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NEAR ROTATIONAL DIRECTED TRIPLE SYSTEMS
CHUNG JE CHO

ABSTRACT. A directed triple system of order v, denoted by DTS{v},
is said to be k—near rotational if it admits an automorphism con-
sisting of exactly three fixed elements and k cycles of length "—;—31
In this paper, we obtain necessary and sufficient conditions for the

existence of k-near rotational DTS(v)s for every positive integer
k.

1. Introduction

A directed triple is a set of three ordered pairs of the forms (z,y), (y, 2)
and (z,z). A directed triple system of order v, denoted by DT S(v), is a
v-set X of elements together with a set ‘B of directed triples of distinct
elements of X, called blocks, such that every ordered pair of distinet
elements of X occurs in exactly one block of B. The notation [z, y, 2]
will be used for the block containing the three ordered pairs (z,y), (y, 2}
and (z,z). It is well-known [3] that there exists a DT S(v) if and only
if v =0o0r1 (mod 3). An automorphism of a DTS(v), (X,B), is a
permutation « of X such that {a (B)|B € B} =B.

A permutation « of degree v is said to be of type (@] = [a;1, a2, ...,
o, | if its disjoint cyclic decomposition contains «; cycles of length ¢ for
1=1,2,...,v. A set of blocks 3 is said to be a set of starter blocks for
a DTS(v) under the automorphism « if the orbits of the blocks of 3
under o« produce the DT S{v) and each orbit contains exactly one block
of 8. An interesting problem is the following: Given a permutation o
of degree v, for what orders v does there exist a DT'S(v) with o as an
automorphism? If a DTS(v) admits an automorphism «, it is denoted
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by DT'S,(v). The problem has been studied for the following types of
automorphisms:

(1) If o is of type [0,0,...,0,1], a DTS, (v) is said to be cyclic. There
exists a cyclic DTS(v) if and only if v =1, 4 or 7 (mod 12} [2].

(i) If a is of type [1,0,...,0,k,0,...,0], a DTS,(v) is called k-
rotational. There exists a l-rotational DT S(v) if and only if v = 0
(mod 3) [1].

(iii) There exists a 3-rotational DT'S(v) if and only if v = 1 (mod 3)
[1].

The spectrum of rotational directed triple systems is derived from the

existence of 1- and 3-rotational systems: There exists a k-rotational
DTS(v) if and only if

k=1,2 (mod 3), v =0 (mod 3) and v = 1 (mod k) or
k =0 (mod 3) and v = 1 {mod k).

We are concerned with automorphisms of the type [f, 0, ..., 0, k,
0,...,0], f >3 A DTS,(v) with type [a] = [f,0,...,0,k,0,...,0]
as an automorphism is said to be (f, k)-near rotational and is denoted
by (f, k}near RDTS(v). A (3,k)-near RDTS(v) is called a k-near
RDTS(v). In this paper, we give a necessary and sufficient condition
for the existence of k-near RDT S(v)s.

2. One—near rotational directed triple systems

1-near rotational DT S(v)s admit an automorphism of the type [3, 0,
...,0,1,0,0,0]. We will construct these on the set X = {c0;, 002, 0oz }U
Z,_3 with the automorphism o = {001 )(002)(003)(0,1,...,v —4). It is
easy to see the following necessary condition.

LEMMA 2.1. If there exist a (f, k)-rotational DT'S(v), then
(i) v=0or1 (mod 3),

(ii) f=0or1 (mod 3),

(iil) v = f (mod k),

(iv) kfo(o — 1) — (7 = 1)] =0 (mod 3(u — f).

REMARK 2.2. Ifthere exists a 1-near RDTS(v), then v = 1,4 (mod 6)
orv=3.

We now show that the above necessary condition is sufficient. We
first require the use of the following four structures. An (A, k)—system
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is a set of ordered pairs {(a,, b;)|r = 1,2,...,k} that partition the set
{1,2,...,2k} with the property that b, —a, =7 foreachr = 1,2,...,k.
There exists an (A, k)-system if and only if £ = 0 or 1 (mod 4) (5,
6]. A (B, k)-system is a set of ordered pairs {(a.,b.)|r = 1,2,...,k}
that partition the set {1,2,...,2k — 1,2k + 1} with the property that
b —ar =r for each r = 1,2,..., k. There exists a (B, k)-system if and
only if k = 2 or 3 (mod 4) [4, 5]. A (C, k)-system is a set of ordered pairs
{{ar,by)|r = 1,2,...,k} that partition the set {1,2,...,k,k+2,...,2k+
1} with the property that b.—a, = r foreachr = 1,2, ..., k. There exists
a (C, k)-system if and only if & = 0 or 3 (mod 4) [5]. A (D, k)-system
is a set of ordered pairs {{a,, b.}lr = 1,2,...,k} that partition the set
{1,2,...,kk+2,...,2k,2k + 2} with the property that b, — a, = r for
each r = 1,2,..., k. There exists a (D, k)-system if and only if k = 1
or 2 {mod 4) and k # 1 [5].
It is trivial that there exists a 1-near RDT'S(3).

THEOREM 2.3 [see 5]. There exists a cyclic Steiner triple system of
order v if and only if v =1 or 3(mod 6) and v # 9.

LEMMA 2.4. Ifv = 4 (mod 6), then there exists a 1-near RDT S(v).

ProoF. If v = 6k + 4, then there exists a cyclic Steiner triple system
of order 6k + 1 with k starter blocks. So let {0,a,,b.}, r = 1,2,... k,
be the starter blocks for a eyclic Steiner triple system of order 6k 41 un-
der the cyclic automorphism (0, 1, ..., 6k). Then the following directed
triples

[OOl,CX)z, 003] ' [00310023001}7 {O’ ak,bk]

[ak,OOI,O], [bk,@Q,O], {bk —ak,w3,0] ’

[0,ar,b/], [br, ar, 0], r=12...,k-1,
form a set of starter blocks for a I-near RDTS(v) under the automor-
phism a. O

LEMMA 2.5. If v = 7 or 13(mod 24), then there exists a l-near
RDTS(v).

PROOF. Let v = 6K+ 7 and let k =0 or 1 (mod 4). Let {{a,, b )jr =
1,2,...,k} be an (A, k)-system. Then the following directed triples
[0011 002, 003] ) [003: o0a, OOI] )
[0,001,3k+2], [0, 002,3k+1], [0, 003,3k+3] s
[0,7, b, + k], (b + K, 7,0], r=1,2,...,k
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form a set of starter blocks for a 1-near RDT'S(v) under the automor-
phism a. a

LEMMA 2.6. If v = 1 or 19(mod 24), then there exists a 1-near
RDTS(v).

PROOF. Let v = 6k+7 and let k = 2 or 3 {(mod 4) and let {{a,, by )|r =
1,2,...,k— 1} be a (B, k)-system. Then the following cyclic triples

[001;0021 003], [0037 0025001]:
[0,001,3k + 2], [0,002,3k], [0, oc3, 3k + 4],
(0,7, b + &}, br + k7,0, r=12,...,k

form a set of starter blocks for a 1-near RDT'S(v) under the automor-
phism e. O

Remark 2.2 and Lemmas 2.4, 2.5 and 2.6 together yield the following
theorem.

THEOREM 2.7. Then there exists a 1-near RDT S(v) if and only if
v =1, 4(mod 6) or v = 3.

3. Three—near rotational directed triple systems

It is easy to see that if there exists a k-near RDTS(v}), then v = 3
(mod k). Let us consider the existence of 3-near rotational directed
triple systems. 3-near RDT'S(v)s admit an automorphism o of the type
o] =[3,0,...,0,3,0, ..., 0. We will construct these on the set
{001, 002,003} U (ZUT.s x {1,2,3}) with the automorphism a = (o01)
(002) (003) (011 1y,..., (y'§_3 - 1)1) (021 1g, ..., (1.!_;_3_ - 1)2) (03: 13, ...,
(3’5—3 — 1)3) where we write for brevity z; instead of (x,1). First of all,

we have immediately the following necessary condition for the existence
of a 3-near RDT'S(v).

THEOREM 3.1. If there exists a 3—near RDT'S(v), thenv = 0 (mod 3).
PROOF. Since v =0or 1 (mod 3) and v — 3 is divisible by 3, we have
v =0 (mod 3). O

LEMMA 3.2. There exists a 3—near RDTS(30).
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PRrROOF. The following directed triples

[001, 002, 003], [003,009,001], [03,02,01],

(04, 001, 21], 21, 002, 01], [03, 001, 22],
(22, 002, 02), [03, 001, 23], (23, 002, 03],
[01, 003, 09], [02, 03, 003], (003, 01, 03],
[0:,14,45), 4;,1;,04], 1=1,2,3,

[0113:2}(235)3]1 [(23)3;552101]:- T = 1a27"':8

form a set of starter blocks for a 3-near RDT'S(30) under the automor-
phism . d

LEMMA 3.3. If v = 12 (mod 18), then there exists a 3—near RDT S(v).

PROOF. Let v = 18t+12. The case t = 1 has been treated in Lemma
3.2. Let t > 1 and let {(a,,b,)|r = 1,2,...,¢t} be a (C,t)-system if £ = 0,
3 (mod 4) or a (D, t)-system if ¢t = 1, 2 (mod 4). Then the following
directed triples

[00170021003]1 [OO310023001]7 [03102:01}7
[01,0017(2t+1)1]1 [(2t+1)13002101]1 [02’001r(2t+ 1)2]7
[(2f+ 1)2,002,02], [03,001,(2t+ 1)3], [(Qt—i- 1)3,002,03],

[011003102]: [02)031003}7 [003:01u03]7
[Oijri:(br+t)i]1 [(br+t)i’ri)0i]1 1= 1)273a T = 1)21"'7t7
(01, z2, (2)5], [(22)5,22,01), r=1,2,...,66+2

form a set of starter blocks for a 3-near RDTS(v) under the automor-
phism o. O

LEMMA 3.4. Ifv = 6 (mod 18), then there exists a 3-near RDT S(v).

PRrROOF. Let v = 18t+6 and let {{a,b,)jr = 1,2,...,t} be an (A,t)-
system if ¢ = 0, 1 (mod 4) or a (B, t)-system if ¢t = 2,3(mod 4). Then
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the following directed triples

[001, 002, 003], [oos, 002, 001], [23,12,04],

[01, 001, 02], [03, 002, 02], [01, 003, 12],
02, 03, 001], [02, 01, 0], (12,23, 003),
[001,01,03], [002,03,01], [003,01,23],

[Oi,'f’z‘, (bi" +t)1]a [(br‘l't)i,rz',o»i], = 1, 2,3, r= 1, 2,...,t,
(01, 2, (22)4], [(2z)4,22,01], =x=2,3,...,6t

form a set of starter blocks for a 3-near RDTS(v) under the automor-
phism . t

LEMMA 3.5. Ifv = 18 (mod 36), then there exists a 3-near RDTS(v).

PROOF. Let v = 18t + 18 and ¢t =0 (mod 2). Then 2t + 1 =1 (mod
4); so let {(a,,b.)lr = 1,2,...,2t -+ 1} be an (A,2t + 1)-system. Then
the following directed triples

[001,002,003]: [00330023001]?
(4t + 3),,001,04], 2=1,2,3,
[0,;,002,(4t+3)2-], i=1,23,

[01,003,02], [003,01,03], [02,03,003],

(03,02, 0],

(04, 22, (22),], [(22);,22,01), =2=1,2,...,6t+4,
[r:, 0, (b7 )], 1=1,2,3, r=12,...,2t+1

form a set of starter blocks for a 3-near RDTS(v) under the automor-
phism . a

LEMMA 3.6. Ifv =0 (mod 36), then there exists a 3—near RDT S(v).

PROOF. Let v =18t + 18 and t =1 (mod 2). Then 2¢ +1 =3 (mod
4); so let {(ar, b )|r = 1,2,...,2t + 1} be an (B, 2t + 1)-system. Then
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the following directed triples
[001: 0021003]: [0033002700113

[(4t+ 2)1 1001;01]; 1= 1:2)31
[0;,000, (42 + 2),], ©1=1,2,3,

[01, o3, 04], [003,01,03],  [02,03,003],
{03, 02, 04],

101, z2, (2z),], [(2x)5,22,0:), z=1,2,...,6t+4,
[m,Oi,(br),-], 1=1,2,3, r=12,...,2(+1

form a set of starter blocks for a 3-near RDTS(v) under the automor-
phism a. (|

LEMMA 3.7. If v = 3 or 9(mod 24), then there exists a 3—near
RDTS(v).

PROOF. Let v =6k+3 and £ =0 or 1 (mod 4), and let {(a,, b, )|k =
1,2,...,k~1} bea (C, k—1)-system. Then the following directed triples

(001, 002, 003],  [o03, 002, 001,

[0;, 001, ki), 1=1,2,3,

[01, 002, k2], [02, 002, ks3], [03, co2, k1],
[ka, 003, 04], [ka, 0oz, 021, [k1, 003, 03],
(01, 02, 03], [03, 02,04],

[Oigri,(br)i+1], [(br)é+1,7‘i,01‘], ’l:1,2,3, ’r’=1,2,...,k-——1

form a set of starter blocks for a 3—near RDT'S{v) under the automor-
phism a. I

LEMMA 3.8. Ifv = 15 (mod 24), then there exists a 3-near RDT S (v).

PROOF. Let v = 6k + 3 and k£ = 2{mod 4), and let {(a,,b,)|k =
1,2,...,k -1} be a (A,k ~ 1)-system. Then the following directed



316 Chung Je Cho

triples
[0017002:00313 [0031 002300111
[Oi,ool,ki], i=1,2,3,

[0y, 002, (2k — 1)2], [02, 002, (2k — 1)3], [03, 009, (2k — 1)1],

[(2k — 1)2, 003, 0], [(2k — 1)3, 003, 02], [(2k — 1)1, 003, 03],

[01,02, 03], [0s,02,01],

[Oi,r,;,(br)i+1], [(br)i+1,7"i,0i], i=12,3 r=12,...,k-1

form a set of starter blocks for a 3—near RDT'S(v) under the automor-
phism o. O

LEMMA 3.9. Ifv = 21 (mod 24), then there exists a 3—near RDT'S(v).

PROOF. Let v = 6k + 3 and k = 3 (mod 4), and let {(ar, b, )|k =
1,2,...,k — 1} be a (B,k — 1)-system. Then the following directed
triples

(003, 002, 03], [003, 002, o01],

{0;, 001, ki, i=1,2,3,

[01, cog, (2k — 2)2], |02, 002, (2k — 2)3], [0s,002, (2k — 2)1],

[(2k — 2)2,003,01], [(2k — 2)a, 003,021, [{2k — 2)1, 003, 03],

[0, 02, 03], 03,02, 04],

[Oi,r,;,(b,»)iﬂ], [(br)z-_{_l,r,-,Oi], i=1,2,3, r=12,...,k—-1

form a set of starter blocks for a 3-near RDT'S(v) under the automor-
phism a. ]

We can now conclude the following theorem.

THEOREM 3.10. There exist a 3—near RDTS(v) if and only ifv =0
(mod 3) or v =4.

4. Concluding remark

REMARK 4.1. If a permutation o of degree v is of type (3,0, 0, ---,
0,1,0,0, 0] and v = 3 (mod k), then a® is of type [3,0,0,--+, 0, k, 0,
.-+, 0] which is a permutation consisting of exactly three fixed elements
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and k cycles of length ”;3. If Kk =1or 2 (mod 3) and there exists a
k-near RDTS(v), then v = 1 (mod 3) since k(v +2) =0 (mod 3); and if
k =0 (mod 3) and there exists a k-near RDT'S(v), then v = 0 (mod 3)
since v = 3 (mod k). Thus , the existence of a 1-near RDT S(v) implies
the existence of a k—near RDT'S(v), provided that v =1 (mod 3), v =3
(mod k), and k(v + 2) = 0 (mod 3) for £ = 1 or 2 (mod 3), and
the existence of a 3-near RDT'S(v) implies the existence of a k—near
RDTS(v), provided that v = 0 (mod 3) and v = 3 (mod k) for k=0

(mod 3).
Therefore, we can conclude the following theorem.

THEOREM 4.2. There exists a k—near RDTS(v) if and only if
(i) »=0 or 1(mod 3),

(i) v =3 (mod k), k> 1,

(iii) k(v + 2) =0 (mod 3).
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