Bull. Korean Math. Soc. 38 (2001), No. 1, pp. 191-195

- A NOTE ON LATTICE IMPLICATION ALGEBRAS

ZHU YIQUAN AND T'u WENBIAO

ABSTRACT. In this paper, a simple axiom system of lattice implication
algebras is presented, it is convenient for verifying whether an algebra
of type (2,2,2,1,0,0) becomes a lattice implication algebra.

1. Introduction

In order to do research on the logical system whose propositional value is
given in a lattice, Y. Xu [6] proposed the concept of lattice implication alge-
bras. Some of their fundamental properties were obtained in [1, 2, 4, 6, 7].
In this paper we will give an equivalent axiom system of lattice implication
algebras, which simplifies Xu’s axioms in [6]. This is convenient for verify-
ing whether an algebra of type (2,2,2,1,0,0) becomes a lattice iraplication
algebra.

2. Preliminaries

According to the notion of lattice implication algebras, originally given
by Y. Xu [6], we can also describe it as follows:

DEFINITION. An algebra (X,V, A, —,,0,1) of type (2,2,2,1,0,0) is called
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a lattice implication algebra if it satisfies the following axioms:

(L1} zAz =1, (L'ly zvz=u=,

(L2) zAhy=yAux, (L'2) svy=yVvuz,

(L3) (zAy)Az=zA(yAz), (L'3) (zvy)Vz=zV(yVz),
(L4) zA{zVy) =z, (L'4) zv(zAy) =z,

(Bl) zA0=0, (B'1) zv1=1,

ML) Ay —2=(@—2) V(5= W) @Vy) —z=(@—2)Aly— 2),
(Cl) any=z=2 ANy =1,

(C2) (&) ==,

() 2 (y—2) =y — (&= 2),

(I2) z—xz=1,

(I3) z—y=y —2

(4) z—y=1l=y—oz=z=y,

) (z—y) by=(@y—z) -z,

for all z,y,z € X.

LEMMA 1 ([6]). In a lattice implication algebra (X,V,A,—,’,0,1), the
following hold (for all z,y,z € X):

(1) 0—z=1,

(2) z 20=12,

(3) zvy=(@@-oy) ~y=Qy—1) -~z

(4) zAy=(y—z)—y)={(z—y —2).

LEMMA 2 ([5]). An algebra (X;*,0) of type (2,0) is a commutative
BCK-algebra if and only if the following conditions are satisfied (for all
z,y,z € X):

(1) 0xz=0,
(2) (zxy)x(zx2)=(2xy)x(2x2),
(3) zx0=rc.

LEemMMA 3 ([3]). Suppose (X;#*,0) is a bounded commutative BCK -
algebra with unit 1. For any z,y,zin X, let Nz = 1*x, x Ay = y*{y xx),
zVy=N(NzANy). Then (X,V,A) is a distributive lattice with a least
element 0 and a greatest element 1.
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3. Result

The following theorem gives a very simpler axiom system of lattice im-
plication algebras.

THEOREM 1. An algebra (X,V,A,—,’,0,1) of type (2,2,2,1,0,0) is a
lattice implication algebra if and only if it satisfies the following conditions
{for all z,y,z € X):

(Z1) 0>z =1,

(22) (z—z)—=(z—-y=(z—>2)—> (=),
(23) z—y=y ~d,

(24) (&) ==,

(Z5) 2’ =z — 0,

(Z6) zvy=(z—y) —»y,

(

ZN) (zAy) =2" VY.

Proof. Suppose (X,V,A,—,’,0,1) is a lattice implication algebra. By
the definition of lattice implication algebras and Lemmal, (Z1) and (Z3)~(Z6)
hold. For (Z2), from (I1) and (I3)~ (I5) we obtain

(%z)ﬁ(wm=m—\(<x~»z)ﬂy):x~f(y’~(x—»z)')
=y o (@—@—2)) =y = (7 > o) =)
—ya((w~z’)~z>=<m%z’)—»(y’~z’)

—(z 1) = (2 = ).

For (Z7), by (Z3), (Z4), (Z6) and Lemma 1 (4), we have
FVy =@ —-y) -y =(y-z) =y =@y

So far, the necessity is proved.
Conversely, suppose (X, V, A, —,’, 0, 1) satisfies the conditions (Z1)~(Z7).
For all z,y,z € X, let
rxy=(z—y).

We first prove (X;*,0) is a bounded commutative BC K-algebra. In
fact, by (Z1) and (Z5) we have 0’ = 1, and so 1’ = 0 by (Z4). Therefore,
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by (Z1) and (Z3)~ (Z5) we have

Moreover, by (742)~(Z5) we have

(zep)s(az) = (@—y) = @—2)) =(z—2) > @)
—((roa) = (2= y) = (=) — (2~ ))
= (zxy) * (z*a).

Thus, by Lemma 2 it is proved that (X;*,0} is a bounded commutative
BC K-algebra with unit 1.

Next, by (Z3)~(Z5) we have
Ne=lvo=(1-2) =@ ~0/ =@ =7

By (Z3), (Z4),(Z6) and (Z7) we obtain

zAy= (' Vy) =(@ —=y) >y
=(y—(y—2)) =yx(yxz),

sVy=(z—y—y=y > -2
= *(y +2")) = N(Nz A Ny).

Summarizing the above discussions, by Lemma 3 it is proved that (X, V, A)
is a distributive lattice with a least element 0 and a greatest element 1.
Therefore (L1)~(L4), (L’ 1)~(L' 4), (B1} and (B’ 1) hold, and so (I5)
holds by (L’ 2) and (Z6). Since z Ay = z implies y = z V y, by (Z4) and
(Z7) we have ¥’ = (z Vy) =2’ Ay, i.e, (C1) holds.

Finally, from the fundamental properties [3} of bounded commutative
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BC K-algebras we obtain

(I1) 2 = {y—2z)=N(@x*N(y+2)) = N{(y * 2) *+ Na)
=N((y* Nz)*z) = N((z * Ny) * 2}
= N((z*z)* Ny) = N(y » N(z * 2))
=y — (2 — 2z).

(I2) s xz=N(z+a2)=N0=1.

(4) z—y=1l=y—2&Nz—y)=Nl=N(y—z)
Srry=0=yrxrs =19

(L} (@Ay)—z=N((zAy)*z)=N((zx2)A(y*2))
=N(z+2)VN(y*2)=(z - 2)V(y — 2).

(L} @vy) —z=N({zVy)*2)=N((z*z)V(y*2)
=N{zxz) AN(y*z)=(z— 2) Ay — 2).

Noticing that (I3) and (C2) hold in the case of the sufficiency, we obtain
all the axioms of the definition are satisfied. So (X,V,A,—,’,0,1} is a
lattice implication algebra. The proof is complete. 1
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