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Sliding Mode Control for Linear System with Mismatched Uncertainties
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Abstract

: This paper presents a design method of sliding mode control (SMC) for single input linear

systems with mismatched uncertainties. We define a virtual state based on the controllable canonical form of
the nominal system. And we define a sliding surface for the augmented system with a virtual state. This
sliding surface makes it possible to use the SMC technique with various types of controllers. In this paper, we
construct a controller that combines SMC with robust controller. We design a robust controller for the system
with mismatched uncertainties using a form of linear matrix inequality (LMI). We make a virtual state from
this robust control input and the states of the nominal system. And we design a sliding mode controller that

stabilizes the overall closed-loop system.

Keywords : sliding mode control, mismatched uncertainties, LMI, virtual state, variable structure control

L. M8

Zgloldd 2T A)o](Sliding Mode Control : SMC) ©]
£ EFAS A" gt AF Aorig HAY
AHg-Enk 53] detvje wEely Zdy Qxbel o)
A At FA el BAe] £& AT Ao} vgol
. a8y SMCe TEFoez =¥ 7|7Kreaching
phase)#A) 9} 948 B (input chattering)d4 59 &4
< 7T Y3, SMCH o3 Aoj=Els A2 e] Al
A1e de) AN=ERog ¥ ALTE e AfLE
7IAE &etold Wy FEAY A ZAHY HE
SMC €]9] o2 Ao 7Id=m A AP A=
AH11-[3]. o1A% E4E AL3e =2 7T &4
sty fste] 7 AEHE o] 8¢ &flo|d EE
o] 7o) ¥ F(4]o) sl At At AgB e}l
HHE FA Aolrlel 3 AoHE FA A2wH
2 7t = Gote Aol FHHUZ 7MY e
& 2934 9 271gke] Fo= HuE AHE

o =7 7|1E AAY & e Eo o
£ 2204 Axfle] djetviy Egd4ge A=A
HEoA] 7] W& AFxAe WS LA
UEeA de BERANE BT s A"
g gtold RE= Ao7He] g7 E =FelA
FRzAe UHEA v BFAAGE THRE ALY
e A Ao 19} MC7} 2% fﬂﬂH AANE

froax 2 f 2 % e 4 2 Po oot of 2 oy > 2

>

hY
b
b g
o
e

1ﬂﬂE e @% PER

FAAF 1 2000. 9. 4, FASF 1 2001, 1219,
AAE - AR st W7 A AA o] F-8FEH gy ver91 @hanmail.net)
A3 v, AL 0 Fuign WIEZYAFER(shk
won@sarim.chang won.ac kr/skpark @sarim.chang won.ac kr/jet
26@sarim.changwon.ac.kr)

% B EES 000EE FAs vl et AT

(Linear Matrix Inequality : LMD-& ©o]&3}ed AA 32,
Aq71A F3 Aol dY oS53 FA Aade A A
Ao 2Ry 7 HHE FYIoh g AEE X}
e 257 5719 Al2d"e Uigk setold HHE 3R
sla, HA AxEo] HFIEE e ol R= A
o|7]& AAFY. upRHe R g AAE I B =
79 g8 S Bl

O 25 A2 ofu] X4
by BFAAS 7HAe A8 Al

x()=(A+ 2 A))x() + Bu()+ DAY 00

£ 1#IY GV x(ne R”, u(He R, Ade R& Z
Z} 2, 21101?33‘34 Slgo|rt. R"E w2t AS T
oulsty RE PFS FHHE 2A4E AT =3
2844 2 A0 =% FAE Az 9 88 pe
A=z

tlo

rank ([ B : D))= rank B (2)
& O a8a 38 A9 B
0 1 0 0 0
Al 00 1 0| g_|o0
—a, —ay —asj -a, 1
o} Ze JHAlo] ¥FFor AL ouI BN
£ APEAe VENE $2I vEeA gt pEoz

e ¢ 3desz
AA(H)= BH(f) + B H,(H (3)

2 U gk oV AFRAS BERA Fe
2894 H(HE

H(t) e Q: ={H,(): HI(DH,(H <} 4



194

2 7|17k AgEe] Aok bEA A" (DL 99 A
FZ3 (3)) A3

2(D=(A+ BH()+ B,H/(D)x()+ Bu(H+ BD AL (5)

9} o] EHE & Uk
B8xH2 1:[3] €8y REY) dUIESR = 2
A

flo

s(x, Hs(x, HK0 (6)

oln, 919 ZHL s(x, Nl A HeHE HHA |
A Bdgol dojue Yy
) # (), for 0
“ )_{ w () for 5<0 @

o sy W= & Ut

2xHal 2: 5] RE te Ro W8 FUHDF(H<I &
WEshe Pole) 45 03 AP AL SHAE Y
4 D, ES} F(O7F FoAH, BE (e R0 )

22 7(H DF(DEx( D
<e WTDETEXD + exT (D DD (D 3
olth .
2xd™e| 3:[6] 499 AR
L, L
=] Lu Lp
[Lsz Lzz]

o ek, e MZ Srtelrt
1) L<o,
2) L;<0, Lyp— LHLy LK,
3) Lyp<0, Ly—LpLu'LH<O0.

o &2 23
o] FoMe FYEDE UFHHA e I

Y
ot ©

g 7483, A2 (D IHAES St etol
= Aoi7le dAg
Azd G He FREDL BIA g 2

A 7HAE Ala"e
() =(A+BH{()x () + Bu,f 9)
ojtt. i Al&H (9o tig AA AolrE
u, () = Kx,(1) 10
o} o] 52 ojn HFE AlxFlL
%, ()= (A+BH () + BK)x (2 (1mn

otk HFL N2¥ (D] B2 4T FRE
2 o Rzgee) vehd
Bz M2l 4 4% 92 $54

[ AQ+QAT+BR+R™B™+ 1B, B, @ 1](0 (12)
Q -2

NIt - A8t - AirEtEs =2A1 Ml 7 A M 3 S 2001, 3

sk FF < (positive definite) BB Q, ¥} 3
A%k ¥ Rol EASHY, Al2® (1D 3oz
stk =& (1008 A4 Aof o]5& K=RQ 'olth

&9 : Lyapunov &4E

2 oy o

V(x (1), )= xT(H Sx, (D) (13)

9} Zo] F1, BE AT 29 38 ALgsEE A =58

=3 ]
AA A" 5)o] e 3 Al=H

2, (H=Ax D+ Buld (14)

4

& 2 971 w(d=Kx(He VIE 7V 33
e AF Aojrleltt. x(He 2 A FEH x99
2 T 7P 3 x (92 B, x(DE

xsv(t)z— a nxsv(t)_ a n—lxsn(t)—'“_ a leZ(t)

+ (9
=—a rrxsv(t)_ a n*lxsn(t)_'" - a leZ(t)
+ KA+ BK )x(t) (15)

2 ¥4 9d & gk 99 FAH A 1 (HE vTA
e (D2 dRET FH G AT A Y ol% K,
A 24 Al 97 o5 KE diYsiAd 73 JEE
2,(D=—a xS~ @ g 1) = — @ 1x2(8)
+ K(A + BK)x(f) (16)
9} Zo] Hogitl 71 AeHlE X¥sE A4t FU1E
Bt ,
2(D=(A+ BH(D + B\H,(D)x(H + Bu($)+ BD,A?)
xu(t)=_- a nxv(t)— a n—lxn(t)~"'_ a le(t)
+ K(A+ BE)x(? an
9} Zo] T AN w(He dkold HE oA
Elold REE RASE SMC 8ottt 9o <47}
F718 A" t% Egold HHEHE
(i, d=x,(D+ @ 2, (D+ -+ & (D —ulx,)=0 (18)

2 AARARL A7 u(x, 05 A0AA x(0F x(NE
hAg groltt. 7Hd dHle 271AE

x,(t) =— a x,(f) — — a1 (&) + u,lx,t) (19)

o} ol Melshd o(x, DY 27X} O] HEZ g
717te] AADTY. BEAT 194 A28 (179 A5
S ooy MYPo R JITE 57 YA HRAE 1L
THEsle SMC 9488 Fallof st &gteold B n|
E s(x, D=
s(x, D= x,(D+ Cix(H— u,(x,0
=— a x,(— Cox(D+ K(A+ BK)x(D)



Journal of Control, Automation and Systems Engineering, Vol. 7, No. 3, March, 2001 195

+ (Cl —K)x(D
=—a x,(H— Cox() + K(A+ BK)x(®)
+(Cy— K[ Ax( D + BH( D x(8) + BiH (D x($)

+ Bu(t)+ BD1A#)] (20)
st o] Atett o7]A4
Co=[0 a; = a,l, CG=lay a; = e,

oty SMC 498 w=u,O+udHTL T2 7|4
u 0= EEAAAS FH3R L& FA A2 gk
S7} Ao} Y¥(equivalent control input)o]i, wphHE
Al&de] BEEAAS S837] 9T &% Aojreth
2094 Eg44S TFSA Fe &elold HHEY A

Se(x, D=~ a (D~ Cox( D+ K(A+ BK)x( )
+(C,— K[ Ax(d + Bu($)] 21

ola, 2DNE 0o =t SMC 4ZE u,(Hekn 34
ueq(t)z__[(cl_K)B]—_l[_ anxu(t)
+{—Ci+K(A+BEK)+(Ci— K)Ax(D] (22)
oltt. Q0N w(t) = u. () +up(t)E NASA
s(x, = (C,— K[ BH()x(H) + B\H,(H x(®)

+ Bu(£) + BD1APH] (23)
olx, B4 H(H, H(HS = ANy =77 =%
A gElo] 917] W Eo

(C;— K)BH()x(H< r 1 (D |
(Ci— KB H(Hx(H 7 o | 2(D

(C;—RK)BD\AD< 7 4 (24)
& wEIe Fd AFE vy, vy 7y7b EXFCH
wlHE
ud)=—1(C,— BB [ (r 1+ 7D 1 (D)

+ 7 4] sgn(s) (25)

s} o] FAIE  s(x, Hs(x, HD<OE WEFTE wlahA,
SMC 48 W=
wW(H)=~[(C,~ KBl [~ a x (8 +{— Cy+ K(A+ BK)
+(C,— K)A}x(H]
—[(C,—BBI '[(r 1+ 7 12D |
+ 7 3] sgn(s) (26)

olt}

IV. o x|
shelsh e BAAYE THE 24 A2WE 2
3.

x(t)=[ ‘1) é]x(t)-l—[ (1’] H(t)x(t)+[ 82] Hy(Hx(d)

+[ (1)] u(t)+[ (l)]f(t)

4714 H(D) | <2, HIHH(DI, |ADIK10]3, A3E
9] Z7AE AL x(0)=2, x(0)=-1°c} AF=A
& R e BFAAATE JHRE Aladd o)A

HZ A 48 BFF= Q, R, 1 &

o=[ 0.3482 —0.2564

—0.2564  0.3482
R=[ —0.4208 —1.0810]
A =0.9485

olx, o|2RE AHA Ao YT o|5&
K=RQ '=[ —7.6285 —8.7204]
2 Axdd. SMC Aoi7] 740 23 AXEL oS
3} g}
Co=10 2Jd=[0 —-1]
Ci=[lea, al=[~1 -2]
(C,— K)B=6.7204
(Ci;—K)B,=6.6744
— Cy+K(A+BRK)+(C,—K)A=[ 64.5231 72.0446]
(Ci—KBH($)x(H<13.4408 | x() || ( ¥ 1 =13.4408)
(Ci— KB H,(Dx()<6.6744 | x(D || ( ¥ ;=6.6744)
(Cl_K)BD1f(f)<6.7204= 73

71 4 2,9 $54L (16 225%H

%, (£)=2x,(8) +57.8027x,(#) +51.9754x,(H S} 2o} Aeja}
3, 7P Aelel 2RI «,(0) =—6.6285x,(0) —6.7204x5(0)
=—6.53662 ZATI} (19)=REH Loy HHLS
s(x, =1x,()+6.6285x)() +6.7204x,(H S} Lol =T,
s(x, Ds(x, H<0E THE3Re SMC d8e (0)22%H

1

= - m&xu( D+64.5231x,(£) +72.0446x,(£)}

— 57 (20,1152 1 2(8) | +6.7204) sgn (9°I2k 27 1~

62 99 FA oo g gl Aot} A& o]
A delA

H($)=[ 1.4cost sinf]
H(H=[ 0.3sint 0.7cos{]

AH=0.9sint

2 5. a9 18 &£80l9 BE AoV|E AN
29l (09 x (el AAH(phase trajectory)S EF
Rolt}t. O3 2+ AFRAS DA g EFAAT
ZHAE Al2"el disiA HA Ar|E A ABS-
e AFHolm 1y 32 AA Aladd disA SMC
ARE-SE -9 e HiFol 29 29 AAH {FALE
Hoeok 28 4v 7 AHEY AlFE, 19 o
SMC Aol 4"g Je gler 19 62 &dold

e
o, £ ol

tlo it o o



196

0.5 [ 05 1 15 2
x1

I8 1. SMCE AHS# 399 x1(0), (BB

4,
Fig. 1. Phase trajectory of sliding mode design
using SMC.
2
1.5
1’ x1
g os
8
S o
&
05
1 x2
1.5
2 -
0 1 2 3 4 5 6 7 8 9 10

Time(sec)
a¥ 2 ARFRAE USR] e BEFAATE 717
© Alz"d Ad Aor|E AR B5-9
x1(8), (9 AA.
Fig. 2. The state trajectories of x;(Hand x.(d
controlled by a robust controller with
anti-matched uncertainties.

1 x1

State Variables
o

0 1 2 3 4 5 6 7 8 9 10
Time(sec)

a3 3 HA A2Fe] SMCE A A5 x (9,
x ()2 AA.

Fig. 3. The state trajectories of x;(Hand xy(%)
controlled by SMC with uncertainties.

NIt - Xis@t - AAEEar =2A1 M7 A X3S 2001 3

=)

State Variable

Time(sec)

I 4. JPEE x (9 9 AA.
Fig. 4. The trajectory of the virtual state x,(9.

SMC Input

Time(sec)
I8 5 SMC 943 w(».
Fig. 5. The SMC input «(#).

0.2

0.15

0.1

0.05

Sliding Function

-0.05

-0.1

-0.15
0 1 2 3 4 5 ] 7 8 9 10

Time(sec)
adg 6. E8old & s(x, 09 F
Fig. 6. The value of the sliding function s(x, #).

g e B9 Fa it

V. as

ERNE FHEAS VIR @E oy B
$243¢ e N2ddl @ sy Be Aol
AA el AN AVEAE UEHA e B



Journal of Control, Automation and Systems Engineering, Vol. 7, No. 3, March, 2001 197

FYRE JHAE Axdel AT FEEAom
9 24 Ao 9 oI5 3P N2l AU P
2Ry ¥ 4uE AAFAT, Y et o
A7k F7HE Azgd e oY Bug s
o M AEle] 2AAE Seelq B9 713kl 9
oz HES AR Fo2H £V /IS AANY
1, M AElsh £2el9 HEE wigoz AR AlzH
2 dHIAES ke wofold BE Aol/1S A

Xozsl

[1] V. I Utkin, Sliding Modes and Their Application
in Variable Structure Systems, MIR Publishers,
Moscow, 1974.

[2]1 U. Itkis, Control systems of variable structure,
Wiley, New York, 1976.

[3] J. Y. Hung, W. Gao, and J. C. Hung, “Variable
structure control : A survey,” IEEE Trans.

HA g
19999 FARSFRL AIAZFeEH
2. 19999~ 37 FAstm 7]
AAA eI ALY, BA o}
£ AuTasel 3 4449 5.

(=13
at

AT

Aol - A58 - A2 FE =2A] A5H, A55, FX

Industrial Electronics, vol. 40, no. 1, pp. 2-22,
1993.

[4] S. K. Park and H. K. Ahn, “Robust controller
design with novel sliding surface,” IEEE Proc
Control Theory Appl, vol. 146, no. 3, pp.
242-246, 1999.

[5] L. R. Petersen, “A stabilization algorithm for aclass
of uncertain linear systems,” Syst Contr. Lett,
vol. 8, pp. 351-357, 1987.

[6] S. Boyd, L. E. Ghaoui, E. Feron, and V.
Balakrishnan, Linear Matrix Inequalities in
System and Control Theory, SIAM Studies in
Applied Mathematics, vol. 15, Philadelphia, PA.,
1994.

[7] P. Gahinet, A. Nemirovski, and A. J. Laub, LMI
Control Toolbox User’s Guide, The MathWorks,
Inc., Natick, MA., 1995.

A M st
Aol - AAF3} - A|2E lFE =FA A4E, AM2E

n&
e

Aol - AFs - AR F e =EA A3, A2E, F=



