A 2 XsA2"=E =2 2001, Vol. 11, No. 2, pp. 161-165

Mated Fuzzy Topological Spaces

Fun Pyo Lee and Young—Bin Im

Department of Mathematics, Seonam University

ABSTRACT

We introduce the concept of mated fuzzy topological spaces and then investigate some of their propertics.
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1. Introduction

As a generalization of fuzzy sets, the notion of
intuitionistic fuzzy sets was introduced by Atanassov [1].
Recently, Coker and his colleagues [5, 6, 7] introduced
mtuitionistic fuzzy topological spaces using intuitionistic
fuzzy sets.

In this paper, we introduce the concept of mated fuzzy
topological spaces as a generalization of ntuitionistic
fuzzy topological spaces and smooth topological spaces,
and then investigate some of their properties. Also we
introduce the notions of fuzzy (r,s)-interiors and fuzzy
(7, 5)—closures in mated fuzzy topological spaces.

2. Preliminaries

In this paper, I denotes the unit interval [0, 1] of the
real line. For a set X, IX denotes the collection of all
maps from X to I A member z of X is called a fuzzy
set of X, By 0 and 1 we denote constant maps on X
with value 0 and 1, rcspectively. For any gel¥, uf
denotes the complement 11—z, All other notations are
standard notations of fuzzy set theory.

Let X be a nonempty set. An intuitionistic fuzzy set
Ais an ordered pair A={(ua, y4) where the functions
pa:X—I and y4:X —1I denote the degree of
membership and the degree of nonmembership respec—
tively, and g + 74 < 1.

Obviously every fuzzy set x of X is an intuitionistic
fuzzy set of the form (u, 11— 1. -
Definition 2.1 [1] Let A={(x4, v4) and B=(ugz, v5) be
intuitionistic fuzzy sets on X. Then

(1) ASB iff po<pug and ya =75

(2) A=RB iff ASB and A2B.

3y A°=(ra,xa).
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mated fuzzy topology, fuzzy (7, $)-cpen set, fuzzy (#, s)-interior

(4) ANB=(pa g raVrs).
(B) AUB=(paVup va\vs).
6) 0.=(0,1) and 1.=(T1,0).

Definition 2.2 [6] An intuitionistic fuzzy topology on X
is a lamily 7 of intuitionistic fuzzy sets in X which
satisfies the following properties:

(1) 0.,1-.=7.

(DI A,A,eT then AjNA;=7.

(3) If A,e7 for all 7, then UA,=7.
The pair (X, 9)
topological space.

is called an intuitionistic fuzzy
Let (X, 7) be an intuitionistic fuzzy topological space.
Then members of T are called intuitionistic fuzzy open

sets of X and their complements intuitionistic fuzzy
closed sets.

Definition 2.3 [6] Let (X, 7) be an intwjtionistic fuzzy
topological space and A an intuitionistic fuzzy set of X.
Then the fuzzv closure is defined by

Cl(A)=({F|ACF, F°’c3)}
and the fuzzy interior is defined by
Int(A)=J{G | A2G, G= T}

Proposition 2.4 [6] For an intuitionistic fuzzy set A of
an intuitionistic fuzzy topological space (X, T), we have
(1) mnt(A)°= CI(A°).
(2) Cl(A) = Int(A°).

3. Mated fuzzy topological spaces

Let 7(X) be a family of all intuitionistic fuzzy sets of
X.

Definition 3.1 [7] Let Xbe a nonempty set. A mated
fuzzy topology T =(r,r,) on X is two maps = [(X)—I
and 7. I(X)—1I which satisfy the following properties:
1) A+ A =<] for any AeI(X).
(2) «0-)=r1.)=1 and
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r(0.)=r(1.)=0.
(3) t(ANB)Y=c(A)NAB) and
r{ANBy<r.(A)\VrB).
@ f(UA)z/A\r(A) and
r(JAY<Vr (A).
The (X, 7)=(X,rz,) is called a mated fuzzyv topologi—
cal space, And, we call r a gradation of openmess and
t. a gradation of nonopenness.

Definition 3.2 [7] Let X be a nonempty set. A rmated
fuzzy fomily of closed sets Q=(w,w,) on X is two
maps o : I(X)—7I and w,:I(X)—1T which satisfy the
following properties :
(1) w(A)+ w (A)=<] for any A=I(X).
(2) 0(0.)=w(1.)=1 and
w0 =wl.)=0.
(3) w(AUB)zw(A)NAw(B) and
wlAUB)=<w(A)Vo B).
@) o(MA)=NAw(A,) and
. ﬂAi) <VawlA).
In this case, we call w a gradation of closedness and w,
a gradation of nonclosedness.

Proposition 3.3 Let 7 =(r,r) be a mated fuzzy topol-
ogy on X and £+ =(w, . ) defined by

wlA)=1r(A°) and @, (A4)=r(A").
Then £+ is a mated fuzzy family of closed sets on X.

Proof. (1) For any " A=I(X),
w A+ w. (A)=r(A)+rlA)=].
2) wl0)=r(1.)=1, 0 (1.)=2(0.)=1 and
0. 0)=r(1.)=0, @ (1.)=7L0.)=0.
3) wlAUB)=1(A‘NBY= r(AYA (B
=w.(A) NwlB)
and
0, (AUB)=r(A‘NBYI< AV r(B")
=w_ (A) Vo, (B).

4 0lNA)=r(UAD = Ne(AD=Nwld)

and

w(NA)=r.(UAD <V AD=Vw,(A4).

Proposition 34 Let 2=(w, ».) be a mated fuzzy family

of closed sets on X and To=(z, 7, ) defined by

t,(A)=w(A°) and 7, (A)=wlA°).
Then 7o is a mated fuzzy topology on X .
Proof. Similar to the above proposition.

Corollary 35 Let 7 ={(r,r,) be a mated fuzzy topology
and 92=(w,w, a mated fuzzy family of closed sets.
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Then T 5, =7 and 24,=2.

Proposition 3.6 Let (X, r,z,) be a mated [uzzy topolog-
ical space. Then for each »=/,

r,={Ael(X)|(A) = »}

1s an intuitionistic fuzzy topology on X, Moreover
T, 27, if »<r.

Proof. (1}
0., 1.7,
(2) Let A,Ber,. Then r(A)=randr(B) =». So
t(ANB)= (A AN r(B) =+ and hence ANB=rz,.
(3) Let A,=r, for all ;e I'. Then v(A,) =+ for all
iel. So r(UA) 2z A (A =+ . Thus UA, =r,.
Therefore, 7, is an intuitionistic fuzzy topology on X.
Next, let n<r. Take A=z, Then o(A) 2r =y and
hence A=rz,. Thus 7,27,
Proposition 3.7 Let
topological space. Then for each s=/,

Since r(0.)=c(l.)=1=% we have

(X,r,z.) be a mated fuzzy

r.'={A={(X) |t (A)<s)}

is an intuitionistic fuzzy topology on X. Moreover

5 Fpor
. Sz, i 5<s,.

Proof. (1) Since 7 (0.)=r(1.)=0=s5 we have
0.,1.=¢"
(2) Let A, Ber.”. Then t{A4)<s and r.(B) <s So
t{ANB) <, (A)Vr(B) <s and hence ANBer,.”.
(3) Let A,er.” for all 7=I. Then z(A)=s for all
iel’ So t(lUA)< Vr(A)<s Thus UA,ez.%

Therefore, r.° is an intuitionistic fuzzy topology on X.
Next, let s;<s, Take Aer.” Then r,A4) £s=<s, and

hence Ae=r.”. Thus r.”S1z.™

From the above two propositions we have the

following result.
Corollary 38 Let 7 =(z, r) be a mated fuzzy topology
on X. Then for each »s=1,

Ti={A=l(X) | t(A)=r and 7 ,(4)<s}

s  an intwitionistic fuzzy topology on X and

T3=17,MNr.". Moreover 757 7 if n<r and s <s,.

4. Fuzzy (r,s)—interiors and fuzzy
(r,s)—closures

Let I@I={(»,8)|r,s= T and »+s=<1}.

Definilion 4.1 et A be an intuitionistic fuzzy set of a



mated fuzzy topological space (X, r,r,) and (r,5=IPL
Then A is called;
(1) a fuzzy (» s)-open set if f(A)z» and r.(4)<s,
(2) a fuzzy (7, s)~closed set if 7(A9=r and r.(A)<s.

Definition 4.2 Let (X, r,z.) be a mated fuzzy topolog—
ical space. For each (7, s)eI®I and for each A=Il(X),
the fuzzy (r,s)-interior is defined by

Int(A, », )= {B=I(X) | A2B and
B is a fuzzy (r s)-open set}

and the fuzzy (r, s)-closure is defined by
Cl(A, 7, 9)=({BeI(X) | A=B and
B is a fuzzy (7, s)~closed set }.

The operators Int: I(X ) x I® I—I(X) and

Cl: {X)*x I®]—{(X) are called the fuzzy interior
operator and the fuzzy closure operator in (X, r,7.),
respectively.

Obviously, Int(A,r s is the greatest fuzzy (7,8
—open set which is contained in 4 and CI(A, r,s) is the
smallest fuzzy (#,s)—closed set which contains A. Also,
Int(A, r,s)=A for any fuzzy (7,s)-fuzzy open set A

and CI(A,r 9)=A for any fuzzy (7, s)-closed set A.
Moreover, we have the following results.
Proposition 43 Let (X,r,z) be a mated fuzzy
topological space and let Int: I(X)xIPI—I(X) the
fuzzy interior operator in (X,r 7). Then for any
A,BsI(X) and (r,s)=I®],

(1) Int(0-,r,5=0., Int(Q1.,»,9=1..

(2) Int(A,r s5EA.

(3) mt(A, »,,s)2Int(A, », 5,) if »<#» and

51 59.
(4) mt(ANB, 7,5) = t(A, r, (N Int(E, 7, s).
(5) Int(Int( A, 7, s), »,s)=Int(A4, 7, 5).

Proof. (1), (2) and (5) are obvious.
(3) Let » <y and s,=s,. Then every fuzzy (7y,,s,)
-open set is also fuzzy (7, s;)-open. Hence we have
Int(A, 7, 5)
= U{B=I(X) |A2B, 1(B)zn, B <5}
2 \MBel(X) | A2B, t(B) 27, r{B) <s))
=Int(A, », $2).

(4) Since ANB<A and ANBS B, we have
Int(ANB, #,s)S Imt(A4, ,s5) and
Int(ANB, »,5) = Int(B, 7, 5.
Thus Int(ANB, », ) SInt(A4, »,5) NInt(B, 7, s) .

Conversely, it is clear that
ANB=Int(A, »,5) N Int(B, 7, ).

Mated Fuzzy Topological Spaces

Also, r(Int(A, #, ) N Int(B, 7, )
>r(Int(A4, r,s)) Ar(Int(B, 7, 5)
2yN\r=vr
and
t(Int(A, r,s) N Int(B, r, s))
s=r.(Int(A,7,5))VrlInt(B,7,3)
<sVs=s.
By the definition of fuzzy (#,s)-interior,
Int(ANB, »,35) 2 Int(A4, , s) N Int(B, 7, 5).
Hence Int(ANB,r s)=Int(A, . s) N\ Int(B,r, 9.

Proposition 44 Let Int: I[(X)xI®I[—I(X) be a map
satisfying (1) - (5) of Proposition 4.3. Let r:I(X)—1
and ¢, : I(X)—1 be maps defined by

dA)=\{r=] | Int(A,r,s)=A} and
r(A)=/\{sel|Int(A,r,H=A4A).

Then 7 =(r, . is a mated fuzzy topology on X.

Proof. (i) Since (r.5)= I®1, we have »+s=1. Hence
s=]1—7 Thus

1—7(A) =1-V{rel | Int(A, r, )= A}
=/ N\l—re]|Int(A,r,)=A)
=/N{sel|Int(A,rs)=A}
= 7,(A).

So r(A)+17.(A)<] for each A=l(X).

(i) Since Int(0.,1,00=0. andt(l.,1,0)=1., we
have r(0.)=7(1.)=1, r,(0.)=z{1-)=0.

(iil) Suppose that 7(A4; N As) { (A ) A r(A;). Then
there is a #=7 such that

t(A1NAy <t r(ADANAT(As).

Since 1< t(A)=\{rel | Int(A,, r,5)=A;)
for each i=1,2, there are (#,sy), (7, s9) €IPI such
that ({r<r(4;) and Int(4;, r,s)=4;
i=1,2.  Let r=rA\ry and
(71,81, (72, 5) €IDI,

{or each

s=5Vs. Since

1—» =1—(rAm)
=(1-r)VI—m)=s5Vs=s.

Hence (7, s) sIBIL
Since and s=s, for each :=1,2, we have
Imt(A,,» s =2 Int(A;, »;,s5)=A, Hence
Int(A;, 7, 5)=A,; for each i=1,2. By (4),
Int(A;NAs, 7,=Int(A;, 7,5 NInt(As, 7, 5)
=ANA,.
Thus > ¢(A; MAs)
=V{rel | nt(4; N4, +",s)=A;NA)
zr=r Aryt. It i3 a contradicion. Hence
(A INA)=r(ADNT(A). Next, suppose  that
tLAIMNAN > (AN 1{A;). Then there is a t=I such
that  (AiNA > £ r (A1) Vr(A4y). Since > A;)
=/\{sel|Int(A;, »,s)=A,} for each i=1,2, there are

Y=
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(71,80, (.5 €I®I such that > s,>r(A) and
Int(A;, #,.s)=4; for each i=1,2. Let »r=rAr and
s=5,Vss. Then (7,8 el®l and Int(A,, rs)=A; for
each i=1,2. By (4),
Int{A4; N4y, 7, 9)=Int(A,,r,s) N Int(A,, »,s) =AMNA,.
Thus t<7.(A, M As)
=AN{s'el | Int(A, NAs, v, 5)=A1NAs}
Zs=s5 N8t It is a
tlA T NA) <t (ADV rlA).
(iv) First, suppose that r(LJA)< /\r(A4)). Then there
is a trel such that c(lJA) << /N\r(A,). Since
K r(A) =\ {rel| Int(A;, » s)=A;} for each i, there
are  (r;,s)eI®I such that #{»=r(4,) and
t(A,, 7, s)=A; for each i. Let »=/\»; and s=Vs,.
Since (r;,s)=I®I for each i,

1—r=1-(Ar)=VU-7r)=Vs=s

Hence (75 eI®I And since r<; and s=s, for each
i, Int(A;, 7,5 2Int(A,, r;,5) = A,
Hence Int(lJA, » 8 2Int(A4;, ) =2A; for each i So
mt(\JA, 7 s =2 |UJA; and hence

(LA, 7, 9= UA.
Thus #¥ «(\UJA)

=V{rel | mt(UJA, »,s)=4;}
zr= Arz=t

It is a contradiction. Hence z(IUA)= Ar(A,). Next,
suppose that 7 ({JA)> Ve (A). Then there is a t=l
such that . ((UA)> £> Vr.(A4).
Since £ tLA)=/{sel|Int(A,,»,s)=A;} for each i
there are (#;,s)=I®I such that > s5;z7r(A;) and
Int(A;, 7,,s)=A; for each i. Let »=/\r; and s=\/s,.
Then (r,5) eI®BI and Int(\UJA,, », s)=JA,; Thus

t< r.(LUA)Y

=/Nis el Int(UA;, 7, s =UA;}

<s= Vs <t
It is a contradiction. Hence r.(\JA)=Vr(A). There-
fore T =(r, 1, is a mated fuzzy topology on X.

contradiction.  Hence

Proposition 4.5 Let
topological space and let
fuzzy closure operator in
A,Bel(X) and (7,8 =IP],
(1) Cl0.,7.9)=0., Cl(l.,rs=1_.
(2) CI(A,rs)2A.
(3) ClU(A,r,s)ECIA, ry,s9) if
r=ry, and s =8,
(4) Cl(AUB, 7,5
= CI(A, ».s5) UCI(B, r, 9).
() CI(CIA,rs),7,9=CIl(A4,rs.

(X,r,r) be a mated fuzzy

Cl: I(X)xI@I - I(X) the
(X,7.7). Then for any
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Proof. Similar to Proposition 4.3.
Proposition 4.6 Let Cl: I(X)xI@I—=I(X) be a map

satisfying (1) - (5) of Proposition 45. Let o : I(X)—1
and w.: I(X)~1T be maps defined by

w(A)=V{reI|ClIA,7,9)=A}

and @ (A)=/\{sel|CI(A,r.=A}

Then 2=(w, w.) is a mated fuzzy family of closed sets
on X.

Proof. Similar to Proposition 4.4

For a family {A;} ;e of intuitionistic fuzzy sets of a

mated fuzzy topological space X and (#,9)=I®I

AJCHAL 9 eCl(lJA,L 7,9 and the equality holds

when I" is a finite set. Similarly,
MInt(A;,r s) 2 Imt({A4; 7, s and
MInt(A;, 7 s =Int(( A, s for a finite set I.

Proposition 4.7 For an intuitionistic fuzzy set A of a
mated fuzzy topological space (X, 7,7, and (7,5)=l@]
we have

(1) Int(A,r 5= CI(A°, r,5).

(2) CIL(A,r ) =Int(A°, 9.

Proof. (1) Int(A, r,s)°
=(I{BeIl(X) |A2B, «(B) =7, t{B) <s})°
= {B°el(X) | A°SB*, w,(B) 2 r,0. (B)Y<s}

= Cl(A®, 7, 9).
Similarly, we can show (2).
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