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A GENERALIZED STABILITY OF THE GENERAL
EULER-LAGRANGE FUNCTIONAL EQUATION

YOUNG WHAN LEE

ABSTRACT. Rassias obtained the Hyers-Ulam stability of the gen-
eral Euler-Lagrange functional equation. In this paper we general-
ized this stability in the spirit of Hyers, Ulam, Rassias and Givruta.

1. Introduction

It is well known that the stability of functional equations had been
first posed by Ulam [See 12] in 1940. In 1941 Hyers [3] showed that if for
fixed § >0, f: X — Y with X, Y Banach spaces, satisfies that

If(z+y) - flz) - fFyll <6 forallz,y € X,

then there exists a unique additive mapping g : X — Y such that

I1f(z) = g(e)|| <6,

for all z,y € X. Furthermore if f(¢x) is continuous in ¢t for each z,
then g is linear. In 1978, a generalized solution to the Ulam problem
for approximately additive mapping was given by Rassias [11]. In 1994,
Gévruta [2] verified the following theorem : Let X be an abelian group
and Y a Banach space. Let ¢ : X x X — [0,00) be a mapping such
that

N
B(z,y) = ) 522,27 y) < o0
=1
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for all z,y € X. If function f : X — Y satisfies

1f(z+y) = f(z) = fW)I| < o(z,y)
for all z,y € X, then there is a unique mapping g : X — Y such that

gz +y)=g(x) +g(y) forallz,yecG,

and
If(z) — g(z)|| < ®(x,z) forallzcG.

Later, many Rassias and Gévruta type theorems concerning the stability
of different functional equations were obtained by numerous authors (see
for instance, [1, 4-9]).

In this paper we deal with general Euler-Lagrange functional equation

1) fla1z + a2y) + f(azz — ary) = (af +a3)(f(2) + f(y))-

Rassias [10] investigate Hyers-Ulam stability of this equation. We prove
the stability of equation (1) in the spirit of Hyers, Ulam, Rassias and
Géavruta.

2. A generalized stability

Throughout this section X and Y will be a normed linear space and
Banach space, respectively.
Let ¢ : X x X — [0,00) be a mapping such that

o

1 o i
o(z,y) =) P’ fe,mly) < oo

i=1

for all z,y € X. Note that

[eo]
1 . . 1
Z mzic,p(almz 12, aom'ly) = E@(alw,agy) < 00

i=1

for all z,y € X.

THEOREM 1. If the function f : X — Y satisfies

| F(a12 + azy) + f(a2z — a1y) — (af + a3)(f(z) + f(¥))||
< p(z,y)

(2)



A generalized stability 609

for every z,y € X and fixed a;,a; € R with a? + a% > 1, then there
exists a unique function g : X — Y such that

g(a1z + azy) + g(azz — ary) = (a3 + a3)(g(z) + 9(y))
for all x € X and

m? +1
m2—1

£ (2) — 9(z)]l < —%‘I’(alw,azw) +®(z,0) + I1£ O

for all z € X, where m = a? + a3. The function g is given by

f((af + a3)"x)

= 1
1= @
for all x € X.
PRrOOF. Putting y = 0 and dividing by m in (2), we get
¢(z,0)

(3)

m

‘NM@+fmﬂ)_ﬂm”§~?r~HU@W

for all x € X. Replacing z by a;z and y by asx, we obtain

(4) £ (mz) + £(0) — m(f(a12) + f(azz))|| < p(a17,a22)

for all z € X. By dividing by m? in (4), we have

1 LF O

< T—n—zgo(alw,aza:) + -

- 'Vggy_ﬂmm+fmﬂ>

m

By (3) and (5), we have

)| 2@0) | L arsane) + 7))+ £

m m

CRl®

for all z € X. Replacing z by mz and dividing by m? in (6), we obtain

H f(mz) _ f(m?z)
2

md

(7)
< w(n;ﬂg, 0) 4 <p(a1m:1,4 apma) + “fn(g)” + 1|J;(£)II
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for all z € X. Replacing by m"~! and dividing by m?*~1) in (6), we
have

f(m™z)

_ 1
H m2(n— 1) m2n

1
n—1 n—
< — playm™ 'z, aam™ )

1 n—1
+ W‘P(m z,0)
1
17O (= + 0=y )

for all z € X. Induction argument implies

-tz

+ 3 (o + ) O
1

+1
15O

2
(8) < —=®(ayz,a2z) + ®(x,0) + 22

1
m

for all z € X and n € N. Hence

n
Hfmzn _ f(TnTnQchm) < Z %w(almi—lz,a2mi—lx)
z:k+:}
+ > #w(m‘"lwﬂ)
z=l:1+1 1
ZQKW;mewun

for all z € X and n,k € N with n > k. This shows that {ﬂ%@} is
a Cauchy sequence for all x € X and thus converges. Therefore we can
define a function g : X — Y by

o(@) = tim 100D

o forall z € X.
[ R de el m
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By (2) we have

l9(arz + azy) + g(azz ~ ary) — (af + a3)(9(2) + 9(»))||

: 1 n n n k13

= nll,ngo — | (@axm™z + agm™y) + flaam™z — aym™y)

—(af + a3)(f(m"z) + f(m™y))||

: 1 n n

= nllrr;o — (m"z,m"y)

=0

for all z,y € X and for all n € N. Hence

9(arz + agy) + g(azz — a1y) = (af + a3)(g(z) + 9())
for all x,y € X. Taking the limit as n — oo in (8), we have

2
O @) - 9@l < - 8(@12,a2) + 2(2,0) + 2|

for all z € X. Now we prove the uniqueness. Let h be an another
function satisfying;

(10)  h(arz + azy) + h(azz — ary) = (a? + a)(h(z) + h(y))
for all z,y € X and

m?2+1
m2 —1

(1) 5@ - @) < @1z, arz) + &(z,0) + T |£(O)]
for all z € X. Then h(0) = 0. Replacing y by 0 in (10), we have
(12) h(a1x) + h(azz) = mh(z)

for all z € X. Replacing = by a1z and y by azz in (10), we get

(13) h(mz) = m(h(a1z) + h(azz))

for all z € X and n € N. By (12) and (13)
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for all z € X. Hence

f(m g(m )|, || fim ) _ h(m"x)
lote) @) < |10 - m'a)
2 1 n n n
< m2n{a<b(a1m z,aom"z) + ®(m"x,0)
m + 1
SO
— — { Z 5 n+z—1x’a2mn+1—1x)
=1
| i m? +1
+>° —5=re(m Tl 0) + ||f(0)||}
i=1
= 1
=9 Z —ﬁap(almk_lm,agmk_lw)
k:n+1 m
2 /m?+1
f2 3 —ere(m*2,0) + — (T 10
k=n-+1

for all n € N and z € X. Therefore we can conclude that g(z) = h(x)
for all x € X. Thus we complete the proof. O

COROLLARY 2. Let 0 < p < 2 and 6 > 0 be real numbers. If a
function f : X — Y satisfies

[f(a12 + a2y) + f(aza — ary) — (af +a3)(f(z) + ()]
< 0(llzll” + llyl®)

for every x,y € X and fixed a1,a2 € R with af + a3 > 1, then there
exists a unique function g : X — Y such that

g(ar1z + azy) + g(azz — a1y) = (a? + ad)(g(z) + 9(v))
for all x € X and

0llz|” (Ja1[” + laz|” +m)
m2 —mp

1f(z) —g(z)| <

for all z € X, where m = a? + a3.
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PROOF. Let p(z,y) = 0(||z||” + |ly||”) for all z € X. Then
1 o A .
E@(alm,az:p) = ;::1 Wgo(alm’_lx, asm'~lz)
_ 0(a1l” + lazf”) ||z||” i 1
- mP — m(2-p)i
_ 8(a1]” + |azf”) ||=]|”
B m2 — mp ’
o9 1 .
®(z,0) = Z Ww(m 'z,0)
i=1
_O)z|]”-m Nt 1
o mP Z; m(2-p)
_ blz])? - m
T m2—mp
for all z € X. Replacing z,y by 0 in assumption, we have
1 0
0)|| £ 7/—=¥(0,0) = —— = 0.
IFOI S gmmgy#(0.0) = 5o
Hence we complete the proof. a

COROLLARY 3. If a function f : X — Y satisfies

(a1 + azy) + f(azz — ary) — (af + ad)(f(z) + f(¥))|| < 6

for all z,y € X fixed a1,a2 € R with m = a? + a3 > 1, and 6 > 0, then

there exists a unique function g : X — Y such that g satisfies the Eq.
(1) and

(3m?2 —1)4
1) = o(@)l < g
forall z € X.

PROOF. Let ¢(z,y) = 4. Then we have

1)
m?—1

1
E@(alm, a2$) =
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and
mo

1] = —
(2,0) = ——
for all z € X. Hence

m2 41 5
mZ—1 2(m—1)

1
E@(alx, asz) + ®(z,0) +

. (Bm?-1)é
T 2(m—1)(m2 - 1)

for all z € X.
Let ¥ : X — [0, 00) be a mapping such that

U(z,y) = im%‘lw(%, Y ) < 0
i=1

mé

for all z,y € X. Note that

o0

. 1
Zmz(’_lw(ﬂ—:ﬁ agy) = ;n—\Il(alx,azy) < 00
i=1

mi’ mi

for all z,y € X. O

THEOREM 4. Assume that f : X — Y is a function for which

|| f(a1z + azy) + flazz — a1y) — (af + a3)(f(z) + f(v))||
< ¥(z,9)
hold for all xz,y € X and any fixed real numbers a1,a, such that 0 <

m = a? + a3 < 1. Then there exists a unique function g : X — Y such
that

(14)

g(a1z + azy) + g(aoz — ar1y) = (af + a3)(g(z) + 9(¥))
for all z € X and
mZ+1
1—m?

1£(@) ~ 9(@)]| € W@z, a02) + W(z,0) + T | FO)]

for all z € X. The function g is given by

9(z) = lim (o +ad)*f (=)



A generalized stability 615

forallx € X.
PRrOOF. Putting y = 0 in (14), we get
(15) 1f(a1z) + flazz) — mf(2)|| < ¢(z,0) + m | f(0)]

for all x € X. Replacing z by a1z and y by azz in (14), we obtain
(16) If(mz) — m(f(a1x) + f(az2))|| < ¥(a1z,a22) + || F(0)]]
for all z € X. Multiplying by m in (15) and using (16), we have

| f(ma) — m?f(2)]| < ¥(a12, aze) + mi(z,0) + (m* + 1) || £(0)]
for all z € X. Replacing z by =, we get

@z asr
a0 1@ —m2 ()| < v (22, 22) +mp(Z,0) +m?+1) | £(0)]
for all z € X. Replacing z by —= and multiplying by m?(n=1) in (17),
we have

=1 () = 1 (25)

a1T asT

< mirDy( B2 9 ity 0) + D + 1) | £O))

m" mn

for all z € X. Induction argument implies

() = Somro(2.5) o St

(18) + Z m?=Y(m? +1) | £(0)]

i=1

for all z € X and n € N. Hence

[ () = m*1 ()| < Zm“’ (G )
£ 3wy (L 0)

i=k+1

+ Y mA(m? 4+ 1) | £(0)]

i=k+1
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forall z € X and n,k € N withn > k.
This shows that {m?" f(=%;)} is a Cauchy sequence for all z € X and

mm

thus converges. Therefore we can define a function g: X — Y by

g(z) := lim m2"f(%;) forall x € X.

By (14) we have
g(a17 + agy) + glasz — ary) = (af + a3)(g(z) + 9(»))
for all z € X. Taking limit in (18) as n to oo, we obtain

m? +1
1—-m

1£(@) — 9(@)l| < (a7, a23) + ¥(z,0) + T | FO)]

for all z € X. Now we prove the uniqueness of g. Let h be an another
function satisfying

(19)  h(a1z + azy) + hlazz — ar1y) = (af + a3)(h(z) + h(y))
and

m2+1
1—m

17(@) ~ @) < —Uarz,a2) + ¥, 0) + T [ £(O)]

for all z € X. Then h(0) = 0. Replacing y by 0 in (19), we have
(20) h{aiz) + h(azz) = mh(z)

for all z € X. Replacing « by £ and multiplying by m in (20), we get

(21) R(ZEZ) + h(

m

as T

z
2%) — mi(2)
for all z € X. Replacing z by %£ and y by “2% in (19), we have

ayx

(22) A@) = m(h(5) + (22

)

m

for all z € X. By (21) and (22),

Be) = m?h(=) = = m*"h(—)
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for all z € X and for all n € N. Hence

lo(x) — h(z)|
< ) = m* s || + [ ) = w2
< 2m2n%w<%§,%§§>+w 0+ 7 s Lyso)
— 0

as n — oo for all z € X. Therefore we can conclude that g(z) = h(x)
for all z € X. Thus g is unique. This completes the proof. O

COROLLARY 5. Let p > 2 and 6 > 0 be real numbers. If a function
f: X — Y satisfies

|f(a12 + a2y) + f(azz — ary) — (a3 + a3)(f(z) + f(v))|
< (Il + flyll”)

for every x,y € X and fixed a1,a; € R withm = a? +a3 < 1, then there
exists a unique function g : X — Y such that

g(a1z + azy) + g(azz — a1y) = (a2 + a3)(g(z) + g(y))
for all z € X and

0zl (lar " + laal” + m)
(mp —m?)

1f () - 9(@)] <

forallz € X.
PROOF. Let p(z,y) = 0(||z||” + ||y||*) for all z € X. Then

1

1
—¥(a1z, apz) = 8(|as” + |az|”) [|||” P =)

and
m

(mP —m?)

forall z € X. Od0

U(z,0) =6 ||=|” -
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COROLLARY 6. If a function f : X — Y satisfies
flarz + azy) + flazz — ary) — (af +a3)(f(z) + f(y)) < 6
for all z,y € X, fixed a;,az € R with m = a? + a2 < 1, and § > 0, then
there exists a unique function g : X — Y such that g satisfies the Eq.

(1) and for all z € X

(3 —m?)é
~m)(1 —m?)’

I1£(z) - 0@l < 37

PROOF. Let o(x,y) = 4. Note that || f(0)|| < 5+2—. Thus we have
2(1-m)

1 m? +1
—¥(arz,a:2) + ¥(e,0) + 7— | F(O)]
_ (3-m¥s
T 2(1—=m)(1 —m?2)’ O
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