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CONFORMAL CHANGE OF THE
TENSOR 5,.,” IN 7-DIMENSIONAL ¢-UFT

Cuung Hyun CHO

ABSTRACT. We investigate change of the torsion tensor S,,," induced
by the conformal change in 7-dimensional g-unified field theory. These
topics will be studied for the second class with the first category in
7-dimensional case.

1. Introduction

The conformal change in a generalized 4-dimensional Riemannian space
connected by an Einstein’s connection was primarily studied by HLAVATY
[10]. CHUNG [g] also investigated the same topic in 4-dimensional *g-
unified field theory. '

The Einstein’s connection induced by the conformal change for all classes
in 3-dimensional case, for the second and third classes in 5-dimensional case,
and for the first class in 5-dimensional *¢-UFT, and for the second class in
6-dimensional g-UFT were investigated by CHO [1-4].

In the present paper, we investigate change of the torsion tensor S,."
induced by the conformal change in 7-dimensional g-unified field theory.
These topics will be studied for the second class with the first category in
7-dimensional case.

2. Preliminaries

This chapter is a brief collection of basic concepts, notations, theorems,
and results needed in our further considerations. They may be reffered to
CHUNG [5-7}, CHO [1-4].
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2.1. n-dimensional g-unified field theory

The n-dimensional g-unified field theory (n-g-UFT hereafter) was origi-
nally suggested by HLAVATY [10] and systematically introduced by CHUNG
9.

Let X,,' be an n-dimensional generalized Riemannian manifold, reffered
to a real coordinate system z¥ obeying coordinate transformations z¥ —
z*', for which

e b ((22)) 7o

In the usual Einstein’s n-dimensional unified field theory, the manifold X,
is endowed with a general real nonsymmetric tensor g, which may be split
into its symmetric part hy, and skew-symmetric part K ?

(2.2) D = hap + o
where
(2.3) Det{(gu)} # 0,  Det((han))# 0.

Therefore we may define a unique tensor h*" = h** by
A
(2.4) hagh™ = 6.

In our n-g-UFT, the tensors hy, and h* will serve for raising and/or
lowering indices of the tensors in X, in the usual manner.

The manifold X, is connected by a general real connection I';,, with the
following transformation rule :

dz”’ (3535 ax _, Bz )

(2.5) Torw = 9z \ dz» Azr P77 Jpv ozH

and satisfies the system of Einstein’s equations

(2.6) Dygru = 25,,.%9ra
where D,, denotes the covariant derivative with respect to I';,, and

v _ W
(2.7) S’ = Tl
IThroughout the present paper, we assumed that n > 2.
2Throughout this paper, Greek indices are used for holonomic components of tensors.
In X, all indices take the values 1,--- ,n and follow the summation convention.
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is the torsion tensor of T),. The connection I, satisfying (2.6) is called
the Einstein's connection.

In our further considerations, the following scalars, tensors, abbrevia-
tions, and notations for p =0,1,2,--- are frequently used :

9 = Det((gra)) #0, b =Det((hs.)) #0,

28 €= Det((ks,).
(2.8)b g:%, kzg-,
(2.8)c Kp=kip,™ ko™, (0=0,1,2,--)
(2.8)d ' O, ¥ — Y, Mg, v = kyY, Py = PV op?,
(2.8)e Koo = Vikn + Vkuy + V ks,
2.8)f . { 1 :1f n ?s odd
0 if nis even,

where V,, is the symbolic vector of the convariant derivative with respect
to the Christoffel symbols { Alju } defined by hy,. The scalars and vectors
introduced in (2.8) satisfy

(2.9)a Ko=1,K, =k if nis even; K, =0if p is odd,
(29)b g:1+K2+"'+Kn—a"
(2.9)c (p)k/\y = (=1)P®k,,, P v = (—1)p@ v

Furthermore, we also use the following useful abbrevations, denoting an
arbitrary tensor T, skew-symmetric in the first two indices, by T :

pqr pgr
(2.10)a T =T o = Top, Pk, D, A0k, 7,
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000

(2.10)b T=T,.=T,

par par pqr
(2'10)C 2T wiip] = T whpe T WAy

(pg)r ogr gpr
(210)d 2T wip = Tw)\u + Tw)\p-
We then have

par apr

(2.11) T =—T zop-

If the system (2.6) admits T'§,, using the above abbreviations it was
shown that the connection is of the form

(2'12) FZJ# = {wyy} + Swﬂ-u + UUW.U
where

001
(213) vap- =25 v{wp)-

The above two relations show that our problem of determining I';,, in terms
of g», is reduced to that of studying the tensor S,,”. On the other hand,
it has also been shown that the tensor S,,." satisfies

(110)

(2.14) $=B-3 8§
where
(2.15) 2By = Koo + 3K ofughka k..

2.2. Some results for the second class in 7-g-UFT

In this section, we introduce some results of 7-g-UFT without proof,
which are needed in our subsequent considerations.
They may be reffered to CHUNG [5-7].

DEFINITION 2.1. In 7-g-UFT, the tensor gy, (k»,) is said to be the
second class with the first category, if Ky # 0, Ky = Kg = 0.
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THEOREM 2.2.  (Main recurrence relations) For the second class with
the first category in 7-g-UFT, the following recurrence relation hold

(2.16) EE8 Y = KPR, (p=0,1,2,--).
THEOREM 2.3. <(For the second class with the first category in
7-g-UFT). A necessary and sufficient condition for the existence and

uniqueness of the solution of (2.5) is
(2.17) 1— (K3)? #0.
If the condition (2.17) is satisfied, the unique solution of (2.14) is given by

5 5 5 110 (10)1 112 002
(218) (1 -Ky*)(S—-B)=1-Ky" - (1-Ky*)2B -2 B + B-Ky;B

3. Conformal change of the 7-dimensional torsion tensor for
the second class

In this final chapter we investigate the change S,,” — S,,” of the
torsion tensor induced by the conformal change of the tensor gy, using the
recurrence relations and theorems introduced in the preceding chapter.

We say that X, and X,, are conformal if and only if

(3.1) Tan(z) = e gru()

where 2 = Q(x) is an at least twice differentiable function. This conformal
change enforces a change of the torsion tensor S,,,”. An explicit represen-
tation of the change of 7-dimensional torsion tensor S,,” for the second
class with the first category will be exhibited in this chapter.

AGREEMENT 3.1. Throughout this section, we agree that, if T is a
function of g,,, then we denote 7' the same function of g, - [n particular,
if T is a tensor, so is 7. Furthermore, the indices of T {T') will be raised

and/or lowered by means of h"“’(ﬁ’\y) and/or hy, (EM)-

The results in the following theorems are needed in our further consid-
erations. They may be refferred to CHUNG [8-9], CHO [1-3].
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THEOREM 3.2.  In n-g-UFT, the conformal change (3.1) induces the
following changes :

(P)E/\# = eQ(p)kM, PE,v = @,V
(3.2)a o -
I — o~ RUpl A

THEOREM 3.3. (For all classes in 7-g-UF'T).  The change of the
tensor B, induced by the conformal change {3.1) may be given by

B =€ (Buuw + ko Q) — ko

3.3
(33) — bk 55 + 207 ku[wk"uléﬂf5 + kw#(mkvaﬂé)'

)

Now, we are ready to derive representations of the changes S.,,” — gw"
in 7-g-UFT for the second class with the first category induced by the
conformal change (3.1).

THEOREM 3.4. The conformal change (3.1) induces the following
change :
(10)1 0 (101 @ 5
(34) 2 B Iy =e [2 B ww-l-(—Z ky[wk“]

+ 20k k 0’ — ko P Ey %)% — Pk Q).

THEOREM 3.5. The conformal change (3.1) induces the following
change :

PPq Ppq
B wuy :eﬂ[ B s + ("‘1)10{20}0@44)‘lcu[c.u{p-i_l)kg;]‘5
+ (2p+1)kwﬂ(2+q) kb — (2p+1)kw“(q) k%

(3.5) n (p-{-q-l-l)kulw(p) kp,]é _ (p+Q)ku[w (p+1)ku]6}Q5].

p=0111213:47'”
q:01112:3)47“'



Conformal change of the tensor S,,." 203

110 112 002
By the above relation (3.5), we obtain B, B, B.

THEOREM 3.6. The change 5., — S.." induced by conformal
change (3.1) may be represented by
?LL,MV = Swﬁy +1- hu[wkﬂ]aﬁg
+ (Ko — Dk 4+ (1 — Kok, P k705
L1
Ko2 -1
+ (=14 2Ko + K220k |,k ° Qs
+ (Ko + K2* — 2K0%)k" 1, Pk, ° Q).

(3.6) [(—1 + Kg)ku[wﬂﬂ]

Proof. In virtue of (2.18) and Agreement (3.1), we have

— o = _— e 110 (101 112 002
37) 1-K)(S-B)=1-Ko2-(1-55)B-2B + B —K: B.
The relation (3.6) follows by substituiting (3.2), (3.3}, (3.4), (3.5), (2.16),
Definition (2.1), into (3.7). O
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