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CERTAIN MAXIMAL OPERATOR AND
ITS WEAK TYPE L!(R")-ESTIMATE

YoNG-CHEOL KiMm

ABSTRACT. Let {A; = exp(M logt)}+>0 be a dilation group where
M is a real n X n matrix whose eigenvalues has strictly positive real
part, and let g be an A;-homogeneous distance function defined
on R™. Suppose that K is a function defired on R™ such that
|[K(z)] € Ro p(z) for a decreasing function £(t) on Ry satisfying
Rop € LY (wo) where wo(z) = |log|loge(z)||. For f € L*(R"),
define Mf(z) = sup,,q |K: * f(x)| where Ki(z) = t7"K(A,,, x)
and v is the trace of M. Then we show that 91 is a bounded
operator of L1 (R™) into L1-*°(R").

1. Introduction

Let M be a real n xn matrix whose eigenvalues \; satisfy Re (\;) > 0;
set A\p = 1r<n_i£1 Re (A\;) and A, = max Re (A\;), and let v be the trace

of M. Then the linear transformations A; = exp(M logt),t > 0, form
a dilation group generated by the infinitesimal generator M. We now
introduce A;-homogeneous distance functions g defined on R"; that is,
o0 is a smooth function on Rf = R"™ \ {0} with strictly positive values
satisfying the generalized homogeneity condition g(A;xz) = to(z) for
all z € R™ and ¢ > 0. Then such g’s satisfy the generalized triangle
inequality, i.e. there is a constant y > 1 such that

o(z +y) < plo(x) + o(y)]
for any z,y € R".
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Next we define generalized polar coordinates with respect to the
quasi-distance function g, which are given by the diffeomorphism

R+ X EQ_)RE’ (Qv&) HAQC=$»

for o > 0and ¢ € £, = {¢ € R"|p({) = 1}. Then the Lebesgue measure
dx transforms by way of

(1.1) dz = ¢" "1 (M(,n(C)) de do(C)

where do denotes the surface measure on the unit sphere ¥, and n(¢)
is the outer unit normal vector to ¥, at ¢ € X,.

We now introduce the quasi-Banach space L>°(R"), which is called
weak-L! space, with the norm given by

£l = sup sl{z € R*[|f(x)] > s}] < oo.

That is, L»*°(R") is the space of all measurable functions f defined on
R" such that ||f]|p1.~ < oo. Asin [2], we introduce weighted integrable
functions with a weight w(z). We denote by L!'(w) the space of all
measurable functions f defined on R™ for which

/n |f(2)|w(x)dx < oo.

Let us introduce weighted integrable functions with a weight wp(z) =
|log | log o(x)!]. Then it is easy to see that the space L'(wp) is a proper
subspace of L!(R"). Our main result is to obtain weak type L'(R™)-
estimate for certain maximal operator to be defined in the following. In
what follows, we always suppose that X is a function defined on R™ such
that

IK(z)| < Roo(z)

where &(t) is a function defined on R,.. For f € L!(R™), we now define

Mf(x) = sup K¢ * f(z)]|

t>0

where K¢(z) =t7"K(A)s x) for t > 0.
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THEOREM 1.1. If &(t) is decreasing on Ry and fio g € L!(wo) where
wo(z) = |log|log o(z)||, then M is a bounded operator of L'(R™) into
LV°(R™); that is, there is a constant C = C(n) such that for any
f e LY(R™),

e € RMi(z) > s}l < 2 Ilus, 5 >0

REMARK. (i) It is well-known that the maximal operator associ-
ated with isotropic dilation on the kernel with decreasing radial L* (R")-
majorant is dominated by the classical Hardy-Littlewood maximal op-
erator. However, this no longer works for anisotropic cases.

(ii) The weak type L!(R™)-estimate for 2t under the stronger assump-
tion is found in [2]; in fact, they assumed that the kernel has a certain
ellipsoidal majorant that is bounded, decreasing, and in the maximal
weighted Ll-space related with a weight w.(z) = (1 + ||zll¢)*, & > O,
where (Q is a certain positive definite and real symmetric matrix so
that ||A; z||g is increasing in ¢ for the norm || - || which is defined by

Izllo = (Qz,z)*/? for z € R™. If 1 < p < oo and the kernel K has a
quasiradial majorant which is decreasing and integrable, then it is well-
known (see [4]) that the maximal operator 9 is bounded on LP(R").
When p is near below 1, if the kernel K has a quasiradial majorant which
is bounded, decreasing, and in the maximal weighted L!-space, then it
is known (see [3]) that the maximal operator 9 is a bounded operator
of certain anisotropic Hardy space HP(R";p) into the weak LP-space
LP>®(R™) where p is an A;-homogeneous distance function on R™.

2. Weak type L'(R")-estimate

We first of all introduce a Vitali family [5] and the result of Stein and
Weiss {7] on summing up weak type functions.

Suppose that {Us|s > 0} is a family of open subsets of R"” whose
closure is compact. Then we say that {Us|s > 0} is a Vitali family
with constant A > 0, if the followings are satisfied; (i) Us C Uy for
s < ¢ and NgsolUs = {0}, (ii) |Us — U| < A|Us| for all s > 0, and (iii)
limg o0 {Us, | = |Us| when limg_, o s, = s.

LeEMMA 2.1. Suppose that {g;} is a sequence of nonnegative func-
tions on a measure space for which ||g;|lp1.c < A where A > 0 is a



624 Yong-Cheol Kim

constant. Let {a;} be a sequence of positive numbers with 3 c; = 1.
Then we have that

” > i gill e < 24N +2)
J
where N = Zj ajlog(l/a;).

PROOF OF THEOREM 1.1. For k € Z, set Uy = {y € R"| o(y) < 2*}.
Then it follows from simple computation that

21 K@) <D (Ro o(2))xu (=)

keZ

<Y R X (x)

keZ

ST |
= 2*g(2* I)quk(x)
keZ

<C Y 2R Ty, (2).
kez Uil

For k € Z, set dy = 2¥"&(2¢7!) and d = 3, ;2 R(2¥ 1) < o0. If
¢k = di/d, then we first show that

(2.2) J = ch[l +log*(1/cx)] < o0.
kez

Let E = {k € Z\ {0}/ dx < 1/k?}. Since t(1 + log(1/t)) is increasing on
(0,1}, we then have that

1
= Z dy[1 + log™ d + log™ (1/dk)]
d
k€E
1
< Z ﬁ[l +log™ d + log(k?)] < oo.
k€EZ\ {0}

We observe that the assumption & o ¢ € L'(wp) is equivalent to the
condition
> /(292 (1 + log k|) < oo
keZ\{0}
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Hence this makes it possible to get

é S di(1 +log* d + log* (1/dx)
k¢E
< Y di(1+log* d +log(k?)) < oo.
keZ\{0}

Thus we obtain that J < oc.

Next we show that if we let Uf = {y € R"| o(A;,1y) <2F} for k€ Z
and t > 0, then for each k € Z, {Uf|t > 0} is a Vitali family with
constant (2u)”. It is clear to show that given k € Z, UF C U for t < ¢/
and Ny>olf = {0}. By the generalized triangle inequality, we have that
ur —uf c Ufm, and so

UE —UF| < bl = / dy

o(y)<2ut2k
2ut2k
- / M) [ ¢ dedo()
s, 0

= (2p)" U |-
Since [UF| = |B(0;1)|2t", we finally get that klim |4z, | = U] when
limg—.oo tx = t. This implies that {Uf|t > 0} is a Vitali family with
constant (2u)”. It easily follows from (2.1) that

K f)| < C 2P aE@+ )

keZ

<C Y 2R My f (@),

keZ

s * @)

where 1
My f(z) = sup s xur * | fl(2)-
t>0 27V

Then by the maximal theorem [5] on a Vitali family, we have that for
each k € Z,

o e RY Mif@) > s} < P2 g0, s> 0

Thus by Lemma 2.1 and (2.2) we have that
2C(2p) (J +2)
s

{z e R*|Mf(z) > s} < Ifllzy, s> 0.

Therefore, we complete the proof. O
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