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A STUDY ON ADDITIVE ENDOMORPHISMS OF RINGS
Yong Uk CHO

ABSTRACT. In this paper, we initiate the investigation of rings in
which all the additive endomorphisms are generated by ring endomor-
phisms(AG E-rings). This study was motivated by the work on the Sul-
livan’s Research Problem [11]: Characterize those rings in which every
additive endomorphism is a ring endomorphism(AFE-rings}. The pur-
pose of this paper is to obtain a certain characterization of AG E-rings,
and investigate some relations between AGE and LS D-generated rings.

1. Introduction

Throughout this paper, R denotes an associative ring not necessarily
with identity, End(R,+) the ring of additive endomorphisms of R, and
End(R,+,-} the monoid of ring endomorphisms of 2. For X C R, we use
gp < X > for the subgroup of (R, +) generated by X.

We will consider that property (): Every additive mapping from R into
itself is multiplicative, that is, every additive endomorphism of R is a ring
endomorphism.

In 1977, R. P. Sullivan suggested the problem: Characterize all rings
with the property (#) in his ”Research Problem 23" [11]. Since then, many
ring theorists researched this problem. In 1981, K. H. Kim and F. W. Roush
[10] classified finite rings, also in 1987, S. Dhompongsa and J. Sanwong [5]
classified reduced case, and in 1988, S. Feigelstock [7] characterized torsion
case with the property ().

In recent years, G. F. Birkenmeier and H. E. Heatherly {1], Y. Hirano
[9] and M. Dugas, J. Hausen and J. A. Johnson [6] developed separate but
equivalent formulations for AFE-rings. This formulation included Feigel-
stock’s solution of the torsion case from Birkenmeier and Heatherly [The-
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orem 4] as a Corollary, they characterized all non cube zero rings with the
property {*) from {1, Corollary 6.
S. Feigelstock defined a ring R with the property (x), that is, in case

End{R,+) = End(R,+, ),

R is called an AE-ring. Sometimes, we will use the notations End(R, +) as
Endg(R) and End(R,+,-) as End(R). We will generalize these AFE-rings
and then are going to characterize these general concepts.

2. Some results on AGE-rings

We 'begin by defining a general concept of AF-rings which will come
up in this paper and will give their examples. First of all, before we can
get down to the discussion of these rings, we will introduce the following
notation and lemma:

GE(R) = gp < End(R,+,-) >= gp < End(R) >

LEMMA 2.1. (GE(R),+,0) is a subring of End(R,+), where o is a com-
position of mappings.

Thus, we have the following new definition and examples.
DEFINITION 2.2. In case Endz(R) = GE(R), R is called an AGE-ring.

Clearly, we see that every AF-ring is AGF, but not conversely from the
following examples.

EXAMPLES 2.3.

(1) Z and Z, (n > 1 in ZZ} are AGE-rings but they are not AF-rings.
For, Z and Z, are additively generated by 1, and Endz(Z) =
Z, Endz(Z,) = Z., we see that Z and Z, are both AGE-rings.
However, Z and Z, are all not AE-rings except the cases Z, and
Zo, because any nontrivial on Z or Z, is additive endomorphlsm
but which is not ring endomorphism.

(2) Z@ Z(or Z,, ® L) is an AGE-ring. Indeed, from L. Fuch’s Book
[8, p182], we see the following:

Endz{Z. & 7)) = My(Endz(Z) = M(Z).

Let f € End(Z & Z,4). Then we can regard f as [a” aw] in

@21 Q22
M;3(Z). Putting fi; is 2 x 2-matrix with entries 1 for ij-th place
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and 0 otherwise. It is a straightforward verification that the f;; are
ring endomorphisms for ¢ = 1,2 and j = 1,2, and that

f =a1nfi1 +a12fi2 + a2 for + a2 fao,

in other words, additive endomorphism f is generated by ring endo-
morphisms. Hence Z & Z is an AG E-ring, but it is not an AE-ring,
because above f is not a ring endomorphism.

Similarly, Z&Z S Z, LB LS LB L, are all AGFE-rings.

(3) Zo @ Z is an AGE-ring.

For finite rings case, we get the following examples:

(4) For each positive integer n, Z,, § Z,,, Zp ®@ L & Ly, -~ -+ are all

AGE-rings.

(5) For each two positive integers m and n with g.c.d. of m and n equal

tol, Z,, ®7Z, is an AGE-ring.

From now onward, we investigate some properties of AGE-rings and
relations with L.SD-generated rings, after that, we will obtain another ex-
amples, and then characterize AGFE-rings.

We can now extend the above results of (2) and (4) in Examples 2.3, as
following:

PROPOSITION 2.4. For every AGE-ring R, and for any positive integer
n, we get that ®7_| R; is an AGE-ring, where R; 2 R, foralli = 1,2,... ,n.

Proof. We prove the case for n = 2, that is, R @ R. Similarly, we can
prove for the case n > 2. We must show that

Since

Endz(R® R) = [

Endz(R® R) = GE(R® R).
Endz(R® R) & Mat,(Endz(R)), we obtain that

_[GE(R) GE(R)

Endz(R) Endg(R)
] - [GE(R) GE(R)

Endz(R) Endg(R)

Let f € Endz(R @ R) such that

Then

. {fu J2

fa1 fzz]’ fij € GE(R).

fii= Z/\ihi; fiz2 = Z’\jhja fa1 = Z/\k:hky foz = Z)‘thh
; ; % t
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where, M's € Z and h's € End(R). Thus f is expressed of the form

h; 0 [0 h, [0 0O 0 0
2 _? L

. hi 0 0 ;] [O 0], 0 0 ,
Since all o o' o 0] |m o0 and 0 ht] are ring endomor-
phisms of R ® R. Hence R ® R is an AGE-ring. O

Obviously, we obtain the following lemmas.

LEMMA 2.5. R is an AGE-ring if and only if there exists a subset S of
End(R) such that End(R,+) = gp < § >.

The following notations and definitions are followed from G. F. Birken-
meier and H. E. Heatherly [2], [4].
L(R) = {x € R|zab=zazh, forall a,b€ R},

R(R) = {z € R|abz = azbzx, foreach a,b€ R},

and

D(R) = L(R) N R(R).

In case R = L(R), R is called an LSD-ring, R = R(R), R is an RSD-
ring, and R = D{R), R is called a SD-ring.
Furthermore, if

R=gp<IL{(R)> R=gp<R(R)> and R=gp< D(R) >,
then R is said to be LSD-generated, RSD-generated and SD-generated

respectively.

LEMMA 2.6. Let R be a ring and let h € End(R). If h is-an onto
mapping, then L(R), R(R) and D(R) are all fully invariant under h.

PROPOSITION 2.7. Let R be a ring with identity. If R is an AGE-ring
with S C End(R)} such that Endg(R) = gp < S >, and each element of S
is onto, then R is an LSD-generated, moreover SD-generated.
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Proof. Let x € R. Consider a left translation mapping ¢, : R — R by
¢z(a) = za for each a € R, which is a group endomorphism. Since R is an

AGE ring,
$r =Y Aihi,

where \; € Z and h; € End(R) such that h; is onto, i = 1,2,--- ,n. Since
1 € R, ¢z(1) = 3_7 Ahi(1), that is, z = 3 A:h,(1) and since 1 € L{R) N
R(R) by Lemma 2.6, h;(1) € L(R) N R(R). Hence R is LSD—generated
and RSD—generated, so SD—generated. g

ExaMPLES 2.8. Rings additively generated by central idempotents and
one sided unities are LSD-generated and RSD-generated, so that SD-generated.
In particular, we see that Z and Z, are both LSD-generated and RSD-
generated rings, further SD-generated rings. On the other hand, z € L(R)
implies z* = z” for n > 3, then L(S) = {0} for any nonzero proper subring
S of Z. Hence any nonzero proper subring of Z is an AGE-ring which is
not LSD-generated and SD-generated.

From Examples 2.3, 2.8 and Proposition 2.4, there exist numerously
many examples of AGE-rings and LSD-generated rings.

In Proposition 2.7, R is an AGE-ring by Lemma 2.5, we say that this
kind of AGE-ring is an AGOFE-ring.

The following is an extension of Lemma, 2.6.

PropoOSITION 2.9, If R is an AGOE-ring, then gp < L(R) >, gp <
R(R) > and gp < D(R) > are all fully invariant subgroups of (R, +).

ExaMpLE 2.10[3]. Let § be an LSD-semigroup (i.e, zab = zazb, for
all z,a,b € §). Then the semigroup ring K[S], where K is Z or Z,, is
an LSD-generated ring. In particular, let § be a nonempty set and define
multiplication on § by st = ¢, for each s,¢t € §. Then Z[S] and Z,[S] are
LSD-generated rings. Furthermore if |S| = 2, then Z;[S] is an LSD-ring
which is not an AGE-ring.

LEMMA 2.11. If m and n are positive integers with (m,n) = 1, then
Homg(Zp,, Zn} = 0 = Homg(Zy,, @m).

From this Lemma, we obtain the following statement.

ProrosiTioNn 2.12. Let m and n be positive integers. If m and n are
relatively prime, then Z., ® Z, is an AGE-ring.
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Proof Sketch.

_ Endg(zm) Homg (Znu Zm)
EndZ (Zm, & Z‘n) - [HOmZ (Z‘M) Zﬂ) Endz(zn)

- (GEE)ZW) GE?Z,L)} '

O
Finally, we can improve above results and obtain a characterization of
AG E-rings.

PRrOPOSITION 2.13. Let R = &), A;, where A; is a ring for each . Then
R is an AGE-ring if and only if for each pair (1,7), fi; € Homz(A;, A;) Is
of the form fi; =3, Aaha, where A, € Z and h, Is a ring homomorphism
from A; into A;.

Proof. For convenience, we prove the case for n = 2. The case for n > 2
is similar. We see that Endz(R) = Endz(A, @ Ay) >~ M, where

M:[ Endg(A,) HomZ(Az,Al)}

Homgz(A;, A)) Endg(As)

So we can represent f € Endz(R) by the matrix

[fll f12]
faa a2}’
where f; € Homg{Ar, Aj).
(==). Assume that i is an AGE-ring and f;, € Homg(Ax, 4;). Con-

. . 0 0 0 0O
sider 7 =2 and k = 1. Then [le 0] € M. So [le O] =2 e kala,

where each k, ¢ Z and each h, € M is a ring endomorphism. Thus
ha11 Dotz
hy = .
J:haﬂl hazz
By definition, each h, ;i is additive. Let z,5 € A;. Then
hori{zy) | _ Ty _ z y
[hazl(my) =halp] [0} =ello P[]

= o o) o] [how Bow] [4] _ [hen(o)] oG]
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Thus f21 = 3 4ca Kaflaz1, where each Ayg; @ Ay — As is a ring endo-
morphism.
Similarly, fi1, f12 and foo are shown to have the desired properties.

[fn f12] :[Za@\kallhﬂll EaeAkamhmz}
Sar Sz Yoach kaothazt  2gea Kaz2hao2 |’

where each k,;r € Z and each h, ;g : Ay — A; is a ring homomorphism.
Let z,y € A; and & € A. Consider

0 0] [zy] _ [Pan(@y) | _ [Ra2r(@)haz ()
hoazt 0] 0 0 0
o olf=17 0o o}y
~lhaz 0] [0 [han 0j 0"
Clearly 0 0] is additive. Hence 0 represents a ring
7 (ha2t 0] hooyr O

endomorphism on R.

Similarly, [h"au g] , [g h%m] and [8 A 022] are all ring endomor-

phisms on R. Thus
Jua f12]
= kshas,
[fm fa2 Z pre

deA

where each k; € Z and each hs represents a ring endomorphism on R.
Therefore R is an AGE-ting. a

COROLLARY 2.14. Let R = &I ,A;, each A; is an AGE-ring. If
Homg(A;, A;) =0 for each i # j, then R is an AGE-ring.
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