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The main mode of heat transfer of combustion gases at high temperature is thermal radiation
of the participating gases, which are mainly carbon dioxide and water vapor. Therefore, the
information of the emissivities of carbon dioxide and water vapor would be very important in
the thermal performance analysis of a furnace. In this study, an exponential model for the
emisstvities of carbon dioxide and water vapor is derived as a function of the product of the

partial pressure and the characteristic length and a polynomial of reciprocal of temperature.

Error analysis of the calculated values from the present model is performed for the temperature
ranges of 555.6~2777.8 K and the partial-pressure-length product ranges of 0.09144 ~609.6 cm
-atm. For carbon dioxide, the difference between the values from the present model and the
Hottel's chart is less than 2.5% using a polynomial in 1/T of degree of 4. For water vapor, the
model can predict the emissivity within 2.5% difference using a polynomial in 1/T of degree of

3.
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Nomenclature
: Weighting factor

: Speed of light (2.9978 x 107% m/s)

: Coefficient in equation (16)

: Fraction of total emissive power

: Absorption coefficients ({cm-atm)~'}
1 Plack’s constant (6.625x 1073 [s)

: Radiation intensity (W/m?)

: Pathlength (cm)

: Pressure (atm)

: Temperature (K)

: Emissive power (W/m?)
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. Variable defined in equation (10}
: Wavelength of both ends of arbitrary

T
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radiation bands

1 Coefficient of a polynomial of 1/T

. Emissivity of combustion gases

. Wavelength (pm)

: Stefan-Bolizmann constant {5.670 x 1078
W/m?K?)

S

Subscripts

. Blackbody

. Calculated value
: Gas

! Calculated at L

. Spectral

» Evaluated at AT

. Incident or initial

MmOy W

O xon
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1. Introduction

The internal and external combustion engines
use thermal energy of combustion gases produced
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by fossil fuels. Because this combustion gases
reach a high temperature, radiation heat transfer
becomes the main mode of heat transfer to the
surroundings. More than 90% in weight of fossil
fuels is carbon and hydrogen so that combustion
gases consist mainly of carbon dioxide and water
vapor. Since carbon dioxide and water vapor are
participating media, the emissivities of these gases
should be known exactly in order to perform
efficiently the thermal and material design of the
combustion engine.

Based on the theoretical work and the experi-
mental data, Hottel and Sarofil (1967) and
Mcadams (1954) made the total emissivity charts
for carbon dioxide and water vapor as a function
of the wide range of temperature, pathlength, and
partial pressure. Because it is reasonably accurate
and easy to be used for a variety of engineering
applications, the charts are widely used for the
performance design and analysis of radiation heat
transfer equipment. If the geometry of combustion
equipment is complicated and the temperature is
not uniform in the equipment, however, distribu-
tion of temperature and the heat transfer rate
throughout the combustion area should be inves-
tigated in order to predict the thermal perfor-
mance of the system accurately. Therefore, it is
very difficult to use the Hottel’s Charts to calcu-
late radiation heat transfer from the combustion
gas.

In order to properly consider the spectral char-
acteristics of the participating gases, many
researchers (Farag, 1976; MNakara and Smith,
1977; Sarofim er al., 1978; Farag and Allam,
1981; Felske and Charalam, 1982; Ha and Hur,
1986) have used an exponential model to express
the total emissivity of the combustion gases as a
sum of gray gases of absorption coefficient /%, and
its weighting factor g, as follows:

M
e=2a;ll—e™] (1)

where M represents the total number of gray
bands, g, the energy fraction over the spectral
region in which the gray band of absorption
coefficient k, exists, P, the partial pressure of
combustion gas, and L the pathlength. Even

though it was known that this model could not
give the accurate solution for the detailed spectral
calculations with small number of gray bands
[9]1, it is still useful for numerous engineering
applications because of its simplicity. In order to
simulate the spectral absorptivity of the nongray
gases using this model, it was presented that a
number of gray bands have to be considered, and
Kim (1997) obtained good results with more than
fifteen gray bands after painful calculations.
Fortunately, the calculated spectral properties
from a weighted sum of gray gases with a suffi-
cient number of gray bands are valuable with a
powerful computer although the amount of the
calculation for radiation heat transfer becomes
enormous. However, the detailed spectral calcula-
tion is too complicated to be applied for relatively
simple problems in the industry. Therefore, the
correlation to predict the total emissivities of the
major gases is required in the industry.

In the present study, the total emissivities of
carbon dioxide and water vapor are obtained as a
function of the absorption properties and
polynomial of reciprocal of temperature. And, the
results of the present model are compared to those
of Hottel in order to confirm the accuracy of the
equation developed.

2. Calculation Model

The main products of combustion of fossil
fuels, which are carbon dioxide and water vapor,
absorb and scatter the incident radiation energy.
Thus, if radiation energy is incident in the
medium of combustion gases, the intensity is
reduced due to the absorption, neglecting the
scattering, as follows:

— 4L 1, )

where ], is the monochromatic radiation intensity
of electromagnetic wave of wavelength A, %, the
absorption coefficient. Because the absorption
coefficient is proportional to the partial pressure
of gases, Eq. (2) can be expressed as a function of
the partial pressure,

_dL
d

:ffAPg]a (3)
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After an electromagnetic wave of a wavelength 4
passes through the gas layer [, the spectral radia-
tion intensity is given by

Ira= 1l e tbL (4)

where [, represents the incident spectral radia-
tion intensity of a wavelength J into the gas layer,
I;.; the spectral radiation intensity after passing
through the gas layer, and [ the thickness of gas
layer. Under the local thermodynamic equilib-
rium, the medium must emit an amount of energy
equal to that to be absorbed. Thus the spectral
emissive power in the gas layer L is expressed as

m=IU,A_IL,). (5)

The total emissive power is obtained by integrat-
ing Eq. (5) with respect to A and then it is given
by

Wg:'gmm&:_ﬂm(fo,x*h,x)ﬂﬁ
= f " ou(1 - e=HPLY A (6)

The total emissivity is defined as the ratio of the
emissive power of the gas to that of the blackbody
at the same temperature.

f fo, A —e=bBlydl
Eg =4“”"/-£‘_ P (N

b

From the Planck’s law, J,, is expressed as
Ioa=2mhc*A™%/ (erir—1) ®)
Substituting Eq. (8) into Eq. (7), Eq. (7} becomes

e = ! f"“ 2rhc?
E 0T h p(emr—1)

(I—e=+tD) @ (9)

Defining a variable V as
__he
VA_kAT (10)
Eq. {9) becomes

15 = 3
EB.ZF'/; QVL_I.(]WQ-IQP\;L)# (11)

Combustion gases do not emit radiation energy
uniformly in the entire spectrum range because
the radiation property is a strong function of the
wavelength. Thus, Eq. (11) can be changed to the
sum of integration for each absorption gray band.

15 o VS
€g:_£1"/‘; 73"’—1 (l*e"“P'L)dA

A
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Pivovonsky et al. (1961) and Wiebeit (1967}
derived the following equation to express the
fraction of the total emissive power at some
wavelengths from the distribution of radiation
energy according to the variation of wavelength
for the blackbody and gray gas.

Fou'— 42 4 {[(mV+3)mV+6]
6, V=2 (13)
IR S R R I
FO.J.T‘*I_FV3|: 8 + 60 5040
v v
+373.160 13,305,600]’ V<2 (14)

Expanding the exponential function of Eq. (13)
as a Taylor series and arranging all terms, Eq.
{13) becomes

2
Foaur= 42[ V2+ g +/IJ
[(#2 VEi+3mV+6ymV +6] (15)
Eqg. (14) and (15) for the fraction of the total
emissive power can be generalized as follows:

'—f[c0+ CVAGCVE At CaV™]
G,

FO,ATZ

[co+-f+ +A+C"] (16)

T?]
Combining Eqgs. (12) and (16), the fraction of
the total emissive power emitted by the arbitrary

radiation band between the wavelengths of 8 and
A can be expressed as follows:

15 &
S0 [y

—Fo,ﬁ,,r]=[yo+LT‘+ 7 +/1+—TL,,] (7

The exponential function in Eq. (17) is only a
function of P, L, but the integral function of ¥
is only a function of temperature. Combining Eq.

={Fo a1

(17) and Eq. (12), the emissivity of gray gas can
be expressed as

é [1— @kl ]
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2.1 Calculation procedure of cocfficient

In order to obtain the value of a coefficient g,
for Pl at temperature T, Eq. (18) is changed as
follows:

k
£y = 2R a.X; (19)

where

Xo=1— g tPd

Using a least square method, Eq. (19) can be
transformed to the following system of linear

{20)

equations.
N N
enf T)ng(xu)z‘f' a{ T)EXUXZI‘*' -
+ flm( T)éX]_,Xm\,: E/i_ﬁ‘.lElej

ol T)E XisXay+ anl T) B KP4+

+am(T)EXzJXm EEJXz, (21
al T)Z:]XUX”“' + al T)EXz,-Xm— +1
+ anl T) (X' = 2. X
where
Xy=1—e-hndL; (22)

and ¢; is the emissivity of each gray band. The
values of reference [3] and the Hottel’s Chart are
used as those of absorption coefficients };, and
emissivities g; to calculate the @, @'+ @y 10 the

above system of linear equations, respectively. In

this calculation, a starting temperature is 555.6K
(1,OOOR) and a temperature is increased by 138.
9K (250R) until it reaches to 2777.8K {5000R).

In order to compute the values of the coefficient
vy in Eq. (18), the function of temperature in Eq.
(18) and g{ T.) obtained from Eq. (21) are com-
bined and changed into the following system of
linear equations by application of a least square
method.

i !
7.-0}(2211( Yl/c)z + Tflkz::l Yie YVor +
: t
+ }’icn—i)’g] Yie Y(n—l)k:kg](li( T} Yo
{ !
mkzztl YieYou + ')’ilkgl( Yae)?+

i i
+ }’i(n—i)]?__’] Yo Y(n-l)k= )’f(nﬂ)i;]af( TK) Yu

(23)

i i

'.Viokz:!l Yie Viecoe + mkgll Yor Vi + A1
1 !
+ )’f(n—ukgl( Yz.n—l]ic)2=’§lai( 1) Yin-11
where
| )
Yie (7~J)kv 7 V~wn, k ! ( )

The coeflicient y; of the weighting factor g, are
obtained from the solution of this system of linear
equations.

3. Results

3.1 Calculation results of coefficient 7

Tables | ~5 show y,, obtained from the present
model and absorption coefficient %; given in the
reference. (Farag and Allam, 1981) Table 1 shows

Table 1 Values of the constants y,; and %, in Eq. (19) for carbon dioxide

i i T
a.=‘n,o+y—r'+ L = oo FeL=cm « atm

7 / Yi.o Vil Yiz ki
1 0.4114771 0.02654507 0.0003647
2 —0.00570993 0.1751408 —0.0850763 0.0036330
3 —0.0114724 0.1439534 —0.06216872 0.0310
4 —0.00539995 0.07096846 —0.027158105 0.1496
5 —0.03176933 0.1269945 —0.05171511 1.036
6 —0.00797345 0.02744371 —0.00596318 7.806




252 Byung-Ki Hur, Nam-Jin Kim, Tae-Beom Seo and Chong-Bo Kim

— &4 14 Jo |0 &6 |& |a (s s joe O jaO|C (e [m] a

- m o L e T I R O S O A N P+ O 2 Y [ ] o lo O &b

—m fa m|e O|a|a|afs s jatOo ® (o] C m] a

—w|a|e|o|lD|laja{ajaja|a joje to o O &
: io— ™ | & m |O | O A {A|A A& [a O | |0 |0 (O ]
= g ja s jOole O|8 |A&]LH W W jO]S |[O | ||
vﬂ; - | & »|O |0 AL | . a|e ] O ]e =] | ]
o “o|a|o|o|o|w |m|a|m|s|o|e s (0o e |O
E o la|ofo[o|a e a|es|{s|o|e [ |00 |0 |e
< —oja]|e |e |Oo|n|m|ea|mjojo]jo |0 |0 |0 | |
5 Je loajolo|ofs|ealo|ofe [o0]o oo ]o e |o
- 01— o (e [ ] o (O |00 |e L] |0 |O |e ] [ ]
< s a|lpiojo|ojo|o|e | [¢ |[O]O |® | |a |
E —“Ho |aje | (DO |O|O|® |[O|O QO |O |® |& |je |@
< -0 |Aaje (¢ O | |m |O}® ([« [O]|]O |OC|OC (e |0 |0
E' - O |0 e [ ] [ ] ] (O |e o |0 (o] Q ] (o] o]
= —~o |(m|ofe |®@|m m|m|O|® |e [0]|O]|0O]e |[O]|O
~ o |m]ojole |a s |m[O|e [e (0|0 |00 |0 ]0
& pooi—® jofo [o[ea[s|e[=e|O[e O[]0 ]|0o 0 ]0 (0 |e

e 8] o |e [ ] m|O|O]|e® o |0 0o |0 |O o O | d

—o [o [OfjO |u[m]Je [ [O o Jo]Je [O[O}O]e

-1 * C (O |00 }e o |0 |O [ ] LA A S Y

R c | [ ) [ ] o |0 [ ] [ ] a PN AN

—® |O|O |® |O|O |Oje |O|m |m A

0 ja | (O[O |O |® | Im |[&

T T 71T 1T 1 I T T T T 1 I |
100 200 300 400 500
Temperature["R/10 or (9/50)K]
Fig. 1 Resuits of error analysis between the values of the Hottel’s chart and the calculated values of Eq. (15)

for the emissivities of carbon dioxide. (see Table 6 for the explanation of the symbols})

the results for a weighting factor 4, of carbon

T of degree 2.

dioxide using a polynomial in

(25)

o ra Y
a;:=7vwot+ r + p

where

__ T
T=T000 (26)
Table 2 shows the results for a weighting factor g,

Lol“

of carbon dioxide using a polynomial in T

degree 3.
I ¢ S £ R 43 )
24 ?’10+ z_+1_2+r3 (7)
Also, the results for a weighting factor g, of

T

carbon dioxide using a polynomial of degree

4 are shown in Table 3.

S e e e (28)
Using Eq. (25) and (27), the coefficients of the
polynomial for a weighting factor g, of water
vapor are given in Table 4 and 3, respectively.

3.2 Error analysis

From the following error analysis, we can
estimate the accuracy of the present model for the
emissivities of carbon dioxide and water vapor.
The error is defined as follows:

Er " &el % 100

Ervor(%)=—"—""H (29)

T

where ¢, represents the reference emissivity and
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Table 2 Vatues of the constants y, ; and k; in Eq. (19) for carbon dioxide
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a:=7io+ T; +%+ 7;33 r:%, Pol=cm - atm
’ Yio ¥il Viz Vi3 ki
i 0.4114711 —~0.11911224 0.0265407 — (.0003647
2 —0.1824832 (.8685437 —0.8188864 0.2253813 0.003633
3 —0.07770912 (0.4130442 —0.3665191 0.09878845 0.031
4 —0.0294800 (.1702040 —0.1423403 0.0381592 0.1496
5 —0.03768278 0.1527180 —(.08346745 0.01091601 1.036
6 —0.00346328 0.006393768 0.02257021 —0.01061336 7.806
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Fig. 2 Results of error analysis between the values of the Hottel’s chart and the calculated values of Eq. (27)
for the emissivities of carbon dioxide. (see Table 6 for the explanation of the symbols)

&c the calculated emissivity. The present study
performs the error analysis between the calculated
values from the present model and the values of
the Hottel’s Chart for the temperature range of

555.6~2777.8 K (1000—~35000 R) and a partial-
pressure-length product range of 0.09144 ~609.6
cm-atm (0.003~20 ft-atm). In Table 6, the sym-
bols representing error percent range are shown.
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Table 3 Values of the constants y,, and %, in Eq. (19) for carbon dioxide
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Fig. 3 Results of error analysis between the values of the Hottel's chart and the calculated values of Eq. (28)

Figure 1 shows the difference of the results
between the Hottel’s Chart and the calculation
from Eq. (25) for the emissivity of carbon dioxide
using the coefficients of Table 1. It is shown that

for the emissivities of carbon dioxide. (sec Table 6 for the explanation of the symbols)

the results of the calculation are close to those of
the Hottel's Chart in the wide ranges of P,f and
temperature. Furthermore, the calculated values
from Egq. (25) for both low P.L and high temper-
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Table 4 Values of the constants y,; and %, in Eq. (19) for water vapor
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Fig. 4 Results of error analysis between the values of the Hottel’s chart and the calculated values of Eq. (25)

for the emissivities of carbon dioxide. (see Table 6 for the explanation of the symbols)

ature also agree well with the values of the
Hottel’s Chart. iIf the emissivity of carbon dioxide
is calculated from Eq. (25) with the coefficients in
Table 2, the errors are generally less than 10%.
And, the maximum error is less than 15%.

Figure 2 shows the errors between the values of
the Hottel’'s Chart and the calculated values of
Eq. (27) using the data in Table 2. These results
show that the errors are generally less than 5% in
the entire ranges for Pg/. and temperature except
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for very low temperature and small P.f.. There-
fore, it i1s known that Eq. (27) can predict the
total emissivities of carbon dioxide more accurate-
ly than Eq. (25).

The differences for the emissivity of carbon
dioxide between the Hottel’s Chart and the calcu-
lation from Eq. (28) and Table 3 are presented in
Fig. 3. The emissivities obtained from Eq. (28)
and Table 3 are closest to the values of the Hottel’
s Chart. The errors are less than 2.5% except for
extremely low P,f, and temperature. Thus, Eq.
(28) with the coefficients in Table 3 can be used
very effectively and accurately for the computer
simulation to require iterative calculations for the
thermal performance analysis of combustion

Byung-Ki Hur, Nam-Jin Kim, Tae-Beom Seo and C:hong—Bo Kim

engines.

Figure 4 shows the difference distribution
between the emissivities from the Hottel’s Chart
and those from Eq. (25) and Table 4 for water
vapot. These results show that the errors are less
than 5% for the entire ranges of P [ and tempera-
ture except for very low values of P.L. The
weighting factors are expressed as a polynomial
in T of degree 2 in the reference and in 1/ T of
the present calculation.

The comparison of the results from the Houtel’
s Chart and Eq. (27) with the coefficients given in
Table 5 is shown in Fig. 5. The errors are very
small in the temperature ranges of 555.6~2777.
8K(1000~3000R) and Pl ranges of 009144
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Fig. 5 Results of error analysis between the values of the Hottel's chart and the calculated values of Eq. (27)
for the emissivities of carbon dioxide. (see Table 6 for the explanation of the symbols)
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Table 5 Values of the constants y,; and f, in Eq. (19) for water vapor

; 2 ; T
(1.‘=}’r.o+7—rl+%+ 7J33: T=1000" Pel=cm - atm

T
H
Ji Yue Yin Yiz Yis ki
1 —0.0591638 0.8932018 —0.5719211 0.1145219 0.0082352
2 —0.1198696 0.5108335 —0.3838696 0.1006553 0071972
3 0.02965407 —0.1167801 0.1932530 —0.06682821 (0.50574
4 —0.01225271 001525528 —0.00468836 0.00151498 41788

Table 6 Symbols representing error percent range

Symbols Error range

O0<Error(%)<2.5
2.5<Error(%) <5.0
S0<Error(%) <75

7.5<Error(%) < 0.0
10.0<Error(%}<15

20 < Error(%) <30

30<Error(%)< 50
30 < Error(%) < 100

100 < Error(%)

X~ O30 O

~609.6 cm-atm (0.003~20 ft-atm) except for
very low values of P.f. Because the errors are
less than 2.5%, we can conclude that Eq. {27) and
the coefficients given in Table 5 can be used for
the calculation of the total emissivities of water
vapor without significant discrepancy.

4. Conclusions

The present study shows that the emissivities of
carbon dioxide and water vapor can be expressed
function of P f. and a
polynomial of reciprocal of temperature. The
following results are obtained by comparing the
results of present model with the Hottel's Chart

as an exponential

for the emissivities of carbon dioxide and water
vapor. The results from the present model agree
well with those from the Hottel's Chart.

For carbon dioxide, the error between the
calculated values by the present model and the
values from the Hottel’'s Chart was distributed
within 2.5% using a polynomial in 1/ T of degree
of 4, For water vapor, the model has less than 2,
5% error using a polynomial in 1/ T of degree 3.

It is convenient to use the results of the present
study for the numerical simulation because the
radiation properties of carbon dioxide and water
vapor can be accessible as simple polynomials.
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