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DIRECT DETERMINATION OF THE DERIVATIVES
OF CONDUCTIVITY AT THE BOUNDARY FROM
THE LOCALIZED DIRICHLET TO NEUMANN MAP

GEN NAKAMURA AND KAzZUMI TANUMA

ABSTRACT. We consider the problem of determining conductivity
of the medium from the measurements of the electric potential on
the boundary and the corresponding current flux across the bound-
ary. We give a formula for reconstructing the conductivity and its
normal derivative at the point of the boundary simultaneously from
the localized Dirichlet to Neumann map around that point.

1. Introduction

Let Q € R™ (n > 2) be a bounded domain with Lipschitz boundary
0f). Physically Q is considered as an isotropic, static and conductive
medium with conductivity v € L>°(€2). When an electric potential f €
H'/2(09Q) is applied to the boundary 99, the potential u solves the
Dirichlet problem

(1) V-(wVu)=0 in Q, uloq = f.

Assume that there is a constant § > 0 such that y(z) >0 (a.e. z € Q).
Then, it is well known that there exists a unique weak solution u €
H'(2) to (1). Define the Dirichlet to Neumann map A, : H/2(9Q) —
H~12(6Q) by

2) (A f, g) = /Q VY- Vo de (g€ HY2(09)),

where u is the solution to (1), v is any v € H'(Q) satisfying v|sq = ¢
and ( , ) is the bilinear pairing between H'/2(9Q) and H~'/2(09).
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Since (1) implies that (2) is independent of such v, A, in (2) is well
defined. Also, when f € H3/2(0Q), v € C*(Q) and 09 is C?, we see
that A, f = yVu-n, where n is the unit outer normal to 992. Hence A, f
is the current flux across 92 produced by the potential f on 9.

The problem of determining conductivity of the medium from the
measurements of the electric potential on the boundary and the corre-
sponding current flux across the boundary is expressed as

INVERSE PROBLEM : “Determine ~(z) from A,”.

Since this problem was posed by A. P. Calderon, many results on
uniqueness, stability, reconstruction for this inverse problem have been
proved by many authors. Here we give a brief review of some of the
previous works on reconstruction. When ~ and 90f) are C'°°, using the
fact that A, is a pseudodifferential operator in this case, Sylvester and
Uhlmann [9] showed how to recover « and all of its derivatives on 9f) from
the symbol of A,. When 0 is Lipschitz smooth, from A, Nachman [4]
recovered 7 on O if v € WHP(Q) with p > n and recovered the first
normal derivative of v on 9 if v € W2P(Q) with p > n/2.

On the other hand, pointwise reconstruction of the coefficients of
the equations from the localized Dirichlet to Neumann map has been
studied by Brown [2] for the conductivity equation and by Robertson [8]
for the elasticity equation. For zy € 0f2, they assumed some regularity
conditions on 92 and on the conductivity or the elastic tensor locally
around z, and reconstructed its value at xg. Recently, Nakamura and
Tanuma [5] reconstructed the higher order derivatives of v at xg € 99
inductively according to the regularity which v and 92 have around .

In this article we give a formula for reconstructing v and its normal
derivative at xg € 02 simultaneously from the localized A, around xo.
Our formula is straightforward. In fact, in Nakamura and Tanuma [5]
(and in Nachman [4]), to recover the normal derivative of v at xzy € 09,
one needs to know not only the value y(z() but also all the values of 7 in
a neighborhood of 2y on 9€2. Our new formula needs not any information
of v but only some regularity assumption on v around zg.

We note that a reconstruction formula for the shape of the inclusion
in Q from A, was given by, for example, Ikehata [3].

For the elasticity equation, there are other works by Akamatsu, Naka-
mura and Steinberg [1], Nakamura, Tanuma and Uhlmann [6], Nakamura
and Uhlmann [7].

In this article, to make the essential part clear we restrict our argu-
ments to the case where the boundary is flat around xy € 0.
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2. Result
We assume that € is flat around x = 0 € 992 and that 2,02 are

given by
Q= {x, >0}, 0Q = {x, =0}

locally around x = 0, where x = (2/,2,,) = (21, ,Zp_1,%n)-
Let t = (¢/,0) = (t1,- - ,tn—1,0) be any unit tangent to 9Q at = = 0.
Let n(z') € C3(R"1) satisfy

B osgsi [ aPdd =1 swpyc (] <1).
R’VL—

For any positive integer N, put

(4) o (@) = VTN n(VNa),

Assuming that « is continuous around x = 0, Brown [2] and Robertson
[8] proved that

. n-3 -
(5) Jim N (A, Fv) = 1(0),
Our main result is the following.

THEOREM. Let n(z') € C§(R"™1) satisfy (3) and let ¢x(x") be given
by (4). Put

Assume that Dg‘,’ng is continuous around x = 0 for any multi-index
(¢!, o) such that |o/| + 2a, < 2. Then,

Jim NE 4, Bv) — 20 0n . B
(6)

0
= 50 +35(0) [ (Von = (¢ Tom?) as'
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REMARKS.

1. In our inverse problem, the left hand side of (6) is observable. On the
other hand, the integral [, (|Vn|>—('-Vn)?) da’ in the right hand
side is controllable, that is, this integral is determined explicitly from
the sequences of Dirichlet data {¢nx} and {¢n} and we can choose
additional sequences {¢n } and {1/ } so that this integral has another
value. Therefore, we obtain a 2x2 system of equations which can be
solved for v(0) and 6%" 7(0) simultaneously.

2. By (5) and limy_.0o N T < AN, oy >=7(0)/2, N*2* times the
quantity in [-] of the left hand side of (6) tends to zero as N — oo.

3. Since the suppots of ¢ and 1y are in {|2’| < 1/v/N}, the Dirichlet
to Neumann map A, in (6) is localized around 2 = 0 more closely as
N — oo.

4. In the case where 02 is curved around z = 0, assuming that 02 is
locally C® at 2 = 0 we obtain the analogous reconstruction formula.

5. Analogous results will hold for reconstruction of higher order deriva-
tives of v at the boundary, for n(> 3) dimensional anisotropic con-
ductivity equations and for n(> 2) dimensional elasticity equations.

3. Outline of proof

Let {(z,,) € C*°([0,00)) satisfy 0 < { < 1,{(zy,) =1for 0 <z, < 1/2
and 0 for 1 < z,, and put

From the definition (2) it follows that
4<A7¢N7 ¢—N> - 2<A7¢N7¢_N>

7 — S
( ) :4/ 'YV'UN‘V(CN‘IJN) dl‘—Q/’}/VUN'V(CN(I)N) d$,
Q Q

where vy € H'(Q) satisfies

(8) Ve (YVeun) =0 in Q,  ounlaa =¥n,
un € HY(Q) satisfy

9) Ve -(yVuy)=0 in Q, un|on = ¢n,
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Uy (z) and @y (x) are H'(Q) extensions of n and ¢n € HY2(0Q)
respectively, and these are given below by (11) and (12).
Introducing the scaling transformation

(10) yz:\/ﬁ$l (i:1727"'7n_1)7 yn:N$n7
let
N 1 2 -1
(11) Uy (z) = e/ 157 e N NT Viy' yn)
=0

be an approximate solution to (8) such that
Vo (7 Va¥n(z)) = 0o(N) (N — +00)
uniformly on the set {|y'| < 1,0 <y, < 400} and
Un(2)]on = ¥n,

where y' = (y1,-+ ,Yn-1), Vo(¥'s yn) = n(y'), and Vi(y', yn) (I = 1) are
polynomials of y,, with V;(y’,0) = 0 whose coefficients are C*° functions
of y' compactly supported in {|y’| < 1}. Similarly, let

2
(12) Oy (x) = VTN I N NT Uy, yn)
1=0
be an approximate solution to (9) such that
Vo (7 Va®n(z)) = 0o(N) (N — +00)
uniformly on the set {|y/| < 1,0 <y, < o0} and

Oy (z)|on = én,

where Uy(y',yn) = n(y’), and U;(y',y,) (I > 1) are polynomials of y,
with U;(y’,0) = 0 whose coefficients are C*° functions of y’ compactly
supported in {|y’'| < 1}. Note that we use the regularity condition on ~y
when constructing ¥ (z) and @y (z). In fact,

(13) Vi yn) = V=1 - V) (¥') Y,

Vo', yn) = (90(y) + 91 (¥'))yn + %gl (v )ya,
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where

goly/) = 2; R+ A (v gjtig—;<o> -2 0).

o1 o

any) =~ E:zl tit 8yi8y3( ")
and
(14) Uiy yn) = V=1("- V) (¥) yn,

Ua(y',yn) = (ho(y") + ha(y")ym + ha (¥ )y,

where

) =15 o+ A (mz gl (0) - 22 0)

: 1 *n
h(y) =—3 Z titjm(y )-

For the details of construction of them, we refer to [5].
Put
on =¥N+ sy, un =Py +7N.

Substituting them into (7) we have
4<A"/7;Z)N77;Z)_N> - 2<A"/¢N7¢_N>
= / Y(4VU N - V((nTN) —2VEy - V(v D)) da
Q
+ 4/ YVsy - V(nUy) dz — 2/ AWVrn - V(CnPy) dz
Q Q
— [+ 11+1II,

where

. /Q Y(AVIy - V(N TN) = 2V - V(N Ty)) da,
II = 4/ YVsy - V((nTy) dz,
Q

III = —2/ YVrn - VCnPy) da.
Q
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From the arguments in [5, 8], the estimates for [T and I1I can be given

as
1 n—1

IT=0o(N""7), III=0o(N~"T) (N — +0).

Moreover, noting the supports of (v ¥ n(y) and (NP x(y), we put

)

*a\

and rewrite I as
I=/ Y(4V¥y - VU —2VPy - VOy) daz,
Dy
+/ Y(4VUy - V((nTN) —2VOy - V(N D)) da
N
=15 + I,
where
L= / Y (AV Uy - VT — 2Vdy - VBy) d,
Dn

I, = // Y(4VIx - V((NTN) = 2VOy - V((nPy)) da.

From (11) and (12) we see that
L =0 VN?) (N — +).
Therefore,

lim N7 [4<A ZDN,¢N> —2<A ¢N,¢N>]— hm N7 Il

N —oo

Now we rewrite (11) and (12) as



422 Gen Nakamura and Kazumi Tanuma

where
\I’l]\f(x) - e\/__lgrl.tl 6_%1,71 W(\/leyNﬂ:n) N_%7

(15) s
oh (z) = V"INt ¢=New 17 (V/Na/ | Ny, N~z 1=0,1,2
The leading terms of ¥ and @y, that is, ¥ and &%, are

U (z) = eV 127 e~ Fonp(v/N2'),
q)(}v(x) — e\/—_le/.tl e_Nx"n(\/Nx/).

Note that
VY (2) = g <\/:_}t'> W(VNZ) + VN ((Vyfn)éx/ﬁx’) >]
x eV 1z at g=Fen
and

1 4/ , /
VS (x) = [N <V_}t >n<\/m'> VN <<Vy VN >>]
% e\/—_lNr'-t' G_Nx".
Hence we see that in IV %Il, the contribution only from the leading
terms ¥Q; and @Y is

1

N"T/ v(4VIY - VI -2V, - VL) da
Dn

n—1

= NTNQ/ (&', zn) PP(VNZ')2(e VT — 272N dy
Dn

2

+ NN [y wa) [(Ty ) (VN[ 226N — 72N a,

Dn

and after the change of variables (10),

(16)
VA2 Y Yny o 2
= N/ / Y ,_ﬂ n y/ 2(e” Y —2eYm dy,dyn
; it (\/N N) (') 2( )

VN /2 y/ y 9 )
+/ / v I (V ) ()] 2287V — e dy' dy,, .
o <1 (\/N NH( ) )( )‘ ( )
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On the other hand, from the condition on the regularity of v we can
expand it as

1 1ol

N 2= wlop 00
|o/|=2

10 ., 1

Substituiting this into (16), and using (3) and the equalities

VN/2
/ efyn _ 26*21171 dyn — O(e*\/ﬁ/2)7
0
VN/2 1
/ Yn(e ¥ —2e72n) dy, = 3 + O(me_mﬂ),
0

VN/2 3
/ 2e Y — e W dy,, = 5t O(E_W/Q) (N — 400),
0
we obtain

N / Y(4VEY - VI, dr —2VDY, - VOY)) da
Dn

= %7(0’,0) +3’y(0’,0)/ |Ven?daz’ +0(1) (N — +00).
n Rn—l

By (13) and (14), the second terms of ¥ and @y, that is, ¥}, and
are

UL (z) = eV 127 e o /TI(t - V) (VN )Nz, N7z,

ol () = V"IN o= Naw /4 () (VN )Ny, N7=
and then

VUL (z) = [g <\/__1t/> V=1(t' - V,m)(VNz' )Nz,

+VN <({> V=1t Vym)(VNZ)

AT T

N ./ 4/ N
% e\/fljx -t e~ 2%n

)
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VoL (z) = [\/N <qt/> V=1t - V,m)(VNz' )Nz,
V() v /)
T (T T |
X e\/__ler't/ e~ Nan,
Hence we see that in N™= 1y,
N* /D fy(4(v\1/9v VL + VI - VI
N
—2VIY - VI + VI - v@)) dz

becomes after the change of variables (10),

VN/2 y/ Yn ’ , , , 0
/0 /ly'gly(\/ﬁ’ﬁ) (t V(8- Vymn(y') = (- Vyn)(y ))

X gy (7Y — e72n) dy dy,,
which tends to
37(0/7 0) /R —1 ' Vy (t/ : Vy'??)n(y’) - (t/ : Vy’n)Q(y,) dy’

as N — +o0. B
In the same way, we see that in N“z I3,

N%/ v(4VIY - VI - 2VO) - VEL) do
Dy

tends to
37(0',0) / (t" - Vym)*(y') dy’
Rnfl

as N — 4o00. Moreover, it can be easily checked that in N = I, the
other contributions from (15) tend to zero as N — +oo0.

Finally, integrating ¢’ - V,/(t' - V,/m)n(y’) by parts, we obtain the
theorem.
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