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Design Sensitivity Analysis and Optimization of
Plane Arch Structures Using Variational Formulation
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Abstract

A general formulation for design sensitivity analysis over a plane arch structure is developed based on a
variational formulation of curved beam in linear elasticity. Sensitivity formula is derived using the material
derivative concept and adjoint variable method for the stress defined at a local segment. Obtained sensitivity
expression, which can be computed by simple algebraic manipulation of the solution variables, is well suited for
numerical implementation since it does not involve numerical differentiation. Due to the complete description for the
shape and its variation of the arch, the formulation can manage more complex design problems with ease and gives
better optimum design than before. Several examples are taken to show the advantage of the method, in which the
accuracy of the sensitivity is evaluated. Thickness as well as shape optimization is also conducted with two design
problems to illustrate the excellent applicability.

Keywords : arch structure, variational formulation, shape design sensitivity analysis, material derivative
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Fig. 1 Initial and deformed shape of plane arch
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Fig. 2 Shape variation of arch
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Fig. 3 Clamped circular arc with angle 60°(unit:mm)

Table 1 Shape sensitivity comparison of clamped
circular arc with angle 60 with 0.1%
design perturbation

Sensitivity | Sensitivity by | Ratio
by FD DSA (%)

dcl/dbl 2.954E+00 2.954E+00 100.0
dc2/dbl 2.774E+00 2.774E+00 100.0
de3/db1 2.418E+00 2.417E+00 100.0
ded/dbl 1.897E+00 1.896E+00 99.9
deb/dbl 1.224E+00 1.226E+00 100.2
de6/dbl 4.272E-01 4.284E-01 100.3
dc1/db2 1.784E+01 1.789E+01 100.3
dc2/db2 1.666E+01 1.670E+01 100.3
dc3/db2 1.436E+01 1.439E+01 100.2
dcd/db2 1.110E+01 1.112E+01 100.2
de5/db2 7.056E +00 7.070E+00 100.2
dc6/db2 2.513E+00 2.519E+00 100.3
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Fig. 4 2 story frame structure
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Table 2 Thickness sensitivity comparison of 2 story frame structure with 0.1% design perturbation

Functional ID Functional values Finite difference Sensitivity prediction Ratio(%)
3 1.995E+02 -1.931E-01 -1.933E-01 100.1
4 1.433E+02 -1.546E-01 -1.547E-01 100.1
6 2.615E+01 -8.608E-02 -8.617E-02 100.1
7 9.847E+00 -3.819E-02 -3.823E-02 100.1
8 2.105E+02 -2.343E-01 -2.345E-01 100.1
14 1.174E+02 -1.579E-01 -1.580E-01 100.1
21 8.052E +01 -7.379E-02 -7.387E-02 100.1
22 2.139E+02 -2.070E-01 -2.072E-01 100.1
23 1.040E+02 -1.116E-01 -1.117E-01 100.1
24 2.373E+02 -2.448E-01 -2.450E-01 100.1

Table 3 Shape sensitivity comparison of 2 story frame structure with 0.1% design

perturbation

Functional ID Functional values Finite difference Sensitivity prediction Ratio(%)
3 1.997E+02 3.934E-01 3.932E-01 100
4 1.435E+02 2.985E-01 2.983E-01 99.9
6 2.619E+01 1.125E-01 1.124E-01 99.9
7 9.847E+00 4.811E-02 4.807E-02 99.9
8 2.106E+02 4.454E-01 4.452E-01 99.9
14 1.175E+02 2.758E-01 2.757E-01 99.9
21 8.050E+01 1.544E-01 1.543E-01 100
22 2.139E+02 4.213E-01 4.211E-01 100
23 1.040E+02 2.158E-01 2.156E-01 99.9
24 2.374E+02 4.827E-0Q1 4.824E-01 99.9
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