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BOCHNER-SCHWARTZ THEOREM ON
LOCALLY COMPACT ABELIAN GROUPS

JINMAN KiM AND JoONGGYU CHO

ABSTRACT. We study the Fourier transformation on the Gelfand-
Bruhat space of type S and characterize this space by means of Fourier
transform on a locally compact abelian group G. Also, we extend
Bochner-Schwartz theorem to the dual space of the Gelfand—Bruhat
space and the space of Fourier hyperfunctions on G, respectively.

1. Introduction

Let G be an arbitrary locally compact abelian group. The theory of
distributions on a group G has been introduced and studied extensively
by F. Bruhat [1, 8], that is, he has extended the notion of a C'*® function
to a large class of a locally compact abelian group G. In particular, the
Bochner-Schwartz theorem for distributions on a group G has been proved
by K. Maurin [7] as follows.

THEOREM 1.1. For a distribution u € D'(G) on a group G the following
are equivalent :

1} w is positive definite, i.e., {u,*p* ) > 0 for every p € D((), where
@rep ¥

wx@"(g) = o g + h)p(h) dh for any g € G.
(ii} There exists a positive tempered Borel measure u such that

() = f 3(v) du(v), @€ D(G),

where T' is the group of characters of G.

This was extended by A. Wawrzyriczyk [10] to the space 8'(G) of tem-
pered distributions, who gave another equivalent definition of the Schwartz
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space S{G) of rapidly decreasing functions on an arbitrary locally compact
abelian group and proved the Bochner-Schwartz theorem for tempered dis-
tributions.

The aim of this paper is to define the Fourier transform of functions in the
Gelfand—Bruhat space of type 5 on (7 and to extend the Bochner—Schwartz
theorems to the dual space of the Gelfand—Bruhat space and the space of
Fourier hyperfunctions on G, respectively. This representation is intrinsic
to the group and makes no reference to Lie subquotients. Our proof of the
main theorem makes use of topological properties of the Gelfand-Bruhat
space on a group ( and positive definiteness on elementary groups, which
is quite different from the Wawrzynczyk’s proof and others.

2. Preliminaries

We first introduce an arbitrary locally compact abelian group. We refer
to [10] for more details.

Elementary groups R* @ T™ & Z¢ @& F are building blocks of an arbitrary
locally compact abelian group G, where R is the group of real numbers, Z
is the group of integers, T = R/27Z is the one dimensional torus, and F
is a finite abelian group. A group G is said to be compactly generated if
there is a compact neighborhood of zero such that G is generated by its
elements.

Any group G is a direct limit of compactly generated groups G as-
sociated with a continuous monomorphism hy, which are identical to the
class of inverse limits of elementary groups G associated with a continuous
epimorphism A%, denoted by

G = limy(G», hy) = limy lim (GX, h) (= im Limg (G, 4% ))-
A A v |72

Since an arbitrary locally compact abelian group G is determined by el-
ementary groups Gi{, it is natural to study, first, the Fourier analysis on
elementary groups.

A function f(z,y,7,s), (z,4) € R* @ T™, (r,s) € Z* T, on the el-
ementary group will be called differentiable if for each (r,s) the function
f(-,7,5) is differentiable on R* @ T™.

Now to introduce the Gelfand-Bruhat space of type § let M, p =
0,1,2,..., be a sequence of positive numbers. Hereafter we always as-
sume that a sequence M, satisfies the following conditions throughout this
paper.

(M.0) For some C, L >0 p! <CLPM,, p=1,2,....
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(M].) Mg" S Mp—lMp+11 p= 1,2,.‘ .-
(M.2) Tor some C, H >0 M,y, < CHPYIM,M,, p,¢=0,1,2,....

REMARK. The sequence M, = (p!)*, s > 1, satisfies the above condi-
tions, so does M, = my...m, with m, = p(logp)”, r > 0.

We also note that we do not assume the non-quasi-analyticity condition
(M.3). Thus our results include both quasianalytic case and non quasiana-
lytic case, in other words, both hyperfunctions and most of all ultradistri-
butions.

For each sequence M), of positive numbers we define its associated func-
tion M(t) on (0,00) by

" My
M,

M(t) = suplog
P

For a constant h > (0 we define the Gelfand-Bruhat space of type S on
locally compact abelian groups T and.Z: First, for T we write as follows.

[ ()
— o —
SatpT) = {0 € C=(D) il = swp Tz

kENQ

<oo},

S{A,fp}(T) -- ILII} SMle(T)i and S(Mp)(T) = lxm SMp,h(T)- AISO, for Z we
h—oo h—0
write

S.WI,,h(Z) = {(p:Z - C | qn(sp) = Slélé |cp(n)|eM(h|"|) < OO},

Siar {{Z) = lim Sp, 4(Z), and Sear,y(Z) = fm Sag, w(Z).
h—0 h—oo
Mere, the above-mentioned spaces are related to the Gelfand-Shilov
sp «ce of type S in [5]. The Fourier transform on such spaces is well-defined,
i€,
P(x) = Z p(n)e™™*  for ¢ € S.(Z).

nez

Here, * stands for either {M,} or (M,). In fact, we obtain by a straight-
forward computation that the Fourier transform becomes an isomorphism
between these spaces.
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PROPOSITION 2.1. The Fourier transformation Is a linear isomorphism
of 8.(T) onto 8.(Z).

The above Proposition 2.1 implies there exists a natural isomorphism
between S.(T) and 8L(Z) via Fourier transform, which are the strong dual
spaces, respectively.

Let x,, be the element of S,(Z) satisfying x,(m) = m » for each m € Z,
where &, , is the Kronecker delta. Then any function ¢ € S.(Z) may be
expanded in terms of {xn}ncz 88 @ = D, cz @(M)Xn in S.(Z).

Let u be an element of S(Z) and put u(n) = {u,x,) for any n € Z.
Then it follows from the continuity of « that

(u, ) = Z “(”)%D(n)a ¢ € Su(Z).

nez

Thus an element u € 8§.(Z) is uniquely determined by and is identified with
the function on Z, defined by n — u(n). Therefore, as a function on Z an
element u € S(Z) is characterized as follows. We omit the proof.

THEOREM 2.2. A complex-valued function v on Z belongs to the space
S:(M,,}(Z) if and only if u is {M}-tempered, i.e., there exisis a constant
C > 0 such that for every € > 0 |u(n)| < Ce*E") n e Z, or if and only
if w is of the form u = ) .z u(n)T, in the weak™ topology on SEMP}(Z),
where T, is the element in Sj Mp}(Z) defined by (T,,y) = ¢(n) for any
n € Z and ¢ € Spr 1 (Z).

REMARK. Because of the above theorem we call elements of S} Mp}(Z)

{ M }-tempered ultradistributions on Z. In fact, Theorem 2.2 is valid for the
space 'SEMP)(Z)'

The Fourier transform % of u € §.(T) is defined by
(T,) =2m{u,p) forall pc S.(T).

In fact, S.(T) is a closed subspace of the space of ultradifferentiable
functions ¢ on [0, 2] satisfying ©*)(0) = @™ (27), k € Ny (See [6] for the
definitions). Hence, S,(T) is separable and nuclear. Therefore, due to the
linear unitary topological isomorphism of the Fourier transform, S, (T) and
8.(Z) are perfect spaces.

We note that the strong topology of its dual space is identical to its
weak* topology and the Fourier transform of u € §,(T) is the element in
S!(Z). Therefore, we have the following isomorphism of S;(T) onto S,(Z)
without proof.



Bochner—Schwartz theorem on LCA groups 11

TuHEOREM 2.3. The Fourier transform is a topological isomorphism
of S.(T) onto S,(Z) with respect to the weak® topology. Moreover, the
following hold.

{i} A function T on Z is the Fourier transform u of u € §,(T) if and
only if T' is »-tempered.

(ii} Every x-tempered ultradistribution u can be expressed as Fourier
series u =Y, .5 B(—n)e™ in the weak* topology of S,(T).

REMARK. Infact, using similar arguments we can obtain parallel results
in the muiti-dimensional case.

3. Bochner—Schwartz type theorem

We observe, as in [10], that Gy = lim(G¥, hY) and the group G can be

14
presented as

G= ﬁTnll'H—n( i) = J,igliTrr;(G‘,(,hK),

where indices A and v run through some directed sets for which G¥ is
defined.

The group [’ of characters on a group G is in turn obtained from ele-
mentary groups '} by a consecutive direct and inverse passage to the limit
executed in an arbitrary order,

I = lig fm I = lim Ly 2.
v A A 2

We shall now consider functions on groups. Any function f defined on
% can be lifted to the group G in a natural way. In fact, we first write

F(htg) = flg) for g€ GY,

which as a function defined on an open subgroup G of the group G, is ex-
tended to the whole group putting f = 0 on G\G. The obtained function
is invariant under translations from T%, where G, /T" = G¥.

A function ¢ on G being constant on the cosets of T% determines the
function ¢} on the elementary group by

©5(g9) = p(hig) for g€ GX.

If, in addition, the support of ¢ is contained in G, then (;E = . The
Haar measure on G determines an invariant measure on ¥, which we
denote by (dg)%. Thus for any integrable function f on G% we have

/G fdg= ]G S,
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and if ¢ belongs to L{G), then

/wdg=f ¥x(dg)s only if suppy C G
G G

v
A

DEFINITION 3.1. If f € LY{G), then a function fon T defined by the
formula

o~

flv) = /;(g,"ﬂf(g) dg

is called the Fourier transform of f.

Now, to introduce the Gelfand—Bruhat space of type S on an arbitrary
locally compact abelian group, let G be an elementary group, which is
identical to R* @ T™ @ Z* @ F. Then we define the Gelfand-Bruhat space
811,31 (G%) (Siar,)(GY), respectively) of type S is the set of all infinitely
differentiable functions ¢, defined on G¥, satisfying for some h, ' > 0 (for
every h, b’ > 0, respectively)

sup (e, y, 7, 5)| MBI+ < g
A

and su)\p|t,'5($,r,y,s)|eM(h'(\Il-FITI)) < 00,
PV

where (z,y,7,s) and (z,7,9,s) run over G¥ = R*@ T @ Z* ¢ F and @} =
I'* =RF@Z™ @ T @ F, respectively, and M(t) is the associated function
of M,. Then the Fourier transform is a linear continuous isomorphism
of S.(GY) onto S,(I'}). Moreover, we can extend S,(GY) to S«(Gx) by
the natural way as in [10]. The topology in S.(G) is then defined as the
strongest topology for which the injections S,{G ) — S.(G) are continuous.
Moreover, the Fourier transform is a linear continuous isomorphism from
8, (G) onto S.(I") by the open mapping theorem, where G is an arbitrary
locally compact abelian group and I' is the group of characters on G. Also,
we denote by &’ (G) the strong dual space of S.{G) with the weak™ topology.
In particular, in the case of M, = p! we can define the Sato-Bruhat space
F(G) = Sgpn (G) and call elements of the strong dual space F'(G) of F(G)
Fourier hyperfunctions on G. In fact, for convenience we write as Si M} (R¥)

instead of the Gelfand—Shilov space (8{{55 % )’(]Rk).

Note that S,(G) is completely determined by S.(G¥) and is a separable,
nuclear, and Fréchet—Schwartz space.
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We shall say that a *-tempered ultradistribution v € §,(G) on a group
G is positive definite if

(u,w*cp*):(u,wa(ngh)so(h)dh)zO, @ € S.(G).

We are now in a position to state and prove the Bochner-Schwartz the-
orem for *-tempered ultradistributions and Fourier hyperfunctions on an
arbitrary locally compact abelian group.

THEOREM 3.2. Assume that there exist a positive integer k such that
liminf, . (nfmg;,:./vrnp)2 >k, where m, = Mp/My_1,p=12,.... fuisa
positive definite ultradistribution in S,(G) on an arbitrary locally compact
abelian group G, then there exists a positive *-tempered measure p on I’
such that

M@=Lﬂﬂ@w for all p € 5.(G).

The converse is also true.

Proof. We first consider the case of the elementary group G = R* @
T™ & Z* © F and prove only the case x = {M,}.

Let u be a positive definite ultradistribution on S;pr 1(G). Now, we first
show that

mw=ﬁﬁﬂ@m for all € Spar, (G,

where p is a positive measure on I' = R* @ Z™ @ T ©F satisfying for every
e>0

f e Mlel+ir)) gy « 00, z e RF, rcZ™,
r

where M (t) is the associated function of M,. To begin with we note that
S{Mp} (Rk) ® S{j\,{p}(Tm) & S{Mp}(ze) & S{Mrp} (F) is dense in S{Mp} (Rk &
T™ @ Z° ¢ F) and the identity map is continuous. Thus, u € Si M,,}(G) is
completely determined by the restriction of u to & Mp}(]Rk) @S, 1 (T ®
S(ar,  (ZF)®8y,) (F). Moreover, if u € S} 1,1 (T™) then u can be identified
with a pertodic { M }-tempered ultradistribution.

Let v be the restriction of u to S{Mp}(Rk) ® Sar,1(TT) ® S{MP}(ZE) ®
Sia,3(F), Note that, in fact, S(F) = S} (F) = F(F) and moreover,
the positive definiteness of « implies v is positive definite S¢ar,}(R*) ®
Siar, 3 (TT) @S,y (ZH®S (a1,}(F). It follows from the Bochner—Schwartz
theorem for S, , (R*) and 81,3 (F), the Herglotz theorem for Star, (T7),
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and the Schwartz—Bruhat theorem that we have the integral representation
of v as follows:

(1 @ P2 @ 3 @ 4} = / P1 P2 b3 Pa du(y).
r

Therefore, from Theorem 2.3 and [3] we have the {M }-temperedness of u
on Sqar, 3 (R*) @ Sqar, } (™) & Spar,} (T ® Sqag, 3 (F).

Now, for any ¢ € S{ay,3(G) we can choose a sequence p; € Sy} (R¥)
®S(a, 1 (T™) ®8{Mp}(Z£) ® S{u,}(F) such that ¢; — ¢ in Spy 3 (G) as
Jj — oo. Since the Fourier transform is an isomorphism from Sgaz,3(G)
onto Sz, (L), we have

u(p) = lim v(p;} = lim /9’53- dy = f @dpy.
s = r

In fact, the existence of a positive measure i on Sgay, (I} follows from the
density of S{Mp}(]Rk) & S{Mp}(zm) ® S{M,,} (Te) @ S{Mp}(F) in S{MP}(P)-
Of course, u is independent of a sequence {y;}.

For the general case of an arbitrary locally compact abelian group G,
we already have the family of positive measures (du); on the group I') of
characters of elementary groups G%, defined by

[ @ = [Fau tor o e sy (r),

where I' is the group of characters on G and @ is the extension of ¢. More-
over, we have the corresponding set of positive definite ultradistributions,
given by ‘

ul(p) = f S du(r), ¢ € S} (C).

In virtue of the theorems proved for elementary groups, (du)? can be con-
tinuously extended to a {M }-tempered measure u on I', which means the
extension of measure (du); to S(ar 3 (T). O

In fact, in the case of {M,} = {p!} in the above theorem we can also
obtain the following Bochner—-Schwartz theorem for Fourier hyperfunctions
F'(G) on an arbitrary locally compact abelian group G.
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CoroLLARY 3.3. If u is a positive definite Fourier hyperfunction on
an arbitrary locally compact abelian group G then there exists a positive
{p!}-tempered measure yu on I' such that

we) = [ 20} dut) for all o € F(G).

The converse is also true.

REMARK. (i) A Fourier hyperfunction u is said to be periodic with period
p if u(z + p) = u(x). Let u = {u, }necz where u,, is an analytic functional
on the interval [np, (n + 2)p| such that v = u, in np < x < (n+ 2)p. Then
u, € F'(T} gives a complete characterization of u.

(1) SYZ) G Siap (Z) G Siar ) (Z) & F(L).
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