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Although there are many different solution schemes proposed for multidimensional radiative
transfer, reference solutions to benchmark these methods are very rare in the literature. In this
paper we produced some accurate solutions for purely absorbing gray and nongray gases
including A0 and CO; by using the discrete transfer method with sufficiently accurate Tis
quadrature set. The spectral transmittances of the mixtures of F2Q) and CO: are estimated by
using the narrow band model. The gray gas solutions are obtained for different absorption
coefficients, and the nongray real gas solutions are obtained for different mixture fractions of H;
O and C@: The numerical solutions presented in this paper are proved to be sufliciently
accurate as compared to the available exact solutions and they may be used as reference
solutions in evaluating various solution schemes.
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Nomenclature s : Location, m
a . Absorption coefficient, ni~* Y . Spectral radiative source function
E . Blackbody fraction W/ (m? pme-sr)
G » Average intensity, W/(m?+s%) T . Absolute temperature, K
G* . Dimensionless average intensity x, ¥, 2. Coordinates, m
(=2G /(6T 500)) x* . Dimensionless x coordinate (=x/L)
L : Spectral radiative intensity v* . Dimensionless y coordinate (=3/L)
W/(m" pm-sr) z* . Dimensionless 2 coordinate (=z/L)
L . System dimension, m Wi . Angular weight for m* discrete direc-
m - Index of the discrete direction tion
M . Total number of the discrete directions
{=8N? for Tx quadrature) Greeks
] . Unit vector normal to the wall B . Extinction coefficient, m ™"
N : Order of the quadrature &, &, 7 - Direction cosines
Guw . Net radiative wall heat flux, W/’ dA. © Width of the £ band
gm . Dimensionless net radiative wall heat dsn Distance of the ray in m™ discrete di-
flux (=gu/ (6T " hot)) rection
* Corresponding Author, @ . Scattering phase function
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Subscripts
b . Blackbody
cold ' Cold wall
exact . Exact solution
g . gas
hot . Hot wall
k k% band
L . Lower limit of the band
b . Estimation point
side  Side wall
U : Upstream point
U > Upper limit of the band
w D Wall
A . Spectral
Subscripts
* . Dimensioniess

- . Band average

1. Introduction

Modeling of the radiative transfer within multi-
dimensional enclosures filled with participating
media are frequently required for design of vari-
ous energy systems such as combustors, industrial
furnaces, boilers etc. Various modeling schemes
are available and under development for this
purpose. Among them the zonal method (Hottel,
1967), the Monte Carlo method (Howell and
Perlmutter, 1964), the PN method (Menguc and
Viskanta, 1983), the flux method (Lockwood and
Spalding, 1971} and the SN discrete ordinates
method (DOM) (Carlson and Lathrop, 1968§;
Fiveland, 1984; Kim and Lee, 1988) are suggested
for enclosures of regular shapes, while the finite
volume method (FVM) (Raithby and Chui, 1990;
Chai, Lee and Patankar, 1994) and the discrete
ordinates interpolation method {DOIM) (Cheong
and Song, 1997; Seo and Kim, 1998; Kim, Seo,
Min and Son, 1998) are suggested for enclosures
of irregular shapes.

For gray gases in two dimensional system,
Siegel(1991} obtained analytical solutions. An
extension for a nongray medium is by Siegel
(1992). Cha and Song(1999} compare their nu-
merical result with analytical heat fluxes in

isothermal gray medium. Although there are
many solution methods suggested for multi-
dimensional systems, the applicabilities and ac-
curacies of these methods have not yet been fully
tested especially for nongray gases. This is
because the measured data and/or the benchmark
solutions for the multi-dimensional nongray gas
radiation are very rare in the literature. Until now
most of the nongray radiative transfer solutions
are reported for one-dimensional planar slabs
with uniform and non-uniform temperature and
(Grosshandler, 1980;
Zhang, Soufiani, and Taine, 1988; Soufiani and
Taine, 1989; Kim, Menart and Lee, 1991).

In this paper we present some benchmark
radiative transfer solutions for a black walled
cubical system filled with purely absorbing gray
and nongray gases where the medium is assumed
to be uniform in properties and temperature. The

concentration profiles

solution method used is the discrete transfer
method by Lockwood and Shsh (1981), which is
applied by tracing the rays starting from the black
walls to the point in the medium and/or on the
black wall. The discrete transfer method is ap-
plied by using the Tw quadrature set {Thurgood,
Pollard and Becker, 1995) where the T
quadrature set(total 72,200 directions for every
node point} for angular integrations are
considered. The nongray gas effects by the >0
and CO; gases are studied by using the narrow
band model and the narrow band data from the
RADCAL (Grosshandler, 1980) are used for the
computations of the transmittances. Although the
solution method used in this study is not suitable
for engineering purposes, the resulting solutions
are proved to be quite accurate and can be

regarded as the benchmark solutions.

2. Radiative Transfer Equation(RTE)

The integral form of the spectral radiative
transfer equation {(RTE) along a line of travel s in
£2 direction can be written as (Siegel and Howell,
1992; Modest, 1993)

L p(59,2) =D u( S0, 52) e —f:fa(nds
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Fig. 1 Schematic drawing of the cubical enclosure
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And the radiative source function is expressed as
Sals, Ly=au(5)Lu(s5) +U—'Z}7(‘I_S‘)‘
S s, )02 @i @)

where, a, and ¢u are the absorption and the
scattering coefficients of the medium and are
related to the extinction coefficient as Si=a:+
Osi. @ is the scattering phase function, and [y is
the blackbody intensity of the medium at s.

For purely absorbing uniform media (0a=
O:—constant, Tg—constant) within a black
walled enclosure, the RTE can be expressed in a

simplified form as

Ls(sp, @V=1,u{Su, 82)e™F %
Sp
+/s. (aalis]e™Cr7% ds (3

where the estimation point §,={(%p, Vp, 2p) can be
located on a wall or in the medium but the
upstream point Sy=(Xy, Vu, 2u), where the ray
starts, is located on a wall to trace a radiative ray
as shown in Fig. L.

Since the medium considered is uniform in
temperature and properties, the integrand in the
parenthesis in Eq. (3) is independent of the loca-
tion s. After performing integration, Eq. (3) can
be rearranged in a following form.

L, o(se, =T+ 10 ulsu, 2)— L] g spswar 4)

Where [, is the black body intensity of the gas
medium at wavelength A and temperature Tg.
For purely absorbing uniform mediy, the solu-
tion procedure by using Eq. (4) is effectively
decoupled from the local effects and angular
dependencies. Therefore, we may obtain the
solutions by Eq. (4) only at designated points, by
which the computational efforts are dramatically
reduced to allow a high
discretization and to apply an accurate narrow

order angular
band approximation. In this paper, the radiative
heat fluxes are computed on the bottom and top
walls along the x axis at y=0.5L and on the side
wall along the z axis at y=0.5L, respectively.
And the average intensities are computed along
the z axis through the medium at x=y=05L.
These net radiative heat fluxes and the average
intensities are then computed for both gray and
NONgray gases.

3. Numerical Solutions

By using Eq. (4) under various conditions, the
radiative intensity solutions are obtained by
tracing the rays originated from the black walls as
illustrated in Fig. 1. These rays are considered for
each discrete direction 2, where m=1,---, M, at
every estimation point sp. The discrete directions
are set according to the Tos quadrature set with
M =72200. The cubical enclosure considered has
the dimensions of L XL X I with L=1m.

31 Gray gas solutions

Eq. (4) is used without
subscript A. The radiative intensity at a point p on
a wall or in the medium can be determined by

For gray gases,

using Eq. (4) for a discrete direction £»=(z, &,
M)m as
L=l (Iym—I)e %m0 (5)

where m=1, 2, -, M, Ipm and Ipn are the
radiative intensities in the s discrete direction
at points p and #, respectively. The path length
sm is the distance between the two points, p and
a, as shown in Fig. 1. And lhi=0T4 /7 is the
blackbody intensity of the medium.

If the upstream point 2 is on a black surface at
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T, then Iy w=1lw=07T4 /7 and Eq. (5} becomes
Ipn=Iyt(Tow—Ip)e™ "¢ 6)

The radiative intensities obtained from Eq. (6)
are then used to compute the radiative wall heat
flux gy in the z direction and the average intensity
(; by using an integral quadrature as

7= a%,’fm

O'T;;ot mZ Ip.mipmittim (7N
6=t

=gt S ®

The wn and 7, are the quadrature weight and
the direction cosine for the m™ ordinate direction
which form the Ty quadrature set. The gray gas
solution obtained by this method is well matched
with the published data in the literature(Cha and
Song, 1999)

3.1.1 Simple gray gas system

As an ultimate case, if the bottom black wall is
maintained at 7o =1000K and all the other
black walls and the medium are maintained cold
at Te= Tooia=0.5 Thoe, the radiative intensity for
all incident directions into the bottom wall is
simply Ipn=0T"cou/m for | Qm-2|<0 by
examining Eq. (6). The radiative intensity emitted
from the black hot wall is Jp.=0T: /7 for | Cn

7 |>0. Therefore, the exact net radiative heat
flux from the hot wall can be obtained as

Gw,hat :'L.Klpﬂdg
= Thor — Teoia) (9)
or in a dimensionless form as

Q" whot = Gw.rot
w.hot —
o Th.

:1—(%)4 (10)

Thot

Similarly, the exact average intensity on the hot
wall can also be obtained as

Gu.not =$'£Kfpd9

_%( Thot + Toowa) = (11

10 7Y
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Fig. 2 Net wall heat fluxes for gray gases{7,=0.5
That)

or in a dimensionless form as

Gk ot = J'IGw,hat
e 0T

=+ 12

Teotaf Thor =0.5,
dimensionless hot wall radiative heat flux is
(@0t Jexace =0.9375 and the exact dimensionless
hot wall average intensity is {(Gipos)exact =
0.53125.

The comprehensive numerical tests say that the
results obtained using the 7}y quadrature set is

Therefore, for the exact

comparable to those obtained using the level
symmetric St quadrature set (Carlson and
Lathrop, 1968) where the highest order is usually
limited to Sis due to negative angular weights.
However, for the problem considered here, the ray
effect is appreciable by overshooting the solution
limits even with the T3 quadrature set. We de-
cided to use the Ty quadrature set with double
precision, which showed no visible ray effects, for
the numerical solutions presented throughout this
paper. The typical c.p.u. time spent for the gray
gas solution by using the T quadrature set is
about 1.2 hours on a Pentium II 400MHz PC.
The Ty results
dimensionless net hot wall heat flux of 0.937502
as shown in Fig. 2 which is quite accurate with a

solution in the constant

percent relative error of 0.000213% as compared
to the exact solution of 0.9375. Figure 2 also
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Table 1 Net hot and cold wall heat fluxes{ Tx=0.5 Thot)

a=00 a=03

a=14

a=20 a=50

. * 1] » [
oo Qw,cod Qw,hat Guo,coid Qu,hot

£ * * * *
Jo,c0u Gw,hot o, 00 Tt G, ot

0.00 [ 9.37502E-01
0.05 19.37502E-01 | 1.77908E-01 | 9.37502E-01
0.10 19.37502E-01 | 1.87180E-01 | 9.37302E-01
0.15 {9.37502E-01 | 1.95181E-01 | 9.37302E-01
0.20 1 9.37502E-01 | 2.02526E-01 | 9.37302E-01
0.25 | 9.37502E-01 | 2.09329E-01 | 9.37502E-01
0.30 | 9.37502E-01 | 2.14488E-01 | 9.37502E-01
0.35 {9.37502E-01 | 2.18758E-01 | 9.37502E-01
0.40 19.37502E-01 | 2.21644E-01 | 9.37502E-01
0.45 | 9.37502E-01 | 2.24010E-01 | 9.37502E-01
0.50 | 9.37502E-01 | 2.24480E-0% | 9.37502E-01
0.55 9.37502E-0F | 2.24010E-01 } 9.37502E-01
0.60 | 9.37302E-03 | 2.21644E-01 | 9.37502E-01
0.65 | 9.37502E-01 | 2.18758E-01 | 9.37502E-01
0.7 | 9.37502E-01 | 2.14488E-01 | 9.3750ZE-01
0.75 | 9.37502E-01 ] 2.09329E-01 | 9.37502E-01
0.8 | 9.37502E-01 | 2.02526E-01 | 9.37502E-01
0.85 | 9.37502E-01 | 1.95181E-01 | 9.37502E-01
0.9} | 9.37502E-01 | 1.87180E-01 | 9.37502E-01
0.95 | 9.37502E-01 | 1.77908E-01 | 9.37502E-0I
1.0 | 9.37502E-01

1.695349E-01 | 9.37502E-01 | 9.62003E-02 | 9.37502E-01
1.01646E-01 | 9.37502E-01
1.07518E-01 | 9.37502E-01
1.i2643E-01 | 9.37502E-01
[.17354E-0t { 9.37502E-01
1.ZI700E-0 | 9.37502E-01
1.25033E-01 | 9.37502E-01
1.27782E-01 | 9.37502E-01
1.29660E-01 | $.37502E-01
1.31146E-01 | 9.37502E-01
1.31463E-01 } 9.37502E-0!
1.31146E-01 | 9.37502E-01
1.29660E-01 | 9.37502E-01
1.27782E-01 | 9.37502E-01
1.23033E-01 | 9.37502E-01
1.21700E-01 | 9.37502E-01
1.17354E-01 | 9.37502E-01
1.12645E-01 | 9.37502E-01
1 07S18E-01 [ 9.37502E-01
tH1646E-01 [ 9.37502E-01
1.69549E-01 | 9.37502E-01 | 9.62003E-02 | 9.37502E-01

5.47449E-02 | 9.37502E-01 | 1.78750E-02 | 9.37502E-01 | 6.57274E-04
5.82187E-02 | 9.37502E-01 | 1.92319E-02 | 9.37502E-01 | 7.26649E-04
6.18906E-02 | 9.37502E-01 | 2.06305E-02 | 9.37502E-01 | 7.9604 1E-04
6.51273E-02 | 9.37302E-01 | 2.18801E-02 | 9.37302E-01 | 8.59(53E-M4
6.81010E-02 [ 9.37502E-01 | 2.30295E-02 | 9.37502E-01 | 9.17215E-04
7.08390E-02 | 9.37502E-01 | 2.40838E-02 | 9.37502E-01 | 9 69867E-04
7.20570E-02 | 9.37502E-01 | 2.49093E-02 | 9.37502E-01 | 1L.OL167E-03
7.46930E-02 | 9.37502E-01 | 2.55856E-02 | 9.37502E-01 | 1.04557E-03
1.58996E-02 | 9.37502E-01 | 2.60572E-02 | $.37502E-01 | 1.06933E-03
7.68233E-02 | 9.37502E-01 | 2.64054E-02 | $.37502E-01 | 1.08606E-03
7.703(0E-02 | 9.37502E-01 | 2.64899E-02 | 9.37502E-01 | L.09056E-03
7.68233E-02 | 9.37502E-01 | 2.64034E-02 | $.37502E-01 | 1.08606E-03
7.58996E-02 | 9.37502E-01 | 2.60572E-02 | 9.37502E-01 | 1.06953E-03
7.46990E-02 | $.37502E-01 | 2.53836E-02 | 9.37502E-0! | 1.04357E-03
7.29570E-02 | $.37502E-01 | 2.49093E-02 | 9.37502E-01 | 1.01167E-03
7.08390E-02 | 9.37502E-01 | 2.40838E-02 | 9.37502E-01 | 9.69867E-04
6.81010E-02 | 9.37502E-01 | 2.30295E-02 | 9.37502E-01 | 9.17215E-04
6.51273E-02 [ 9.37502E-01 | 2.18801E-02 | 9.37502E-01 | 8.59153E-04
6.13906E-02 | 9.37502E-01 | 2.06305E-02 | 9.37502E-01 | 7.9604/ E-04
5.82187E-02 | 9.37502E-01 | 1.92319E-02 | 9.37502E~01 | 7.26649E-04
5.47449E-02 | 9.37502E-01 | 1.787S0E-02 | 9.37502E-01 | 6.57274E-04

10

09 x=14
y=b.5

[ %]

(a) Side wall heat flux

0.6

—— a=0.0m’!
O g=f.Sm’
— a=i0 m'{
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¢ a=S0m"
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18]

[
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{b) Average intensity
Fig. 3 Net side wall heat flux and average intensity
distributions for gray gases{ 7e=0.5 Ths:)

shows the dimensionless net wall heat flux
distributions on the top cold wall for different
absorption coefficients. The data show that the
net wall heat flux on the top cold wall decreases
as the absorption coefficient increases due to the
increased optical depth. Data used for Fig. 2 are
listed in Table I.

Figure 3 shows the dimensionless side wall heat
flux and average intensity distributions for differ-
ent absorption coefficients. The data show that
the net side wall heat flux decreases as the ab-
sorption coefficient increases. Figure 3 also shows
the dimensionless average intensity distributions
through the medium for different absorption
coefficients. The data show that the average in-
tensity within the medium decreases as the ab-
sorption coefficient increases. Data used for Fig. 3
are listed in Table 2. The solution listed in Table 2
indicates that the dimensionless average intensity
on the hot wall at z*=0 is 0.531250 which
coincides with the exact solution, and approaches
the exact solution of 0.0625 at the cold wall as the
optical depth increases.
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Table 2 Net side wall heat ftux and average intensity distribulions( Te=0.550¢)

a=00 a=05

a=1.0 a=20 a=5.0

i, side G' i, sie G* o, sice

G* asiie G* i e G

0.00
0.05
0.1%
.15
0.20
0.25
0.30
0.35
0.40
0.45
0.50
0.55
0.60
0.65
0.70
0.75
0.80
0.85
0.90
0.95
1.00

4.68751E-01
4.32161E-01
3.96058E-01
3.61408E-01
3.28413E-G1
2971337E-01
2.69178E-01
2.42964E-01
2.19088E-01
[ 97543E-0L
1.78142E-01
1.60727E-01
1.45237E-01
L31L52E-01
I.I8387E-01
1.07343E-01
9.73975E-02
8.83429E-02
8.02553E-02
7.33702E-02
6.61485E-02

5.31250E-01
4.62165E-01
4.10144E-01
3.65229E-01
3.26498E-01
291724E-01
2.61805E-01
2.35767E-01
2.13545E-01
1.94121E-01
1.7910SE-(1
1.63342E-Gt
1.51200E-01
1.40820E-0t
L31708E-01
1.23922E-01
1.17215E-01
L.11186E-01
1.06042E-01
1.01643E-01
9.76524E-02

5.31250E-01
4.39004E-01
4.48159E-01
4.09097E-01
3.73309E-C1
3.39259E-01
3.09020E-G!
281874E-G1
2.58212E-01
2.36967E-01
2.20779E-01
202313E-0L
1.88378E-01
1.76234E-01
1.63333E-01
1.53899E-01
1.47664E-01
1.40053E-01
1.33495E-01
1.27852E-01
1.22585E-01

4.68751E-01
3.97284E-01
3.46314E-01
3.03566E-01
2.66456E-01
2.33904E-01
2.05672E-01
1.80679E-01
1.58766E-01
1.39618E~C1
1.22858E-01
1.08250E-01
9.55258E-02
8.42975E-02
T44803E-(2
6.59067E-02
5.84515E-02
5.1R321E-02
4.60361E-02
4.11248E-02
3.62%67E-02

4.68751E-
3.67099E-
3.04926E-01
2.56960E-01
2.17924E-01
1.83463E-01
1.58378E-
1.35374E-01
1.15881E-
9.93523E-02
8.52809E-02
7.33507E-(2
6.31929E-02
5.44747E-12
4.70241E-02
4.06383E-02
3.52357E-02
3.05383E-02
2.65112E-02
2.31371E-02
1.99833E-02

01
01

5.31250E-01
4.37902E-01
3.76718E-01
3.27691E-01
2.87364E-01
2.52832E-01
2.23997E-01
1.99626E-01
1.79282E-01
1.61957E-01
1.48332E-01
1.35295E-01
1.25074E-01
1.16489E-01
1.09122E-01
1.02927E-01
9.76799E-02
9.30856E-02
8.922L4E-(2
8.59589E-02
8.30769E-02

4.68751E-01
3.37276E-01
2.40472E-01
1.87744E-01
1.48800E-01
1.19039E-01
9.38793E-02
7.75464E-02
6.29483E-02
5.12593E-02
4.18348E-02
3.42549E-02
2.81057E-02
2.30979E-02
1.90141E-02
1.56849E-(2
1.29695E-02
1.07294E-02
§.89238E-03
7.40312E-03
6.11741E-03

5.31250E-01
3.95771E-01
3.21288E-01
2.67654E-01
2.26918E-01
1.94663E-01
1.69224E-01
1.48883E-01
1.32673E-01
1.19552E-01
1.09536E-01
1.00574E-01
9.37461E-02
8.82334E-02
$.37158E-02
8.00576E-02
7.I07TT6E~(2
7.45964E-02
7.25831E-02
7.09410E-02
6.95622E-02

4.68751E-01
2.18073E-01
1.29304E-01
8.16446E-02
5.33201E-02
3.35846E-02
2.41082E-02
1.65139E-02
1.14101E-02
7.93824E-03
5.55163E-03
3.90501E-03
2757THE-03
1.95381E-03
1.38862E-03
9.90137E-04
7.07963E-04
S.0HT0E-04
3.64070E-04
2.62230E-04
1.88567E-04

5.31250E-01
3.04555E-01
2.14450E-01
1.62679E-01
1.30267E-01
1.09G00E-01
9.47438E-02
8.50140E-02
7.83134E-02
7.36443E-02
7.04383E-02
6.81011E-02
6.64900E-02
6.53318E-02
6.45415E-02
6.39661E-02
6.38557E-02
6.32604E-02
6.30497E-02
6.28986E-02
6.27891E-02

01

01

Lo

[ 1]

(2]

&7

06 ¥ =05

w

0.5 —— s 0.0m'!

= =05 m"
a=l0m
a=2.0 m'!
a=5.0m"
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X

Fig. 4 Net wall heat fluxes for gray gases{ Tg=0.5
Thot)

3.1.2 Intermediate gray gas temperature

Now consider a black walled cubical enclosure
where the bottom black wall is maintained at
Tho:=1000K, all the other black walls are
maintained at Ty0q==0.5 Thor and the medium is
maintained at intermediate temperature of 0.7
Thoe. This problem is solved by using the discrete
transfer method using the 73 quadrature set
which was proved to result in accurate solutions
in the previous section.

Figure 4 shows the dimensionless net wall heat
flux distributions on the bottom hot wall and top
cold wall respectively for different absorption
In Fig. 4 the nonparticipating
medium of g=0.0 results in a constant hot wall
radiative heat flux of 0.937502 which agrees well
with the exact solution of 0.9375, and the net hot
wall radiative heat flux decreases as the absorp-
tion coefficient increases. Figure 4 also shows the
net radiative heat fluxes on the top cold wall for
different absorption coefficients. The cold wall
heat flux decreases as optical depth increases for
small optical depths, but the trend is reversed as

coefficients.

the medium optical depth increases further, which
is due to the increased effect of emission from the
hot medium at 0.7 Ths:. We may expect that the
net cold wall heat flux approaches the exact value
of 0.1776(radiative exchange between 0.7 Thor and
0.5
Thot) as the medium optical depth increases fur-
ther.

Figure 5 shows the dimensionless net side wall
the
distributions through the medium for different

radiative flux and average  Intensity
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Fig. 5 Net side wall heat flux and average intensity
distributions for gray gases{ Tz =0.7 Thor)

absorption coefficients. The data show that the
net side wall radiative flux increases near the hot
wall, decreases at closer locations from the hot
wall and increases again near the cold wall as the
absorption coefficient increases. This is due to the
increased effect of the medium emission. Figure 5
shows that the dimensionless net side wall
radiative flux near the mid peint on the side wall
approaches the exact solution of 0.1776 as the
optical depth increases. Figure 5 also shows the
dimensionless
through the medium for different absorption

average intensity distributions
coefficients. The data show that the dimensionless
average infensity increases near the hot wall, de-
creases at closer locations fiom the hot wall and
increases again near the cold wall as the absorp-
tion coefficient increases, which is the same trend
as the side wall radiative heat flux distribution.
By examining the average intensity distributions,

we expect the dimensionless average intensity
near the mid point within the mediuvm approaches
the exact value of 0.2401 for very large optical
depths.

3.2 Nongray gas solutions

For nongray uniform gases, Eq. (4) can be
used. The exponential term is defined as the
transmittance n(ds) of the medium and is
expressed by

r(ds)=g %% (13)

where 4S5=5,—3$x« is the path length. Then Eq.
{(4) is expressed in a simpler form as

Fio(Se, 2)=Du(su, D) 0(ds)+ L[ 1—0(45)]
(14)

If the upstream point % is on a black surface,
such as J,»=Jiww, then Eq. (14) becomes

Ly (Sp, @Y= Twta(45) + Lo [1—1a(4s)]
(15)
If we want to apply a band approximation such as
the narrow band model, spectral average of Eq.
(15} over a bandwidth 44 is needed.

1 I
i Busts, Ddi=—z [ Lwori(ds)di

| d 1 Ay
+mfhI‘bd"*mfhfmn(ds)dzt (16)

Where the narrow band has the lower limit A, =
A—A4/2 and the upper limit dy=A+A41/2.

Since the spectral dependency of the
transmittance is very strong for most of the gases,
we have to be careful in dealing with the spectral
correlations between the transmittance and other
variables (Zhang, Soufiani, and Taine, 1988). The
first and the last terms on the right hand side of
Eg. (16) have this kind of spectral correlations.
However, since the spectral variation of the
blackbody intensity is relatively smooth as
compared to
correlation between the blackbody intensity and
the transmittance is negligible (Zhang, Soufiani,
and Taine, 1988; Soufiani and Taine, 1989; Kim,
Menart and Lee, 1991). Then Egq. (16) can be

approximated as

the transmittance, the spectral
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Ay
jj; Lusls, ©)dA

= Gzﬁ MLU e ‘”][AAI f‘("”d’q

L el T, ]

[m’/& Ta(ds)dli] (17a)
or
_ 4
Ia,p(Sp):%f{—FrgaL—TgAU
00 T Fryy— gty — T Frgt, = 1] T4
w L Tyl ™ Twhy gL T Tgol 40
(17b)

where the band average intensity T.p, the band
average transmittance 7, and the blackbody

fraction over the band Fr, — T,V are defined as

Tustsnm [ Vs, 2 ;

16(8p) =3 A Lo, £2)dA (18)

— Ay

“=Zl/f./; TA(AS)dA (19)
_ J’TI,lb

Frgu—ran=f 2 oA (20)

where the average transmittance for each narrow
band is computed by using the statistical narrow
band model (Ludwig, Malkmus, Readon, and
Thompson, 1973).

For a discrete direction £2,, as shown in Fig. |
and for a narrow band at A, Eq. {17b) can be
expressed in the following discrete form.

4
Ik.p.m=;71;i—Fngk,L_Tgak,U
+6[ T FTw"k.L_Tw‘k 7
—T# Frans =) 252 1)
where A4 is the width of the £% band.

Once the band average intensities for all K
bands are obtained, the total intensity at point
is computed as

K
n= 3 Thomdlis (22)

where K is the total number of narrow bands
considered. A sufficiently wide range of the wave

number between 50 and 10,000cm ™,

which results
in about 0.0111% relative error for the total black

body intensity at 500K, is considered for all the

spectral integrations.

The total radiative wall heat flux g. and the
total average intensity ( can be estimated as in
Egs. (7) and (8) by using the total intensity Ip
shown in Eg. (22).

3.2.1 Simple nongray gas system

As an ultimate case, if the bottom black wall is
maintained at Ty, =1000K and all other black
walls and the medium are maintained cold at
Te= Teora=0.5To, the total radiative intensity
for all incident directions into the bottom wall is
simply Ipn=0Tdbu/n for | 2.71] <0 b
y examining Eqgs. (21) and (22), which is the same
result as the gray gas problem discussed in section
3.1.1 Therefore, the total net radiative heat flux
and the total average intensity on the hot wall in
a dimensionless form are expressed as the Egs.
(10) and (12), respectively. For T, =1000K and
Te01a=0.3 Thas, the exact nongray gas solutions of
(e mot exare =0.9375 and  (Gio,pot Jexace =0.53125
on the hot wall can be obtained.

The same nongray gas problem is solved by
using the statistical narrow band model and the
discrete transfer method with the 7y quadrature
set. The typical c¢.p.u. time spent for the nongray
gas solution(21 points on the bottom, top, side
and in the medium respectively) by using the Tgs
quadrature set is about 11 hours for pure ;O
and about 30 hours for CO: mixtures on a
Pentium IT 400MHz PC.

Figure 6 shows the constant dimensionless total
net hot wall heat fluxes of 0.937516 for pure HzO
and 0.937509 for CO; mixtures which are quite
accurate as compared to the exact solution of 0.
9375 with the percent relative errors of 0.
0017067% and 0.00096%, respectively. Figure 6
also shows the dimensionless total net wall heat
flux distributions on the top cold wall for various
mixture gases of H2O and C(: by maintaining
the total pressure at 1 atm. The data show that the
net wall heat flux on the top cold wall decreases
with the C(: mole fraction which says that the
CO; gas absorbs less radiative energy as
compared to the H>( gas. Data used for Fig. 6 are
listed in Table 3.

Figure 7 shows the dimensionless total net side
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Table 3 Net hot and cold wall heat fluxes for nongray gases{ Tg=0.5 Thot)

. Pure Hi() Pure b 05 0405C0 0.2H0+08C0:
* i hot Qi Qoohot {ib,cotd q; kot Gioncoid Gin,pot o, eoid

000 937516E-01 | L04261E-01 | 9.37S09E-GL | [.48269E-01
0.05 | 9.37516E-01 | 109596E-01 | 937509E-G¢ | 1.55615E-0i
0.10| 937516E-01 | LI15467E-01 | 9.37509E-0L | 1.63754E-01
0.15| 937516E-01 | 120551E-01 | 9.37509E-0L | 1.70781E-01
0.20| 9.37516E-01 | 1252(8E-01 | 9.37509E-0L | 1.77232E-01
025 | 9.37516E-01 | 129536E-01 | 9.37509E-0L | 183206E-01
0.30 | 937516E-01 | 132822E-01 | 9.37509E-01 | 187738E-0
0,35 9.37516E-01 | 1.35538E-01 | 9.37509E-0L | 1.91488E-01
040 9.37516E-01 | 1.37664E-01 | 9.37509E-Gi | 1.94428E-01
045 | 9.37516E-01 | 138874E-01 | 9.37509E-0t | 1.96101E-01
0.50 | 9.37516E-01 | 139177E-01 | 9.37509E-01 | 1.965(4E-01
0.55 | 9.37516E-01 | L138874E-01 | 037509E-01 | 1.96101E-01
060 | 9.37S16E-01 | L37379E-01 | 037509E-01 | 1.94024E-01
065 | 937SI6E-01 | L135538E-01 | 0.37509E-01 | 1.91488E-01
070 | 9.37S16E-01 | 1.32823E-01 | 937509E-G1 | 1.87738E-01
0.75 | 9.37516E-01 | 1.29536E-01 | 9.37509E-G1 | 1.83206E-01
080 | 9.37516E-01 | 125218E-01 | 9.37509E-G1 | 1.77232E-01
085 | 937516E-01 | 12055tE-01 | 9.37509E-G1 | 1.70781E-01

9.37509E-01 1.06499E-01 9.37309E-01 1.20501E-01
9.37509E-01 1.11947E-01 9.37509E-01 1.26615E-01
9.37509E-01 1.17943E-01 9.37509E-01 1.33355E-01
9.37509E-01 1.23135E-01 9.37509E-01 1.39187E-01
9.37509E-01 1.271901E-01 9.37509E-01 1.44540E-01
9.37509E-01 1.32311E-01 $.37509E-01 1.49495E-01
9.37509E-01 1.35666E-01 §.37509E-01 1.33262E-01
9.37509E-01 1.38440E-01 §.37509E-01 1.56377E-01
9.37509E-01 1.40612E-01 9.37509E-01 1.58816E-01
9.37509E-01 1.41848E-0) 9.37509E-01 1.60204E-01
9.37509E-01 L42157E-01 9.37509E-01 1.60550E-01
9.37509E-01 L.41848E-01 9.37509E-01 1.60204E-01
9.37509E-01 L40321E-01 9.37509E-01 1.58487E-01
9.37509E-01 1.38440E-0} 9.37509E-01 1.56377E-01
9.37509E-01 1.I5666E-01 9.37509E-01 1.53262E-01
9.37509E-01 1.323L1E-01 9.37509E-01 1.49495E-01
9.37509E-01 {.27901E-01 9.37509E-01 1.44540E-01
9.37509E-01 1.23135E-01 9.37509E-01 1.3%187E-01

090 9.37516E-01 1.13341E-01 9.37509E-01 1.63577E-01 9.37509E-01 1.17815E-01 9.37509E-01 £.33210E-01
095 9.37516E-01 1.09596E-01 9.37509E-01 1.53615E-01 9.37509E-01 1.11947E-01 9.37509E-01 1.26615E-01
100 [ 9.37516E-01 1.0426 [E-01 9.3750%E-01 1.4826%E-01 9.37509E-01 1.06499E-01 9.37509E-01 1.20501E-01
L0 7 06
y x'=1.0
* U 05 ¥y=0.5

0% \ . .
=00 =05

a7

0.6
‘e 05
—e— Pure H,0
0.4 —— 0.5H,0 + B5C0,

—r— 0.2H,0 + 0.8 CO,

Fig. 6 Net wall heat fluxes for nongray gases( Iz=
0.5 Thoe)

wall heat fluxes for the same conditions. The data
show that the net wall heat flux on the side wall
also decreases with the C(0; mole fraction. Figure
7 also shows the dimensionless average intensity
distributions through the medium for various
mixture gases of HzQ and CO,, and the average
intensity within the medium decreases with the
C0; mole fraction. Data shown in Fig. 7 are
listed in Table 4.
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(a) Side wall heat flux
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(b} Average intensity
Net side wall heat flux and average intensity
distributions for nongray gases{ T=0.5 Thot)
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Table 4 Net side wall heat flux and average intensity distributions for nongray gases( Te=0.5 Tho:)
o Pure H;(0 Pure C(h 055040500 0.2H,0+08C0,
(ot Jirontd Gi,pot ’_ G, ot Qio.hot Qmaontd Quohot Gircod
0.00 | 4.68730E-01 5.31229E-01 4.68747E-01 5.31246E-01 4.68747E-01 5.31246E-01 4.68747E-01 5.31246E-01
005 | 345336E-01 4,10528E-01 3.94069E-01 4.53024E-01 3.46629E-01 4.11072E-01 3.66650E-01 4.29195E-01
0.10| 2.98623E-01 3.60494E-01 3.57ISTE-01 4,11794E-01 3.01679E-01 3.62906E-01 3.24103E-01 3.83205E-01
0.15| 2.63084E-01 3.21551E-01 3.23913E-01 3.74509E-01 2.66667E-01 324572E-01 2.89168E-01 3.44775E-01
020 2.33140E-01 2.8923E-01 2.93123E-01 341119E-0] 2.36801E-01 2.92400E-01 2.58482E-01 3.11718E-01
0.25| 2.07046E-01 2.60608E-01 2.64570E-01 3.09816E-01 2.10558E-0t 2.63690E-01 2. 31005E-0L 2.31684E-01
030 1.84399E-01 2.36160E-01 2.38922E-01 2.82230E-(¢ 1.87740E-01 2.39069E-01 2.06836E-01 2.55068E-01
035 L64I7T8E-01 2.14901E-01 2.15215E-01 2.51611E-0L 1.67275E-01 2.17594E-01 1.84940E-01 2.32789E-01
0401 146280E-0L 1 96767E-01 1 93729E-01 1.36236E-01 1 49124E-01 1.99238E-{4 1.65376E-01 LE321E-0L
045| 1.30485E-01 1.80837E-01 1.74410E-01 2 17115E-M 1.33080E-01 1.83085E-01 1.47986E-01 1.95716E-01
030 | 1.16520E-01 1.68634E-01 1.57066E-01 2.02546E-01 1.18879E-01 1.70755E-01 1.32320E-(t 1.82429E-01
0.55| 1.04192E-01 1.55457E-0 1. 41536E-01 1.86094E-01 1.06332E-01 1.57306E-01 L.18797E-0L 1.67780E-01
0.60 | 9.33593E-02 1.43379E-01 1.27749E-01 1.73582E-01 9.52985E-02 1.47055E-0! 1.06692E-01 1.56616E-01
0.65 | 8.36509E-02 1.36724E-01 1.15238E-01 1.62743E-01 8.54042E-02 1.38246E-01 9.57965E-02 1 46996E-01
0.70 | 7.50782E-02 1.29051E-01 1.04096E~{H 1.53031E-01 71.66635E-02 1.30432E-01 3.61465E-02 1.38436E-01
0.75| 6.74848E-02 1.22463E-01 9.41380E-02 1 44637E-01 6.89184E-02 1.237120E-01 TI5TIIE-O2 1.31066E-01
0.80 | 6.08219E-02 1L16757E-01 8.53407E-02 1.371317E-01 6.21203E-02 1.17903E-01 T00331E-02 1.24667E-01
0.85| 5.48133E-02 1.11549E-01 1.73422E-02 1.30565E-01 5.59902E-02 1.12592E-01 6.32172E-12 1.18806E-01
090 494916E-02 1.07087E-01 1.02056E-02 1. 24751 E-0 $03559E-02 1.08040E-0! 5.71631E-02 1.13775E-01
095 4.49720E-02 1.03262E-01 6.41324E-02 |.BT51E-01 4,59415E-02 1.04137E-H 5.20184E-02 1.09457E-01
1.00 | 4.03263E-02 9.97326E-02 5.7THSE-32 1.15093E-01 4. 11975E-02 LO0S35E-DI 4.67046E-02 1 45460E-01
TN previous section.
e '::bt?(?j P R S Figure 8 shows the dimensionless net wall heat
:': A y'=0.5 flux distributions on the bottom hot wall and top
0:51 cold wall respectively for various mixture gases of
. —o— Pure K0 H,O and CO; at 1 atm. The figure shows that the
‘= 05 e 0.5 00+ 0.5C0,
04 —e— 0.2H,0+0.8CO, net wall heat flux on the bottom hot wall de-
0 e =10 T e €0, creases as the COs mole fraction decreases. Figure
0z N 8 also shows the dimensionless total net wall heat
0.1 ?P-_U flux distributions on the top cold wall for various
05 . — mixture gases of /(0 and CO,. The net wall heat

0.0 [ 3] 0.2 (L&) 0.4 05 0.6 0.7 0.8 0.4 14
Fig. 8 Net wall heat fluxes for nongray gases{ Tg=
0.7 Thot)

3.2.2 Intermediate nongray gas temperature
Now c¢onsider a black walled cubical enclosure
where the bottom black wall is maintained at
Thoe =I1000K, all other black walls
maintained at Teow=0.5 Thor and the medium is
maintained at intermediate temperature of 0.7

are

Thoe. The nongray gas problem is solved by using
the statistical narrow band model and the discrete
transfer method with the Tys quadrature set which
was proved to result in accurate solutions in the

flux on the top cold wall increases as the CO;
mole fraction decreases.

Figure 9 shows the dimensionless total net side
wall heat flux and the average intensity
distributions for the same conditions. The data
show that the net wall heat flux on the side wall
increases as the C(J, mole fraction decreases, and
the side wall heat flux decreases rapidly near the
top cold walil due to the lower cold wall temper-
ature. Figure 9 also shows the dimensionless av-
erage intensity distributions through the medium
for different C(: mole fractions, The average
intensity within the medium decreases with the
€0, mole fraction, and the average intensity
decreases rapidly near the top cold wall since the
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Fig. 9 Net side wall heat flux and average intensity

distributions for nongray gases{ 7z =0.7 Tho:)

top wall is in lower temperature than the medium.

4, Conclusions

Exact benchmark solutions for the radiative
transfer within three dimensional enclosures are
very rare and many researchers have difficulty in
evaluating their solutions obtained from the
multidimensional systems using various solution
schemes suitable for engineering purposes. In this
paper we present some benchmark sohutions for
purely absorbing gray and nongray gases includ-
ing the H:() and C(% by using the discrete
transfer method with sufficiently accurate Tgs
quadrature set. Analytically obtained exact
solutions at various conditions are used to check
the solutions obtained from the numerical meth-
od, and we found that the numerical solutions
obtained from this study were very well matched

with the available exact values. The trends of the
solutions are also found to be physically reason-
able for different absorption coefficients. The
nongray real gas solutions for mixtures of f5,O
and O

conditions as the gray gases, and the results may

are also obtained for the same
be used as the benchmark solutions in developing
the solution schemes for nongray gas radiation.
The typical relative percent errors observed for
the data presented in this paper are about 0.0002%
for the gray gas solutions and about 0.001% for
the nongray gas solutions as compared to the
exact solutions available.
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