ 342 01(3+5)[ n . 1 ]
T 4Bp1+3+6 g D} 48p +3+38  4Bpa+3+6] ("

3426 0’2(3+5)[ n N 1 ]

C 4B8ps+3+46 D} 48p1 +3+8  48pa+34+6] [’
344 301[ a b }

d=-—>19_ 20 ,
5ﬂp1+3{a+D?\) 58p1 +3 | 5Bps+ 3
3446 30’2[ a b ]

=_2T7 Jpy 2 ,

¢ 56p2+3{ D) 53p1+3 | 5Bpa+ 3

B o]
_6p1+2 Dy |6p1+2  6p2+2 ’
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.
9= Bppt 2 Dy l6p1+2 62tz
2 o1 f g }
h= L :
7p1+1{f+D1[7,01+1+7p2+1]

2 T2 f g
b=t {g+ﬁ [791"'1 +7p2+1]}’
_ Tmoy Tp202
- Tor+1  T7ps+1’

_ 6poy 6p202

27 6p+2  6ppt2

\ _ 58p1oy 5Bp202
3T 58p1+3  58ps+3’

1

D\ = 48p101 48p202
YT 4Bp +3+6  48py +3+6
5 2
From the normalizing condition: Z ZP"’ s = 1, we have
n=0 g=1
. 1 1
Py =|h(l+—)+l(1+—)+f+g+e+d+a+b+n+1].

’ 8p1 8p2

The expected number of units in the system and in the queue are, re-
spectively,
5 2
L = ) > nPy
n=] i=1
= {h+€+2(g+ f)+3(d+e)+4(a+b)+51+n)}Ps2,
5 2
Ly = DY (n=3)Pui=la+b+2(1+n)Ps2.
n=4 i=1
The machine availability (rate of production per machine is

L
MA=1-—.
A 5

The operative efficiency (utilization) is
2 2
n
OE =1-Y Z(l = 3)Pns
n=0 3=1
2

1 1 2 1
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4. Special cases

i) Let o; = §;5, where ;5 is the Kronecker delta function, in the above
system, we can get the Markovian machine interference system:
M/M/c/k/N with balking and reneging which had been discussed
by Shawky [7].

i) Moreover, let @ = 0 and 8 = 1 one has the system: M/M/c/k/N
without any concept, which studied by Kleinrock [5]. If N = &,
the system becomes M /M /c/k/k without any concept which had
been studied by White et al. [8], Medhi [6], Gross and Harris [3]
and Bunday [1].
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