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Abstract

In this paper, we develop an optimal intelligent digital redesign method for a class of fizzy-model-based controllers, effective for
stabilization of continuous-time complex nonlinear systems. Takagi-Sugeno (TS) fuzzy model is uscd to cxiend the results of the classical
digital redesign technique to complex nonlinear systems. Unlike the conventional intelligent digital redesign technigue reporied in the

literature,

the proposed method utilized the recently developed LMI

optimization technique to oblain a digitally redesigned

fuzzy-model-based controller. Precisely speaking, the intelligent digital redesign problem is converted to an equivalent optimization
problem, and the LMI optimization method is used to [ind the digitally redesigned furzzy-model-bascd controller. A numerical example is

provided to evaluate the feasibility of the proposed approach,
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I . Introduction and Problem Formulation

An intelligent digital redesign [4] was developed for
the digital control of nonlinear systems by converting an
contimous-time  fuzzy-model-based controller into an
equivalent digital one, whose main idea is to derive
local digital control rules by the state-matching between
the local rules of the continuous-time controlled system
and those of the digitally controlled counterpart. In [4],
one of the classical digital redesign methods, especially
developed for linear systems [1,2,5,6], was adopted and
extended to mnonlingar systems by using TS
fuzzy-model-based control method.

The main idea of the intelligent digital redesign
method presented in their work is to digitally redesign
each continuous-time fuzzy-model-based control rule so
as to closely match the states of the closed-loop system
formed by each control rule and plant rule. That is, the
ith digital fizzy control rule for the fuzzy-model-based
controller is determined by applying the conventional
digital redesign technique to the sth closed-loop system
which is composed of the ;th rule in the closed-loop
TS fuzzy model and the fuzzy-model-based controller.
Figure 1 shows the concept of the intelligent digital
redesign method.

In this paper, a new technique for the intelligent
digital redcsign is proposed for optimal discretization of
continuous-time ~ fuzzy-model-based controllers  while
taking into account the closed-loop performance with
LMI-based approach.
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Fig. 1 Local intelligent digital redesign

Consider a continuous-time complex, multi-input and
multi-output (MIMO) nonlinear system desctibed by the
following TS fuzzy model

(2o
IF-THEN form:
IF 2z is F, and .. and z (9 is F,

i=1,2,,¢q
Dynamic form:
% LD =A(u(z(DNx (D) + Bl(z(D)ul) (2

where Fi (j=1,2,,#) is the fuzzy set of the th
premise variable, ¢ is the number of fuzzy rules,
AER"™", BER"™, z(H,,z,(H are the
premise variables and

2()=(z1(D),25(8), -, 2,(H)



international Journal of Fuzzy Logic and Intelligent Systerns, vol. 1, no. 1, June 2001

Az = e DA,

B(u(()) = 21 K2(D)B;

(2(0) = (1 (a0, 9 (D), =, 1 (2

o kat)=—252D = T Fia ()

2 (2(8)
and Fi(z;(#) is the grade of membership of z (¥ in
F!, with the degree of fulfillment of fuzzy rules given
by

By =0, g\#i(Z(t))=l (i=1,2,,0),Yt

Let the state-feedback fuzzy-model-based control law
(K. be

IF-THEN form:
IF z,(d is F] and ... and z (9 is F.,
THEN u (=—Kix (9, i=1,2,,¢ 3
Dynamic form:
u {)=—K (u(2())x (1) @

where K@ is the feedback gain in the 7th subspace and

K ()= 2 u (2K
The resulting closed-loop system becomes
x ()= (AQ(2()) — B(u(z(DNK Le(2(D)x (£
(5

Let the state equation of a continuous-time system
which coptains the same system matrices A; and input

matrices B; of the system (1), with a different input,
be represented by

(X2
x A0 =A(u(z(D))x £+ B(u(2(H))w LD

u 0 is an

)
where

function
u D= uLkT),

mx] piecewise-constant input

for BT<K(E+1DT D)

and 7T is the sampling period.
Let the digital control law ( K,;) for the system in (6)
be

JF-THEN form:
IF z,(p)is F} and ... and z (9 is F,,

THEN w (kD) =—Kix (#T), i=1,2,

=g (8
Dynamic form:

u D) =~K (u(2(ED))x LRT) 9)
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where K is the feedback gain in the 7th subspace and

K A1) = 2 (KT K

A zero-order hold is wused in (9). The resulting
closed-loop system becomes

2 D)= Alp(2())x L) — B(p(2(1)))

K u(zET)) 2 LkT) (10)

The digital redesign problem can be stated as follows:
Problem 1: (Intelligent digital redesign) The intelligent
digital redesign problem is to find the discrete-time
fuzzy-model-based controller K, in (8) or (9) from the
continuous-time  fuzzy-model-based control law K. in
(3) or (4) so that the states of the sampled-data system
in (10) approximately match those of the analogously
controlled system in (5) for x .(0)=x ,L0).
Alternatively, in the semse of optimality, Problem | can
be rewritten as follows:

Problem 2: (Optimal intelligent digital redesign) Given
continuous-time TS furzy model X ,, continuous-time
fuzzy-model-based controller X,, and sampling period
T, design discrete-time fuzzy-model-based controller
K ; to minimize the cost function defined by

= 2 JkT)

where

JRDY =% (x (BD) =5 BT T Qi (R T) = 5 LKT))

I1. Optimal intelligent digital redesign

In this section, we develop an optimal state- matching
intelligent digital redesign method by using LMI-based
approach. The intelligent digital redesign is a procedure
that converts a continuous-time fuzzy-model-based
controller into an equivalent discrete-time fuzzy-model-
based controller.

2.1 Digital modeling of sampled-data TS fuzzy models

The exact solution of the sampled-data TS fuzzy
model 5, at ¢=kT+ T, where T>( is the sampling
period, is given by
xAkT+ T)= Gu L kT) + Hu RT), kT<KkT+ T

(an
where
G = O z(RT+T)), s 2(T)))
H= [ 0urT+T),m(2DNB(Dde
P 2(kT+T)), p(2(kT))) = W p(2(kT+ 1)) T u(2(£T)))
is the state transition matrix of the continuous-time TS
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fuzzy model, and ¥ is the fundamental matrix of
x = A(u(2(H))x , which is nonsingular for all ~

The exact evaluation of the state transition matrix
o( -, -) is very difficult, if not impossible, since the
TS fuzzy model is actually a nonlinear or, at least,

linear parameter varying (LPV) system. One may try to .

get the state transition matrix by using a power series
expansion for @(-, ), which is called the
Peano-Baker formular [7]. This method requires that

T+ T
A(g) and f/ . A(p)dr commute, which does not

hold in many cases [7-8]. To resolve this problem we
select a set of discrete-time points, k7, with the
following assumption:

Assumption 1: The sampling period T is sufficiently
small so that during any interval [£7 BT+ 7] the
degree of fulfillment of the 7th rmile p{f can be
approximated by u,(&7T) . Consequently, A(u(z(5)),
B(p(2(1))), and K (p(2(1))) are approximated by

A(u(2(£T))), B(p(2(£D)), and K (u(2(ET)))
during any interval [ AT ET+ T1.
With  Assumption 1, in the time interval
FT<KET+T, G and H have the following
representations:

GET) = eXET£1;1(kﬂﬂ

HET) = fk’f exp (AGRT(ET+ T— 1)) B(ET)dr

=[ G(&T)— AET) "'B(kT)
a2)

In order to obtain a feasible discrete-time TS fuzzy
Gk and H(ET) are

model, nonlinear matrices
approximated as follows:

CUD) = exp( 2 (2(ATHA D)
— I+ 2 i (kD) A T+ O(T%
~ Z}ui(z(kT))(IJrAiﬂ
= 3 (AT exp (A T)
— 3% (RN G

13)

and

H(ED) =[G(,T)— NACRT) ~'B(ET)
=[AGRD T+ O(THIAT) ~'BED)

=B(kT)T= Z\ﬂi(z(kﬂ)BiT
= 30 (kD) [exp (A D= 1(A) 7B,

= 2 TN,

(14)
where

G= CXD(AiT), Hi:[Gi“]] —I(Ai)_lBi
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Substituting (13) and (14) into (11) yields

for KT<H AT+ T (15)

where
G= 23 u(z(kING; Gi= exp(A,T)
H= 3 plz(WT)H, H=1Gi—1] *(4;B,

The closed-loop dynamics is

x LT+ D= (G(u2(kT)))
~ H(p(2( kDK L p2(2(kT))))x LKT)

(16)

2.2 Digital modeling of continuous-time TS fuzzy
meodels

In this subsection, we will present the digital

modeling of the continuous-time TS fuzzy model. Before
the discussion, let us introduce the following two
lemmas which will be essential for our discussion.
Lemma 1: For the sufficiently small sampling period T,
the digital model of the closed-loop system (5) is
denoted by

x {kT+ T)= Z:‘ Zl# e @ Z(ﬂ(z( T+ 1)), (17
w(2(ED)))x (£T)

where @7 is the state transition matrix of
Al=A,~BK].

Proof: The proof can be directly inferred from the
results of the previous section. Q. E. D
Lemma 2: For the sufficiently small sampling period

T, the state transition matrix @ , of the closed- loop

linear system

x.=(A—BK)x, (18)
is approximated by
-1
o=(L+5HK) | G~ HE.) (19)

Progf: The state transition matrix of (18) is given by
Q.= exp((A—BK J)T)
and the digital model is
x (kT+ D=0 x (k)

From [1], for the sufficiently small sampling period T,
the digital model of the analogously controlled system in
(18) is also approximated by

(20)

x BT+ T)= (In+ 1 HKC> _1<G— 1 I{Kc)xc(kT) @1)

2 2
From (20) and (21), we can conclude that
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~ L1 el L
0.x(1,+5HE.) (G- HK.]
This completes the proof. Q. ED
The result on the digital modeling of the

continuous-time  controlled TS fuzzy model is now
summarized in the following fact:

Fact 1: With Assumption 1 and the above two lemmas,
the digital model of the analogously controlled TS fuzzy
model (5) is denoted by

s G+ D= BB pafr,+5mK]T o

[G,—%H,—K{]x (ET)

Proof: From Lemma 1, we obtain

R (RT+ )= 3 B psn @ pRT+T),
w(=z(ED)))x (kT)

and from Lemma 2, we can note the following:

mjf;[InJr%H,-K’;]ﬂ[G,-—%

HK’] 1,7=1,2,,q

where @7 is the state transition matrix of the system

%= (A ;— B ,K[). This completes the proof.

2.3 LMlI-based intelligent digital redesign by state-
matching

In order to design a digital fuzzy-model-based
controller, the continuous-time fuzzy-model-based
controller has to be discretized so that the states x,(f)

at t= kT with the resulting digital fuzzy- model-based
controller closely match those with the original
continuous-time fuzzy-model-based controller.

Unlike the traditional method in [4], in this paper, we
propose an alternative way to digitally redesign a
continuous-time  fuzzy-model-based  controller  with
LMI-based approach.

Let us consider the following augmented system in
the ith subspace

2(H= lz_i:l ]‘;‘u,ﬂjzijz(t)— ‘B, K.z(kD) (24)

where
— _ 7
z(t)z[ﬁj, A,-,-=[Af BHe 0],
—B£=[0n><m], T{]:[Om-«n de]

By using (15) and (22), digital model of (24) is given by

“T+ D= 2 Jg#ﬂ,z,( Gy~ H E)2(kD (25
where

z(kT)Z[xC(kT)]

xd(kT)
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We define the following cost function as in Problem 2.

(I,+=HK) MG, —5 HK)D 0,

G;

0 nAR

H;

J= gof(/m (26)

where [2]

KET) =3(e (RT) = 5 ARTY) " Qx (KD) —x L KT))
-1 T nf @ — A£T)
=gl D 2D 1] S " F (0]
= 2(kT) " Qz(kT)

Therefore, the digital redesign problem is converted to

the standard discrete-time controller design problem.
That is, the problem is to find K, minimizing the cost
finction (26).
The main result of this paper is summarized in the
following theorem.
Theorem 1: The digital controller K, in (8) or (9) is a
digitally redesigned controller if there exist a symmetric
positive definite matrix [, a matrix [, and a matrices
F,= K., suwch that the following LMI's are

satisfied.

I>0 27)
F"L{]fl)L * ok
— QWE I =|>0, i=12,,q (29
G,J— HF, 0T
I'_-I—L %k
Q" 1 %[>0, ) (29)

%( G, — H.F+ G~ H,F) 0 I

If above inequalities has feasible solutions I",>0, L,

and F ., then the digital controller K% is given by

Ky=FIy' (30)
where "y R ™% and satisfies
r= [ ]Cj (31)

Proof: Tt follows directly by combining Theorem 6 in
[11] and Theorem Theorem 1 in [12]. Q. E. D
Remark 1: When solving the above LMls, one must

notice that __FE’[ has a structure. That is,

where [l means no restriction on the particular matrix
entry. Then, if we add the convex constraints

F.=[0 H. F;—z[g a]

We get _}:{’52 FI';7! with the desired structure.
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lll. Simulation results and discussion

In order to show the effectiveness of the proposed
method in designing an digital FMBC, we consider the
following TS fuzzy model
Rule 1: IF x; is FL, THEN & . =Awx.+Bu,
Rule 2: IF x, is F% THEN 4« .= Aux .+ Bou,

(32)
where
[ 0 1 710 1

A [17.2941 o]’ A [9.36 0]

B;=[0 —0.17651 ©, By=[0 —0.0052] 7
and the membership functions are given by

. +1.57 1.57—
Flx (9)= max (min (7220 L1220, )

Fix ()=1—Fi(x, (D)

For digital control, sampling time 7 is 0.04 (sec). The
continuous-time  feedback gains found to be

Ki=[-120.7 22.70and K2=[—9551.6 ~764]

with stability checked. Applying Theorem 1, the digitally
redesigned gains are

are

Kh=[—470.8053 —146.5924],
K4=1.0%10°[ —1.8244 —0.6114] .

The closed-loop responses of the analog controller, the
digital controller by other intelligent digital redesign
method [4], and the proposed method is shown in Fig. 2.
As expected, the system is well stabilized snd the states
of the closed-loop system are closely match those of the
original  continuous-time  controlled system and the
performance of the proposed method is superior to that of
the conventional method.
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Fig. 2. The comparison of the states

IV. Conclusion

In this paper, we have presented a intelligent digital
redesign  methodology with LMI-based approach for
digital control of complex and nonlinear systems such as
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the inverted pendulum, robot systems, etc. TS fuzzy
model is used in the proposed design procedure to
model the complex, nonlinear dynamic system and then
the parallel distributed compensation technique is applied
for the design of a fuzzy-model-based controller. The
continuous- time fuzzy-model-based controller design
problem is formulated in terms of LMIs. The intelligent
digital redesign problem is then converted into the
equivalent optimization problem taking into account the
inter-sampling behavior, from which the powerful TMI
optimization technique is adopted to design a
discrete-time fuzzy-model-based controller. The overall
design procedure is based on the so-called local
intelligent digital redesign technique. Simulation results
on the nonlinear numerical example have convincingly
shown the feasibility and effectiveness of the developed
digital redesign method.

References

[1] L. S. Shieh, X. M. Zhao, and J. W. Sunkel, “Hybrid
state-space self-tuning control using dual-rate samp-
ling”, IEE Proceedings-D, vol. 138, pp. 50-58, 1991.

L. E. Sheen, J. S. H. Tsai, and L. S. Shieh, “Optimal
digital redesign of continuous-time systems with input
time delay and/or asynchronous sampling”, J of
Franklin Institute, vol. 335B, no. 4, pp. 605-616, 1996,

L. Xie, “Output feedback H. control of systems with

parameter uncertainties”, fr. J Control, vol, 63, no. 4,

pp. 741-750, 1996.

Y. H. Joo, G. Chen, and L. 8. Shiech, “Hybrid state-

space fuzzy model-based controller with dual-tate

sampling for digital control of chaotic systems”, IEEE

Trans. on Fuzzy Systems, vol, 7, pp. 394-408, 1999.

L. 8. Shieh, J. L. Zhang, and J. W. Sunkel, “A new

approach to the digital redesign of continuous-time

controllers”, Control Theory and Advanced Tech-

nology, vol. 8, pp. 37-57, 1992,

L. 8. Shieh, J. Zheng, and W. Wang, “Digital mode-

ling and digital redesign of analogue uncertain

systems using genctic algorithms”, J of Guidance, C-

ontrol and Dynamics, vol. 20, no. 4, pp. 721-278,

1997,

K. S. Tsakalis and P. A. Ioannou, Linear Time-Vary-

ing Systems, Prentice Hall, 1993,

W.L. Brogan, Modern Control Theory, Englewood Cli-

ffs, NI: Prentice Hall, 1991.

[9] W. Chang, J. B. Park, Y. H. Joo and G. Chen, “D-
esign of sampled-data fuzzy-model-based control sys-
tems by using intelligent digital redesign,” IFEE
Trans. on Circuits and Systems 2001 (submitied).

[10] L. S. Shiech, H. M. Dib, and 8. Ganeson, “Continu-
ous-time quadratic regulators and pseudo- continu-
ous-time quadratic regulators with pole placement in
a specific region”, Proc. Inst. Elect Eng., vol. 134,
pt. D, no. 5, pp. 338-346, 1987.

[11] K. Tanaka, T. Ikeda, and H. O. Wang, “Fuzzy regu-

2

(3]

[4]

(5]

(6]

{7
(8]



international Journal of Fuzzy Logic and Intelligent Systems, vol. 1, no. 1, June 2001

lators and fuzzy observers: relaxed stability con-
ditions and LMI-based designs”, IEEE Trams. on
Fuzzy Systems, vol. 6, no. 2, pp. 250-265, 1998.

Wook Chang
He received the B. S. and M. S. degrees
in electrical engineering from Yonsei

University, Seoul, Korea in 1994 and
1996, respectively. He is currently working
towards the Ph. D. degree in the

Department of Electrical and Electronic
Engineering, Yonsei University, Seoul,
Korea. He has worked in several areas including fuzzy
modeling, genetic algorithms, neural networks, and fuzzy
- logic control. His current research interests are in
fuzzy-model-based  control and  digital redesign of
fuzzy-model-based controllers.

Phone: 02-2123-2773, Fax: 02-362-4339
E-mail: pegasus@control.yonsei.ac.kr

Young-Hoon Joo

He received the B.S., M.S., and Ph.D.
degrees in electrical engineering from the
Yonsei University, Korea, in 1982, 1984,
and 1995, respectively. He worked with
Samsung Electronics Company, Korea,
from 1986 to 1995, as a Project Manager.
He was with University of Houston, TX,
from 1998 to 1999, as a Visiting Professor in the Department
of Electrical and Computer Engineering. He is cuwrently
Assistant Professor in the School of Electronic and
Information Engineering, Kunsan National University, Korea.
His major is mainly in the field of mobile robots, fuzzy
modeling and control, genetic algorithms, intelligent control,
and nonlinear systems control. Prof. Joo is serving as the
Associate Editor for the Transactions of the KIEE and
Journal of Fuzzy Logic and Intelligent Sysiems.

Phone : 063-469-4706
Fax : 063-469-4706
E-mail : yhjoo@kunsan.ac.kr,
www: htp://raic.kunsan.ac.kr

118

Jin-Bae Park

He reccived the B. E. degree in electrical
engineering from Yonsei University, Seoul,
Korea, in 1977 and the M. 8. and Ph. D.
degrees in electrical engineering from
Kansas State University, Manhattan, in
1985 and 1990, respectively. Since 1992
he has been with the Department of Electrical and Electronic
Engineering, Yonsei University, Seoul, Korea, where he is
currently an Associate Professor. His research interests
include robust control and filtering, nonlinear conirol, mobile
robot, fuzzy logic control, neural networks, genetic
algorithms, and Hadamard-transform spectroscopy.

Phone: 02-2123-2773, Fax: 02-362-4539
E-mail: jbpark@control.yonsei.ackr



