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Abstract LU, QR, and Cholesky factorizations are the most widely used methods for solving dense
linear systems of equations, and for solving dense linear systems of equations, and have been
extensively studied and implemented on vector and parallel computers. In this paper, we present
PoLAPACK, which includes parallel LU, QR, and Cholesky factorization routines with an “algorithmic
blocking” on 2-dimensional block cyclic data distribution. Too small or large a block size makes
getting good performance on a machine nearly impossible. In such a case, getting a better
performance may require a complete redistribution of the data matrix. With the algorithmic blocking,
it is possible to obtain the near optimal performance irrespective of the physical block size. The
routines are implemented on the SGI/Cray T3E and compared with the corresponding ScaLAPACK
factorization routines.

1 ME = g3 Fe "é%ﬂ B2 (scalability) & ZAA=0R
: = ‘ 2242 ¢l BEE43E 2 (block cyclic data distri-
wE AFEHA gEEe MYy dnzEse o bution)& A4S B33s Zzbe] Z2 M PXxY
TEZo]  ARNEA  z2ANd  wgm gz AHEAE ﬁx}?éi HAUGI 7hgsta el e
(workload)e] BE#E8 H 297t wek o8 gof S FClR AL ZRANC] FIH=S AU
LU olZ=¥e dnzl=e dolg fge ax go x  ° AL+ 5”“*4 et &% 54& 7R
dulz goldEe 2% BEESA B9 (1, 2] de]  HEEE WS A 2ZESC selnafel A
Bl ggo] ZRAMSe] BAEE whald me Wy o £=o] gt [3, 4].
TE =] B3l FEy B4 BEA J¥L uxmz A BE AFEHES AME ofF AFolgt At B4l Bk
S /M3 glerg gy H AFE E F U
2 A= 19999E BRFe1E Yoge) Ay azEdo) 7147 = #HHo 59 A7le AR fao B gus
A (99-N-N8-05-A-02) 8] A d& ol FHHAFUT & © FNL

tEA89: saRsE BEHER B

Ao FeoR ABAFHY, Hojg FES 49

choi@comp.ssu.ac.kr X%oﬂ "’]&]—’] ’ET% 5—7]§ U]‘j/] T'\:_L}L\l’)‘]ﬁ :*61:‘0]‘0]: ]'E]‘-
=EAS 20004 8¥ 8Y C «— C+ A-Bo 38 AL XAFusor] 714

AAbgkg 0 2001d 349 27



POLAPACK: ¢RE|FH Y £5 78S o] &3 HE 24#s

:l:

5

£

71 A 229

. B =4 412 PoLAPACKS 7]2#0 =2 ScalAPACK [11]19] #
2l BE 8 E4HolA AltEAS [5, 6, 7). 94F d W mEAY ScalAPACK#= tR=o
Ql = WE F4 diggel = ScalLAPACK=2. Az sZ9 =zZ7E Jehfes #Ad
< Ay #3344, 2dx 7dY v 2=tk (globa)@he A} AAT, PoLAPACKS] UjFoAe
dajEoA dolg PFHL % o A7)E El AL BEFAHoR sty A A &4 24 T2 A
9 2208 3 By 3 S202 Y To 4 AMEo] JAZ YE AY(oca)FE A AMgstoel
7o) o7} 3) BEES AUz Fo & e
o}, SA g BE =77} o}F ZM?} Lo olx 2 A B A7s dge AAFAATLY 9= Cray TSE
Sl At BAE o=z %7““1%1 F Ul WE FHFECAA FAs9eH, ScaLAPACK®] LU, QR,
< Z1dE)7F ok Cholesky $1FE&FREA 1 4% 2 vlm - 245140}

DIMMA [7]%&= #H&Zuld (LCM) | 7182 DIMMA O] AE A oF—a|=
AgAAN, A4 AL Bk Asw 289 m9 2 POLAPACK LU elsgs) 2ualE

s
o 2
>
tijo
¥
o,

AEgle]l A E5IVIE Qe YT F IEE AEWS AAL oj8k WY dolnolee dATEE
sttt DIMMACIA whed AA 244 AREE £59 o xpgsly) 4x olalge] glon, o1 Ao 223
A7y HAHe 85 A7IEY A ojHdd A % zolo} alm, s|Fsuat she BAle) =yl ZaAA
=2 € 252 AL, AA £59) 717 W 5o &yl A@A o) uEEhe] T2 B Ao
B Y 8582 A& S50 el AR FY gxy(Scalable)stelol Ak olHF BHE 2] 9
& A=E P oAl MR FHIHY B gas dae Fad ), 220 72 gebon 9

et ANg darr g B =EeldE 7189 ScalA-

7 W2 AFEAH ¢

=
2B o EX
A5-E-3] GnEHE

PACK®9 LU, QR, Cholesky ¢l1F&d] Fe€& 7]2o

i
=
l
U
rﬂlo 3
Rch
()
Ny
o
4

oo fijt
i.[,‘
2
0,

= e 2 &5 AR = 2 gl dmeElEFel B2 7Ee o]8d PoLA-
A77E 9dok Lichtenstein® Johnson[8]-2 Connec— PACK 94235 2EISL Aaalett
tion machine CM-200014] LU QR 145318 93} ScalLAPACK Q1583 SESd A= 720 uus
o 9% W 255 ESCBACE AASE LB o g 99 maAgNEe) Z2t A B 272
& Neth a2y o] duHEE B8 BANL =oln zZzie] owel Wue wx olhmgEa o=
2 BAEe] e oo Aur ALgE & 9l T ZRANEANA AGAAA Ak s Fol
P|A|A)ZS=RT)e] P, Bangalore[9] & wio)et i 2 Y@ B2 =77} o} FAL Z AL, T4
5949 JRUBE NUHET ARG, ZEA sygo) e Hxe AU BNE & gler, oo
Ago] dAz BAE WP WIS FASD, 498 Ao dde gns) QRAAAck Pk T

T

T 1L

E5o 2715 BB Ao wek AN 9Es A4 PoLAPACKAIME FBE ARIAIA s 5747
golelE A o7 e e 4 goh

st} AMkE APk Adtd] fﬂr.—\_,

BaZ W) Wmstel Ae] ¥ e Aew = 72 PoLAPACK LU ¢l Zele ZAoz of

Ak, ZRAME] WEE FAFL A HdE AT pmzAd 2= sHe JelnEE sl

Agonz E9 F4e BAPHE SRt AF  mme LU gsns] Sgo

Yo ARAL AAYAT Folzael A Fal Aox - b "

B AEe] Ao n®, FRHOR A FAS o gaaelx AT LU A5Rs@ T, (DAY 3 x

FRHeE FAA &+ Atk g 2% Zolth & A8 P-A = LU= Q5EH5
498 99 AFH 54 A4S0l W AREN 5 L gox - P - pe] Noz WA,

THE u A4 A dnejES AddeEs e £ L-y=b @)

Eale) i Al =) (Polyalgorlthm) lekz gt [10]. $E= & o83t yE o o

AFEIL B 2718 BHHon giel FUY & Uox=y @)

9l PoLAPACK (Poly LAPACK)E TEs, °lE  zng x2 Fa "An. 2EHom LAPACKS

"1%%1"4 B0l gl 4 2] wskl AR T Sl APACK, 28T A9 BE UE FASE F0

j)_l,

Ho] A5E FAY F U=E STk HAEANNE P-4 = L-UZ HE3 T, o] o)L

e T E o



230 PRI =

st x g AAETh

ScaLAPACK®] LU Qse&8] 88 Cray T3EA
B2 3712 dAAUEAN A% WEE BAsich
8§x82] ZRAMNN N = L000A 1600077 &%
3A7NE Nb = 1, 6, 24, 36, 6002 HANAL W 4%
o] W= ;F@ 1= 2o 23 101]*1 Ny = 364 o 3
o] H%S BHAR N = 60, & 249 W 2-4%
Axo A% ZM~ Bk Ny = 694 e 40%9 A
o] AsHA = 19 WE 80% ool A%l
A8t ATk, J%OM B&o] gt N, = IZ Hlelelrt
EMM“EM EJMM A4HE 93 doletE #73)
BN AE & Aolm, 7|9 dHolel FAE HAA
7171 9% —'g—z} %&o}ﬂl g Aok

8000 10000 12000 14000 16000

1000 2000 4000 6000

28 1 8%x8¢ Cray T3EdA EE =7 Wzl we

ScalLAPACK®] LU QI-i3] $819] A% #st
a8 194 BZo] ScalLAPACKOIAE A4 EAkd)
AR B2 A7) Wl wa Aol @it a1
1} PoLAPACKSAE B2 =7 wWisle] Aaglo] 34
Np=369] #HA9 AF& FA37] fstd ganaFH
B2 71 (Algorithmic Blocking)2 #-&3l3th
q}E A7) 2xQ9F o= Ei*ﬂ"ﬂ% A EECTE

ina Ik ? ok, BE
2l Tﬂioﬂ olgtA &
T & Uk oAl LA A91 %5—91 3717} o}
ol ZRANEY] ATE FES
AL A7 FE @A FHRle] 7 %94 ngﬂ
A7k 7R $le o A % 2o gl st
7%4% E502 st AT F Az, =T AY

5o A7) ok &7 rﬂ%OﬂE, A £5& z7h0]

]
R

HEE'
-
ek

)‘
*
&

2A A A" W@ o) A 28 E A 5 EQ00L6)

sastnzd, 4 A

Heoz THIW, A-x = bE TEH ol

olAE
W E,
(PPAPQ) (P(\)X)“Ppb )

o37)A] Pps} Pol= <@l gol, Py’ - Px = Px '
= [/} gt (3714 X PolAY Qolth) Pp -
APyl = A0, Pox = x128 ¥ AE Pr A
= Py - (PPAPQ") = Ly - Ui LU AFE&A12 Fol x
g TIEE vk 239, 99 WAL

L; -U; (Po x)=L; -U; -x=P;1 - (Pp b)=b; 5)
o2 wydAg, (2)9 AR

Li -y = b; 6)
£ o83t yrg& T Fol

Ur-x1 =y (7
S8 & T, st g

Pox = x; 8

o|BE x& 7% F Urh

Py -A; = P; - (PpAPQ") = L - U128 Adste A

2 YA HHIANE EEES THAY 2N A
ZHE PP B v AR 529 =74 F-#st
A HHeo] BE 37|18 95 Aike 8%tk dike
# x& T2 A ( *401 | 2Ql AXHE Py - (P, b)
= 22 HFAZ Fo) (6), (NS SHUZ FHEA
Aok &0, 11 & x (8))—“401] ROl RAH, xi0 PoZ
1 Bto] oA ZH—E—’&)‘ 2N 7 F ok 2y

S

= ppol olgte o chﬂ flomg xuths P
P x% T30} rm
Ppx = Pp-Pg x 9

2HE 3 Pp-xE 7 4+ Utk
3. PoLAPACK LU ¢ls=2sl f£EIQ| 73

PoLAPACK LU Q5E3] F8o 782 g A
FEOZ F45 3tk
(1] LU 48] K& Right-Looking version® LU
g Fdgch
[2] Azt & £9 F&: Li% Coleman®] €1z
Z[12] & 2R 972 Fgslook vk LAPACK
d4E BLASY DTRSMo] o] g@&3lAw Z
Aol XS EFEC) AAAIA AR EA

B¢ & gomz FHol iy By g,
[3) a AgE PR o o %%%H:%H& 9l
B9 A3k go| Pp-Po’ -x2 ARHAAL Bk
ST 99 Al %%%z%y@oa 2415



=18

k=3

Ao
g

e

POLAPACK: 7.2 & % 71

|

A3 P = Qe Pp = Pt Eﬂoi Pp-Pg" x =
xolEZ, o] REe HWadA ¢A Hrh A
P+ Qpd o EAle ESuEY INE F A
F88l=  all-to-all pelsonahzed communication
-rxﬂi Elxil=

dA FE A=

dike A AEY F4 o
Aol APHHM=E 2} Ei/ﬂ)k]ﬂ- 7}74
olle dEY AVIE AF ﬂ”ﬁi A #
th 2z date] AFsy] He| 24 = AN
Z2AMEC] AT sle PEe ArE A
dabo] FYEE B AL ZJalstd, e Z=A
Holery 2718 34 ¢ F =S T

1=} P i)
E2E5THE

m

’_‘\_

o]
Mol o
s,

0369

=

=
0]
DA

fs

=8

L4710 2581

=

=3
wp

oo on ot o

=
L N Y

[ =]
=]
S
[ =]

a =]

-
||

(b) 9%9 EFe] 2X
Z2AAMe g

19
AME

o w1t oL —

- n L —

(a) 12X12 B5&°] 2X3
ZZA A gle
oy 2 A7) mae AL 1% 534

oy 2=
o} a9 201]/H
At (
12x12 %*’401 2X3 ZEZA)A )

PoLAPACK LUS| 712+ 78 7

oMY EEL gt A%
S No=4, Ny'=8¥¢ %) 2
A 3

i

fr o

B
5_4@4 AdARE wEZ] dge] 4 At
54 AREEN iz 98 259 A7
& @4 rHAeR Frrekdn a8y a9 2
BF0] 2x3Z2A fe] EiH gl=
01 (A(56) e} tizh B AE Foll 2
1 Pol $X3A @1 P2 (A7), 3
1 A(88)Z2 #AST mEHA PoLAPACK
@Mé% ScaLAPACKETHE 4 Bg3in] 78
ol &t

T PoLAPACK®IME Zizte] Z2 X7 7145
ﬂolEM a7l A4 g4l AHEE 259 27
3] 2As, Aol AYHUAN dido] FEHA
geds Bl B def ZRAMEC] HeluE

ruln:

13—

AT

1
oke
AEP N

o

olgd WE e T A7 A 231
A YA & A97E ok O" 3elA Bl 40
CONTINUE'Y] o}el F-go] d4da doletrt dolgles
ZRANEE Fot AAE AFsld AT 5 U=F
gct 71249 FREG g B HolX P

A4 g HFReE

SesEs TEso] Yok

DO 20 J=1, N, NB
IB = MIN{ M-J+1, NB
JB = MIN( N-J+1, IB

NXTROW = MOD( ICURROW+1, NPROW
NXTCOL = MOD( ICURCOL+1l, NPCOL }
ICURROW = NXTROW
ICURCOL = NXTCOL
20 CONTINUE
(a) 712321 Loop B4
NDONE = 0
IB = MIN({ IWORK({IPP+ICURROW), NNB
JB = MIN{ IWORK{IPQ+ICURCOL), NNB

*

20 CONTINUE
LB = MIN( IB, JB )
NXTROW = MOD( ICURROW+1, NPROW
NXTCOL = MOD{ ICURCOL+1, NPCOL

IF( LB.EQ.0 ) GO TO 40
IWORK (IPP+ICURROW) = IWORK(IPP+ICURROW) - LB
IWORK (IPQ+ICURCOL) = IWORK(IPQ+ICURCOL) - LB
*
40 CONTINUE

NDONE = NDONE + LB

IF({ NDONE.LT.MINMN )} THEN
KB = IB - JB
IF( KB.GT.0 ) THEN
IB =1IB ~ LB

ELSE
ICURROW = NXTROW
50 CONTINUE
IB = IWORK (IPP+ICURROW)
IF( IB.LE.O ) THEN
TCURROW = MOD{ ICURRCW+1, NPROW
GO TO 50
=LSE
IB = MIN( IB, NNB
END IF
END IF
*
IF({ -KB.GT.0 ) THEN
JB = JB - LB
ELSE
ICURCOL = NXTCOL
60 CONTINUE
JB = IWORK{IPQ+ICURCOL)
IF( JB.LE.O ) THEN
ICURCOL = MOD( ICURCOL+1, NPCOL )
GO TO 60
ELSE
JB = MIN( JB, NNB )
END IF
END IF
*
GO TO 20
END IF
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Computing Procedure for Pi
1. Compute the local & global indices of data
in each processor
2. 1st transpose its indices of data (with Nob)
(not transpose the real data)
3. 2nd transpose its indices of data (with Nb)
(not transpose the real data)
4. For i=0 to p-1
i) Copy & send data & indices to Pin
ii) Receive & move data & indices from P
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