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Abstract

. This paper considers a new weighted model reduction method using block diagonal solutions of

Lyapunov inequalities. With the input and/or output weighting function, the stability of the reduced order
system is guaranteed and an a priori error bound is proposed. To achieve this, after finding the solutions of
two Lyapunov inequalities and balancing the full order system, we find the reduced order systems using the
direct truncation and the singular perturbation approximation. The proposed method is compared with other

existing methods using numerical examples.
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Fig. 1. Closed loop system with LFT form.

a9 19 LFTF&4A EFEHE P9 E
P, P
31 = [z ee]l] W
9} Zo] Bysle] RHGW wolA z7HA 9 LFTEE 2
HEz Adgee
F(P,K): =P+ Pp,K(I— PyK) " 'Py 2)

oli1 F (P, K)E APFEF A0} 3} o714 P(s)
9} K(s) &

Ap| Bp Bp A~ |B
K):={Cpn| Dn Dr|, K(s):=[C—K'D—K] (3)
Cp| Dpy Dpy K|7E

2} Aeojsla wolA z74A9] HEzAYIdEE T,(s)8
l':__

T8 [zgﬂgﬂ @

Apt+ BpLDyC py BpLCk BP1+BPZLDKDRW
= B;(FCpp AK+B;(FDPAC]( B}(FDm
Cp+D pDgFC py DpLCk | D p+ D pDkFD py |

2 #1389 £ dov oy L=(I-DDp) 'olz
F=({I—-DpDg) 'olty. =3 T,(s) € RH”0)1 K(s)e
RH”E FRZA2EE b3 st Aloj7]olth ol

Lyapunov 52

AM+MALT+ BrBI <0, M=diag(M,, M) =0 (5)

Mot - Xisst- ANaBZst =24 M7 A K 6 = 2001. 6

AIN+ NA7+CECr<0, N=diag(V,N,) =0 (6)

W&t EYuAs) M3 Nol EASHE, FARARS
& vEo|(nonsingular) ¥E T3 T, & ©]&3
T T =T 'NTT! = disg(na. 0 0a) (7)

7/612 77c22'"2 Ten
TMT =Ty "N, T3

=R\diag{v 4,V e,
=: Ac= diag(A ¢1, 4 ¢2),

< UEIEsE dAstd & doh UM Ag=

Ve , Vo) OlH
Ao Ane F5Q dz4asrt iy 78 (4
o} e HFuAA" FRERE T, 93 A7)
K99 TRTEL 78 & don, o|AL (A, B,
Cn D) E ¥

Vers VAr+1)s V)

Va2 ve= 2y, (8)

diag(v g, -, ve)Oli A g=dag(yv rp,

k(o) = | Ty, AxT; ' | TyBx

CkT5! Ci | Dy

Ay Agl|Bnu
Awy Ap|Br 9
Cu Crl Dk

S} ol diag(A ¢1, A )9 Aol AAFES Bk

Ma| 1 [1112] 1 Qe FolA  Tyel g3 Ao
K(s)e RH*9 #&7do tisted DT SPAS o9&
Azxke] Alol71E 4z

— Akl Bkl 10

Cu | Dk (10)

KV;:[AkslBks] =|'Ak1‘Asz_/eAlA/a| Bu—ApAiBg)
[CxlDu] [ Cuu—CrAifAn| Dx—CrAWiBe]

1y
2 398 o9 i), )7t HSErh
DKa(9)Sh P(9Z o]0l ARIN2GE Tyls) 2
sl
K,(s) e RH”, T4 (s) € RH”,
| Touls) = Tuar(8) llo < 2tr(A ¢3) (12)
< =g
i) K ()T P(s)E ©]Folz HFZALEE Tiu(s)
2} 3t
Ku(s) € RH” T, (s) € RH”,
I T8 = Ter(8) ll o < 2tr(A ¢3) (13)

ZAI~H ) AR QLATRAXE BAsE A
4 9tk 7| DTE oo’ 5ol A



Journal of Control, Automation and Systems Engineering, Vol. 7, No. 6, June, 2001 467

Qo) mast So] AW SPALE 0'FHGolN 27
o mulg U@k

L. Lapunov £S48 0|88 7155 A+HA

o] FolMe 71&9 1A ArFi4et thE LMIE ©
£3 M AFFAE AL 1 B34 B 2AE
o AAHS 7Y 8 A7) AFFh RAE Fo5 F
Frt TEE O o n e ol e} gol AF5H A5Fao)
2a2 587153

find || W(K — K)Willo< 7 (14)
deg(K,)s 7

A 71A  #< n(deg(K)) 1AL deg( - )& AFE vlsty 7
Aotk B8 W, &9 dEdgeln wiE
4 dFdFold, K59 BE 35drs RH™ITI
she Aoz 7pgsitt (149 e EAAA AF71A
H7 vlol m2d HFHAE Fate HAHA FHol o
. Helmersson[5] ] A<tst ¥-E-HQ] Mg a5 F
7t e AR 83 e FE e Yoy 2 F
o] B Ag SHL o g o= o FHY 24
o} FAXE F317)71 oJ¥ch. Enns[6]7} A ¢hst e
AARSE ofv} L o]F AxRD Y (tYAHE FHsta
Lxe] FAAE FIe ATEe] Bel M= Ak
ANANE A AFELE 98l 289 FRE 4
HE &3kt gk ()04 A7iE LETEES] Had
F  T,=Py+PpK(I-PyK) 'Py2HE  Py(9=0,
Pup(s)y=W,(s), Pu(s)=0, Py(s)=Wi(9E FH 35F
TE e HEHTFE Tu(s) = W) K(S)Wi(s)°lTh
olA e HElFUREE T3] Yl HTEREE

£ b

P(s)

:[ 0 Wo(s)] JAO”” AO,,,,-\BOM g
Wi(s) 0 0

I Zol FAFAT oAYIM FFFFES FHFTA
Wi(s):=(A ui, Bui» Cuin D)t Wy(): =(A 4o, Buos
Cuo Do) E FATH (D& T2 R 2 7,,(99 4
TEEE 7

T.(s)= ;‘}; g;

A wo B woDKC wi B wocK B woDKD wi
|0 Aw 0 Bui | 16)
0 BgC Ak ByD

lcwa DwoDchi DwoCK|Dw0DKDwiJ

ojt}. 4714 (5)¢} (6)9) Lyapunov 35248 9+&3te
ks M3k Nol EAEA A A 19 me} oA
of RS E Axte] A7iE 72 & 213 DTS SPAC
el (12) 2 (13)3 22 &A= 73 d & QUoh
°]& Enns?] WS T3 71289 2] M 4

oX, M

2ol PgAe RAT 5 gl LAJAXNE 817 of
Hobe @3S A28 5= 2124, Lyapunov 3 ZH-54
< UEate S UGsel g £ FAZ LAY EHH
2k 2 QARAX I HA o Wl vl oA
T A&7t e #AI7E =9 F ool & Aol wEhA g
201 Ediztslel dig EA48 g2

Hal 2:(16)9 9 - 2oz 712E AGHE T,.(9) =
(A7, By, Cr, Dl W3 Lyapunov #5418 &34

ArM+ MAY+ BrBY <0 7
AIN+ NA;+ CICr <0 (18)
A 0ol obd EBEEdZE M= diag(M,, M) =03

N= diag(N;, N,) = 02 ZA A3}

59940 (1DL BEAE M) EAT FYSI] 9

s m, = [ Mw]i 23 (17)0) (16) th}sted A3
My My
g 8292 oA sk
Ly Ll?] <0 (19)
Ly Ly

2 RAUY. o7)N B2 FWe) 4 FPRASE A%

L11= [A wo BwoDKth] Mlyl‘ MXZ] +[M\T1 Mrz]
0 Awi M12 Mzz My Mo

Al 0 B DD uil{ pT pTRT . BT
cz,-D;BaaAa,] R RS e

_ [ BulCxMy+ MyCloBk+ B ueDkD wDwiBk ] (91)
Ly T T T pT
My CuiBx+ B DBk

LZQ:AKM2‘|’M2A17{‘+BKDW,‘D€”‘B}{‘ (22)

olt}. 3 (19)E w=g M= diag(M,,M,) = (0o &)

Lp<0, Ly— LpLlhLp<0 (23)

o ¥ REAE VEIE M= diag(M,, M) 2 0°] EA)
3= AHo|tH10]. «71A ‘1’ pseudoinverses &uldit),
WA K(s) = (Ax, Bk, Cx, D)7t RH™O &8te AT
Frolng (2309 AWM Ly = AxM,+MAL + By
D,DLBx<0& TESE & M20E WEA EA3H
#grt. theog P= —L,=022H positive-semide-
finite W& PE AF3tn (23)8] F HAAE A ZH3H

Ly+LpP LG<0 (24)
olit pt>(polng L,PTLL>0x T=o] Hr} 3 ;
WA ZHX(eigenvalue)d] AFHE Re{d;(-)IE I
gy, stEds Wi(s) 3 Ws) 7F RHT &3t &38t2g
QOAR ZE il B Reln, ([ Ao BudxCuilyico



B woé)K.D wi|[ DL,DkBY, BL]+LP L5200 (25)

fr

E o]l HEz L, - LpLili<0® wE3

M= [Ml; Ml?]ol P4 AT weh ADL BHE
MlZ M22

= M= diag(M,, M) =07+ A E2AHC o

(18 w=3le N9 E2AE =9 dd

je
o
itk

N = [ Ny Nw]i T MAXS} 2 e s AN
NIZ N22
@ #rh u

olal At} Ao7)E FPE W co-=g LAFIAIR] 9}
ojg}gt Lyapunov #5249 & A%A t3tert ste
Al s AEEc

A9A4 17) 2 18)9 3 M3} N& FRG 71T o
(®)& nEde ARSI E TL,ERE (9)9) Zo| 78
TEE & 7 AR FA2ED K () R K (98 103}
ADHE 72 & dok =&y HY 19 HHF i) EFH
K (eRH”, W()K (W, ()=RH"S} K, (s)=RH",
W,(s) x K, {s) Wi(s) e RH”E TE31ad obAdo] RAE]
I oo~ g QAFAR =

” VVG(K" K,jr)VVi“oo < 2t1‘(A CZ) (26)
| WAK—K,)Wlle < 2tr(A ¢9) (27)

9} 2t} th& o & Lyapunov 2529 & T8t Wy
o AsET (17) € 18)% 22 LMIY 3= F¥3A
o MATLABY LMI-LABE ©l83to HHss 9
@ 23 AT NS 7L F A oo LAWAA
g g W 3 AOLM)7 AEHEES MF N
& Adgstefel sy, oleF EAe ESH A3 convex
optimization)7} ef=22 Z7)7} ojg@th wabA kA s
e Wilo W 2 A7l Kool dhate ohg
o] 34 S AT

IHEE Ae&L guglE:

D (N DEFEA RA0) = tr(M) E H23F She
S M= diag(M,, M) 9 (19 BESIEA S1A(N,) =
tr(N, )8 H&3Bhe 3l N= diag(N;, N;) & T3t

i) F85 YRYEL o8 ©F BEIE 1T
7k,

iii) 7,00 o1% Qel Aoi7)e] RS sl DT
SPAE g3t (10), (11T 2L FAEPE 7).

A9 FueEY DM AR M) = (M)
Axges AE Fohe AR LARAA) A e
IHAEY F& Hastele o] vEAT Aotk 1y
v AR 228 X EQ) dol i e 25377} of
H7) W&ol M, BB F-PHo g n{HA 9] & Ha
oy ol=Fre 2 EAE 4S F o o
A7,

]

MOt - Kisat - ANA—IES =28 K7 A K 6 S 2001. 6

F9 oA el SIAE M4 PHoZ o
4% o] BANE BASE AAFE F2o1Ye) 4YY
% 21e Aol

V. ofH|
o] Aol A& Ennsl6]# Kiml7] @ Wang[9] 59 =&
ol 2AF A JAE /A3 At W ElFAEE Bl
o 1:0] dAE Enns =589 dA=ZN K9
Wi(s) B W7t &3 o] Foizith
Kl = s3+s;;s%3§%+.115f1.5

3 2
oy — S +2.95°+3.1s+1.5
WS = a3 8 4 4s+ 1.6

W,(s) =1

1714 Enns®] Wyoz 33 Azxtmdz Atd At
wdg Bol3 AR LA Kim $¢ el o8 78 2
2AAXNE vlwdch =3 & 194 ZF 2] s DT
9} SPAY] Z$E UFo] 22499 AGHFE HIws}t
At ¥ 294 Enns®] EI AR Wi g 4
2 Ed e AA A LAFAANE e 1%}
9] DT 545499 Z%ode Enns'del vjs] ojzte

® 1. Z45de] Agdhe
Table 1. Transfer functions of reduced models.

H}
S| 2 o Ennsts)) & 459 (Proposed)
i
1.176
s+0.83068 —0.330415+2.3509 (pa)
s+2.204

93p | —p L0136+ 1,156 s°+1.3404s+1.0659
s*4+1.3384s+1.0715| —(.010651 2+ L.059s+ L.

s°+1.30425+0.96177

(SPA)

AA27F Uk Kimell o3 Faid ARk 22 94
FAXZE Ydgkor}, 1349 SPAQ A%E HALAE
Enns® Rl thd 23 QA8AAE Kimdl o8] 73
A Atk s & FAck B 230 B$E DTS
SPAY BE 7399 tis) LadtA s Foy ke o
2§ ¢ 5 AUk mebA AtE ol 4 Ennsd
HHRG o 22 AAAE JHAE AL obu Aol
e} 22 0AE M £x don A 2 XA
7} BAEE elghe S AL /Rt § 4
Ack. ’ )

2% 2€ Enns¥el o3 14 F42493 AtdE DT
o} SPA°] 9% 18] FAaRHR A s M2 o

Ry 2. A 1o gt 229} AFHAIA.
Table 2. Error and error bound for example 1.

5 |2ALA | 2A9AR | AALA | LA
A} (Ennsl[6])] (Kim[7]) | (Proposed) | (Proposed)
- DT |0.30975
13+ 0.31977 0.33290 SPA 1033040 0.33041
. DT [0.00998
22} 0.00850 0.01179 SPA 10.01065 0.01065




Journal of Control, Automation and Systems Engineering, Vol. 7, No. 6, June, 2001 469

FAFELE Holx ik & AALAL Yehe 3
THAZE DTR] B4-E AFTe)i SPAR] B4+ 155t
< Aelnk. o DT7} ‘o' Fappefl M def 2l dX)
T3F0} SPAVL 0F TN A =

ZrRde T3] Yot

A : Enns W4
. DT(proposed) |
_ . SPA(proposed)

a9 2. a2 239 FHREA
Fig. 2. Frequency response of the model reduction
€rror.

ol 2:9¢] dAE Wang 59 =& dA=EH
Wy(s)=1°12 K(s)=(Ag, Bk, Cx, D)%t Wi(s)=(A
Bwix Cwi,Dwi)7} E"%:‘l} %o] %‘o%%ldf

—0.6503 —0.2734 0.0030 —0.1815

Ay = 0.2883 —1.0171 0.0102 —1.2651
0.0377  0.1087 —0.0011 -3.2129

0.8693 —4.6643 16.1671 —18.3349

3.3317  3.2155
B.— | —1.9209 —0.0978
K —4.5402  2.6599

—17.4882  6.0988

Cr=1[31.5142 6.4374 —0.0750 4.3834 ]

Dg=10 0]
T A R R
D"”:[z.ln]

¥ 394 Enns® i3 Wang 59 Wy 2832 A4
kg Wd] wE E4Awdd da extet LAFAXE
eI 2T

¥ 3 dA 20 digk 23t} 2 ABAIR.
Table 3. Error and error bound for example 2.

EF | ARLA |ARAA| AR LA | ABAX | AALA | LAFAR
A4 \| Ennsl6]) | (Kim[7]) |{(Wang[9D)| (Wang) | (Proposed) |(Proposed)
12 | 305692 | 54798 | 384689 | 96.5676 S]?}I; :;232 59.0401
DT | 48944

2% 13787 | 54277 | 34582 | 199932 SPAl 50723 155846
DT | 5.3514

32 5947 54145 | 62049 | 8435 oA ;.9478 54070

Aol ¥ 3& EW o] dA9] thalM= Ennse Wyol
HEd 2 9AE ND eARAN E¥ AT =B
Wang®] W& I o] wj-¢ B3| st 241
Ao} QAFARE BliA Je-S & FATh 1A} 2319
F4aRdRl AgdE Wange] #e] ¥ 2 AAAaE
Hol1 33181 A9 ATE Wge) 1 22 AALAE
Kol grk QalgtAIR| o] SHAME BE A5 i3]
Ar® el A4 Ae& o 30tk 9714 Lyapunov
o o) A = tr (M) SIAN) = (N ) &
b 8 M3 NE& TR LA BA I Q)
e F & 7 AT PE M, 9% N9 7Y
3l Traced TS HAadshs M3 NoEZHH

& 7 = Ade Holt)h ¢dF Eof ¥ 39
22t FARES 78 W M, 9 N9 38 38 olF 9 7Y
Hol 3 Traced &L HA3she M N& 73 &
A2Rdg 78 Ao HAe #z 32475(DT)9%
47392(SPA)E WS Zolxyl, LARMAIRE 14.6439F2
o A2 kol visith

-

Aoy rr B Jo

b B o ¢
Hﬂé :103-%115
i)

B nfn

=

1Y

V. 242
B =Roxe g2gog Jt5d 2dd o3
Lyapunov F52oA Eozs)7 &4 £XF& B
o]il, o} & ol&3td /tFH ArFALE AUALE 7t
9 2do] sl MATLABS ol &3te] LMI9 &)
2+ & T3, o] ZRE #ITEE T3to DT SPA
o % FARAS FIAY. gty V&Y T2H 3}
FEAR e ARE o] L3l AAHHE Holx QAT
ANE T8 & AAJT s AR E TR JAE 53
Aeotd W ol g§A4gde HYoh

o

k|

(11 B. D. O. Anderson and Y. L, “Controller
reduction: Concepts and approach,” IEEE Trans.
Automat. Contr., vol. 34, pp. 802-812, Aug., 1989.

{2] L. Pernebo and L. M. Silverman, “Model reduction
via balancedstate space representations,” IEEE
Trans. Automatic Control, vol. 27, no. 2, pp.
382-387, April, 1982.

[3] K. Glover, “All optimal Hankel-norm approxi-
mation of linear multivariable systems and their
L error bounds,” Int. J. of Control vol. 39, no. 6,
pp. 1115-1193, June, 1934.

[41 Y. Liu and B. D. O. Anderson, “Singular
perturbation approximation of balanced systems,”
Int. J. of Control, vol. 50, no. 4, pp. 1379-1405, April,
1989.

[5] A. Helmersson, “Model reduction from an He /
LMI perspective,” Europ. Cont. Conf., pp. 232-238,
Oct., 1995.

[6] D. Enns, “Model reduction for control systems
design,” Ph. D. dissertation, Stanford Univ., 1984.



470

[71S. W. Kim and B. D. O. Anderson, and A. G.
Madievski, “Error bound for trnsfer function order
reduction using frequency weighted balanced
truncation,” Syst. Contr. Lett., vol. 24, pp. 183-192,
1995.

[81 V. Sreeram, B. D. O. Anderson, and A. G.
Madievski, “New results on frequency weighted
balanced reduction technique,” Proc. of Amer.
Contr. Conf,, Washington, pp. 4004-4009, 1995.

{91 G. Wang, V. Sreeram, and W. Q. Liu, “A new
frequency-weighted balanced truncation and error
bound,” IEEE Trans. Automatic Control, vol. 44,

(@]
-

o

=
19919 A8 A £, A
g9 AA}(1993), ¥HAH1997). 1997.
3~1997.8 FAuigtn FHZLuSF,
19978~8A AYdu zugy &
AZoke HT A0, AR AAS, O
TRA 2 A0, FAIA 2R A o,

ol Z

19878 A& dAxlFeh £ T
| g AA11990), ¥FAR1999). 1990 ~
| 1995 =dbagstd 4 A7 1997 ~
| A4 SR AFHIEA T
| 234 BalRoke AAA ), HY/H”
o], =\ Ao], d=Ew 2

ol &4 &
1986 &Y MAAFEI EY4. T
8 Abddshe A AK1993), BHAH1999).
1998 ~&#A FUTAUY ZAAE3)
B 2ug. FHHRoRs AAAo
RTPA| 9.

MIOt - Risst - AABIEst =241 M7 2 Kl 6 S 201. 6

no. 9, pp. 1734-1737, Sept., 1999.

[10] S. Boyd, L. E. Ghaoui, E. Feron, and V.
Balakrishnan, Linear Matrix Inequalities in
System and Control Theory, SIAM, 1994.

[11] K. Zhou, C. D’Souza, and J. R. Cloutier,
“Structurally balanced controller order reduction
with guaranteed closed loop performance,” Systs.
Contr. Lett., vol. 24, pp. 235-242, 1995.

[12] D. C. Oh, K. H. Bang, and H. B. Park, “Controller
order reduction wusing singular perturbation
approximation,” Automatica, vol 33, no. 6, pp.
1203-1207, 1997.

g 2H

Aol - B3 - N2AZE EEA A3, A2E, B

TR |
19933 A5 "dAEEHd £, FU
S AAK(1995), HHAK(1998). 2000 ~
2001 eAHE HAArd. dA 7
o AA7ledta AEdT4 B4
Hoke EF H/H A0, AAAA
~ o], Bl A FA o}, 8] A (non-fragile) Al
o], AggAof, LA 3-&.




