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Theoretical Analysis of Anisotropic Laminated Shells
with Shear Deformation

I RERE I
Kwun, Tk-No Kwun, Taek-Jin
Abstract

The sfructural behaviors of anisotropic laminated shells are quite different from that of isotropic shells. Also, the
classical theory of shells based on neglecting transverse shear deformation is invalid for laminated shells. Thus, to
obtain the more exact behavior of lominated shelis, effects of shear deformation should be considered in the

analysis,

As the length of x-axis or y-axis is increase, the effects of transverse shear deformation are decredse because
the sfiffness for the axis according to the increasing of length is large gradually. In this paper, the governing
equations for anisotropic laminated shallow shell including the effects of shear deformation are derived. And then,
by using Navier's solutions for shaflow shells having simple supported boundary, extensive numerical studies for
anisofropic laminated shallow shells were made to investigate the effects of shear deformation for 3 typical shells.
Also, static analysis is carried out for cross-ply lominated shells considering the effects of various geometiical
parameters, e.g., the shallowness ratfio, the thickness ratio and the ratio of alength of x-axis)-to-b(length of y-axis).
The results are compared with existed one and show good agreement,

keywords : Shear Deformation, Laminated Shell, Anisotropy, Cross-Ply

1.4 = ool jste] B2 AW I AA A A
2 At AFE, AT TR, AFEGFY A
PP AFARE A, UG, WEAE 5 AE 39 T FANA Sol 4R AHge] ¥ 9
A BE o= AT FL AL AT Y ok AN TYNHOE ofasA] FEF ko
53] 340 03l FFo] ApE7] el S5 9 A AF TREE gl Agolth mEpd, vl
4 Aoty & 5 Uk =S olAR S RAB PSR H849¢ AU e Rk A%
Vg ge 2ol s W3 BAAEE Gaifd A9 978 Falod b AA o) Sl ol
Aramidd fr(Kevlar) 53 AH83H=T] oA A9 HF PRES A4S 2o gord) et
AT Gl A7) dhEe] £ AP Ao A% o)y AR We| AWAFE BF B
WA G FRE AR PSS ole® oY U ASe mushd dwHes Ak Ay A
AZANEE AG FFRopIN Aol AztEel A F oA AR We Fuude 54 504 A
Fo) $54% ope} 179 setow Qs oiAlA 59 We) Ad Wy vimshy 43e Fes)
B2 o) AEollN Ze W Qdoh A Rl w=A mejsiop @k =@, PR A
Hol 7% - ER AQIME el d7AEe] of /b #Ess we) duede AuHos F25
o oleld el AT B e xE% yHol jstel W
¢ REY . ARANET AHFo, A geey Aason ARd A ALE ERAe
o A3 - Ad B AF e, wg
HRTYTE=RE 85



T
10
H
r
J0
>

(o4

Aol U] mie] FEe)x e AvEe

vadhth & 5 Qivk 2R, PEEC] BeE
£ w9 dunde nes s Aug F2
g5 We) AVAGTL T sk Ao ol 3

glstazl 3t o} E f e
Navier 3| & 53l A2XEFA, 9

T 70 e BN SRR, 22} A

ol sl TH), S, B B ) 5
o T} W42 THF AN AHE )2 2}
)

M AEse W9 Ao

L) Juy | Wy
ax R, '~ S~ dy + R,
dwy vy
3y R, R, %
09, v — ad,
ox ' y oy
09, _ 0¢,
ox ' =T Ty
wy | vy Owy
R. VTR, ox @

Qg 1) A chFoilAe

B A .

—_

o

2.2 HIPIZE FHFEAGMS| EtSn} SZHE

Ao 7|ZwA A Ht2E ABANNY vEAe) SHE-NYE
BAE 2Q)F 2ol 9t 7|4, B9 $454
2.1 HPI2E ZZAOAMQ HEE-HIRHA T o,v U2 FA%EE 6,9 4,9 HI3) 27 o
2% Ty FE 2 2 WHH AL frze g O FAL F Avke e 2@
E AHgste Aol o AgAo] It HYIZE HE
AolA 4 T3 Ao Ui AP E-HYgAAE & = %(ax—voy), &= 5(0,~va)
o 34) r <.
&3 2o B ERAE W) Auy 7y B . 2(1+v) o 20t )
% J‘_J‘ths‘l-l:}' xy E xy / yz E ¥z
1 1 aga, A ey FRUE A2 g3 2
> 2 (et 215, &, 2 (ggy+ 2%5) 35)
I+ % 1+ %, o] Yepd 4 ok
Yo = i (gmt 22,0 + 1 (€t 22p) .
1+ 1+5 N\ = 0y 1+—Z—)dz
x y ny} —hi2 z-xy} Ry
7)12
7a=0, 7= ﬁ @ N, Lo ( Oy .
1+ £ {Nm]: L {zyx (1+R )dz
Qy Tyz *
. X , Mx _ + hf2 O_x z
o714 {Mxy} f—h/z {rxy}(1+ Ry)ZdZ
) P M _ -+ k2 g 2
R - S
86 M1H H2E, 2001. t2



Mg T2{sh o/ MEMo| o E A

(=3

J5 e
bd Bae) 82 §
.
Eh i
N, = 1= [60x+ VEgy — 19 (
Eh
N, = 1 [50y+ VER — o
ny = 2(1+V) [ony‘J{“ E0yx
Eh
Noe = 90+ 0) {EON S0

Eh
= 31ty B

3
M, — — L

*’*—12(1» 2) [;{X+ Wty~(

M, = X, vx,—

12(1

_ER®

M, = 12(1+u) Koy T Xy —

ok
o

N, | oN, &+ Lo,
ax ' oy ' R,T R, ox
Mot N NN, 20

L A B R E R EE

N.— N, = EE 4 =0
nyiny =90 —T—;‘]—:—%

M, M, .

ax ay ‘O_J_\__

M,—M,=0 %= g,

e~

—

=

®

oA
M., = 12(Elhj_ ) [x + 2t — (
[

Sy B

fad 22s 483w,
chewt e 71243 2
ik

UO;O

u)O:O

M,— M, =0 E—E%:o (7)

a8)3, g7t QA GRIA ] AAZDE e
3} 2.

M,~M,=0 HET ¢,=
— .  Ow
My~ M, =0%s S+ =0 8)

NAZ F48 o34 Ao 0 $HE-NFE
Al ml Zol M A2e) Ko e Qs

=
=

f pANe thest o] ekd & ik

bll 612 0 @16

Oy ] &y
oy Qe Q@ 0 Q Ey
= _ ©)
Ty 0 0 Qu 0 7z
Ty m 616 —QZG 0 Z)ﬁﬁ Yy m

Q= Qucos 0+ 2(Qp+2Qq) cos *0sin 20+ Qyysin*9
Q1= (Qy+ Qp—4Qg) cos “dsin *0+ Qp(cos *0+ sin*6)
Q3= Q308 20+ Qny sin 0
Qis=— Q@ cos dsin *0+ Q) cos *sin §

—(Qp+ 2Qgs) cos Bsin B cos 26— sin *8)
Qo= Qpsin 6+ 2(Quy+2Q) cos *dsin 0+ Qycos 0
Q= Q3 sin >0+ Qoyc08 76
Qo= Qu cos *Osin O+ Qyycos Gsin g

+( QT 2Qys) cos B sin & cos 26— sin 26)

87



i
i©
H
]
il
=

Qu=Qp, Qx—(Qu— Qy)cosfsingd

Qu= Qucos*0+ Qgsin’0,  Qus= Qg5 — Qu) cos Gsin §

Q55 = Qs5c08 0+ Qysin ®0

Qo= (Q1 + Q@ —2Q13) cos 24 sin 20+ Qg cos 20— sin ?6)*
(10)

(O3 2) ojdY Mo MERY 7= Y

0, = E, _ vl  vaky
U 1=y 27 1= vipvm I—viavy
B,y
e 1—vpvy
Qu==G06n, Qs=Gy, Qg=Gp 11

q714, B B E, & 18 248k @A
olj—r Viz g‘l V21E'§°]"/g‘ﬂ]r Gir Gy GISL‘:‘ ;1(_1:’—]'

Aol

+2/R)/(1+2/Rp,
oF 9t} o AL A(12)9} 2L

2 9
2=
Iy
>
= o

(a+x)"=d"+na" 'x+ ﬂ%—_llan—z 2
4 n{n—sl)'){n—Zl a3+ (12)

n (15
mzl»f};m_, 1+ V4 dZ
Ry

714, R R,E A FUYWY FENAC)L,
wdol R34 R, miA F FYHY F
oty AHEA(13)el], 12N HE upe} o,
Ripw=Ritr,, (i=x, W& UYL, W/IRR K1,
G,i=x, I/ RRE Z< FH 1A3e FAI8)

¥, 2132 T3t 2ol ojxlk

3 o (HRim) ﬁ fon 1 1
m:lfh,,,l [ dz%mzlfhm[l—i—z( E)]dz

)

(14)

Zo)ol Wy E AR oE AZAd YT Fed

7 FEAEANS A7) Y5y, T @4 |

HE-HS BAAOF H9E o8t 77 3

=2 $583 FRAE @) i vk, 78

RIRR; K1, (i, j=x 9= AH&3L, 4 3¢ 57

2 nel 488 F ZE NAY & #aid, o2

2L oA A Aol st FeEH FRIE 4
< 4S5 F A

88

H13 "2%, 2001. 12



Ay Ap Ag Ay Bun By Bi Byl | e
Ay Ay Ayx Ay By By By Bx| | ey
Ay Ay Ag Ag Bi By Bg Bes Exy

_ |As Ay Ag Ag B By B Bg| | o
. P

By, By By By Dy Dy Dy Dyg| | x,
By By By Bg Dis Dy Dg Deg| | Xa
By By By By Dis Dy Dg Dl | X

REssFAEE
»
kS
»
®
®
%
5
5

—By, 0 —By 0 =Dy 0 =Dy O | [ &0
0 Bp 0 By 0 Dy 0 Dyl |eg
—Bg 0 —Bg 0 —Dyig 0 —Dg O Eoxy
te| O Bs 0 Bw 0 Dy 0 Des| | €om
=Dy 0 —Dg 0 —Ey 0 —Ey 0 X
O Dzz 0 Dgg 0 EZQ 0 Ezg Xy
—Di 0 —Dg 0 —Ep 0 —Eg O Xy
0 Dy 0 Dy 0 Eyx 0 Egj |dn

(15)

{Q,) = [Aul 7oy} + col = Bu I 75} (16)

>

aA71X, =/R.~UryeIt. Pl HFAAASF
A; By, Dy} Eg(i,j=1.2.6), Ay Bj (i,j=4)<
3 AR GAHE Ao, g3 2

ol
=2,
r S

§:>
u[VJZ

E) Ry = B-y) (i, 5=1,2,6)

By = % 3% Q@ U — o) (i, i=1,2,6)
Dy = L 310, ", — W) Gl = 1,2,6)
Ey = % 2 Qi "y = W) (4,7 =1,2,6)
Ay = 20 kik; Qs Uy — hpy) (4, 5= 4)

2
H

Bij = %mél kik/bij (m)(hzm - h%n—q) (i, J= 4) (17)

71N, ke AY BAA SR A(17)& AHE
H, ol HZ Ao F4el thake] 71slehA 1
23 AgstAew diyo] Hd B¢ k= G0
o} gk oA A Aol 54 wAk(cross-ply) g
oA A7) OB (5 T ol He S
< = itk

szdz: Qz (l, ]:1,34) (18)

A7|A, L& vEdaAteln @ Ho|th W
Y 4.5 di={u 0 w ¢, 03, 35 HE Q=
Qi = {—pe— by Da—m,} 01Tk 1EIL, PIEAL
A Ly O 2ol fEHFT

9B, . D 9By . D\ &
L11:<AH+ s 11)§2+2(Alb+ By le) 2
2366 D\ 32 Ay 2Dy
e BB e {2
Ey\ @, 2D | Eig\ 0" _ Bu 19-1
VR e (BW & ® [ w| D
B Bn Dy ) 9% B+ B
( et R Rny)é‘xz +{An+ An+ =
2By 2Dy 3% By 366 Degg )i
R, T RE. )axay (A26+ R. TR, RR, |3y

QLS R%gw)%] (19
L13:_(Bn %)%—Z(Bwﬁ-%) 8:323831
e
R Bt ) e )
2 Beg

A Eu\ ad
e [k

ey 8 (1 Dy, 1
(Dee+ R, ) ERE: {Rx (11311+ R, )+ ny(Bm
D24 [ 1 Do\ 1 Dy B44 } 3
I eV A G b S IR S Ay A e
(193)
D D, 2
Luf(Blﬁ+i)%%&ﬁ%)%}zﬂ&ﬁ&ﬁ
Dyt D \_ 3% Au - Egy 9®
* R, ) 0x0y TR, ta Dis+ R, | 6x*
Ex\ 9> | Bu l 19-4
— - +*
(DZG+ R, ) ayl ny ( )
2B | Dn ) bl B+ Begs
O ~+2(A +
22 ( 66 R Rf:y P) 2 26 ny

89



)
1©
H
M
12
6]

+DIG) 3% +(A22+ZBIG %)ifAm

R%, | 9xdy Ry, RL)4Y R
+Co[_(B66+ 21?;6 +£—i)0722+(322+%
Lzsz‘(316+g_z)3733”(312+366+ 21?;; ) aﬁzgay
5 R LAy Ay sy s
+%+ 2}%6; n ‘;1?‘14 )a%’LCD[ (D16+£—z);—;
_(DZGJrg—ii)#;yzf(%erg—iJr RIZEW +%§Z)%

+(ﬁ+ﬁ+ DZG ﬁ BA4
y

3R at iy aby (19-6)

D\ 5 Dy \ 5°
LM:(BGG+i)a—2+(Bzz+ 26)—+(2326

ny X Rx_v

D+ D, 2
4 De 66) 3 Ay

Ry

+(D22+%i)a_zz+ﬁ] (19-7)

2316) 9* 72( By |, Bx ZBSS) 3”

% TerTer R,, | dxdy

%

55 | Ay n Ag )+ Ay | 24Ap +ﬂ 3%

R VR TR )T R TRR TR TGy

-+
=
kS

4 4 2D, 2D 2 2D.
+c0[~En%;+E% ) ( 1 16)3__( 2%

ox’9y* + R, R, | ox* R

¥

ooy Bujpy? RET R. RKR, RJR,

(19-8)

2D66) 3° 0> By  Bp 2By n 2By ]

By
R,

7! L

3
L34:_Dlsﬁ‘(D1z+Dee)Tzay‘Dze 1972 R,

+

2B\ o ,(Be Byn  2Bx _, \4 a3
Ry )ax ( ® TR, TR, AM) 9y +CU[El6ﬁ

_ @ (Do Ds\a (Do Dy 5308
2w ( R, T ny)ax +( R, TR, B44) 8y]
(19:9)
2 2 2
LM:D66%+2025%33,+022;_3/2*A44
2 2
+cg(—E65%+Emaa—yz—B44) (19-10)

4. oA HZ AFde] |4
A gt o) B3l o4 39 e B3

n

BAEL sisket ofetwol W] Wl el As
A" A A9} AL dSsle olfn e A
ol2H siHe el ME B Z Ak Wt

Ao] 4do] T AR BAE e A A 2
e Le 5 7] o] A AN TR AH-E
ok £ =M 48 theA)A] BAIE AHSIE &
o te Az el AE ds o=
T ol FMe B
of BeAA AAxDE ARSI 28T, 2
Ae w1 A st a4
& el B Aed) s
dFET}e] Ao e 33 ol
M7t HEZ ol o Fqslole v vt
ATt o] sl4E 3171 s ol Az 78
9] 7ol dasith T@de} 275 Ui B
Y At 230 948 ehdoh

1

ok
X~
2
fr
=2
o
2
o
kel
.
E o
Ol
ol
N
M1 2 o
o2 fHn XN

o
%
P
ne.
o
Ry o
¥0, ol
N 52
i
n =
2 o .
B

Iz
2
b
>
1o

Z
(1% 5y BIUHE DA HBM|

90

H1A H2%, 2001. 12



4.1 Naviersi#H2 Ol

Ae) BE Dol 9eAA 3AE 1
$3 2o 2D o8 5 9
x=0, a A
M N*Ug QZSy*O
y=0, 6 1A
ow
WO:My:Ny:u():W :0

Bt BeX|X| Ao sl

(20)

e, 9) = | 33 Upycos (2258 sin( 220
s, ) = 3T Vysin( 2 cos (222
i, 7) = |30 Wesin( 2% ) sin( 222
805, 7) = 30 B sin (L cos (22

[Kl,uld) = —{F} (25)

A7IM, (K15 38D, (0 ={Up Vi Wi boid
= HAHATHE AL, {F} = (Bomns Dons Danns Momad T
© skeAlgFHE eIt 18
|31, o} o] FofKch

AP E e k= K

O

]

2B 4 Pes Des )( )
R

Kn:‘(AlﬂL

x

= (Aaﬁ

2Dy Eu mr \*
+Co[<B11+ R, Ri )( P )

_ 2D | Ew \[ nr )\’
(B56+ R )( )

(26-1)

K12=‘(A12+A66+M)(—”)( nn’) (26-2)

R, a \ b

be= 30 Do cos( P sin () a

pom 55 s 2 o 52) (o ) (e B ENCE)

= B, o[ s 22 ol (B R ) e )

m= S s M) () (ot R ) 269

o K= B+ Bt 2 D)) 2E) (264

B = [ e cos () sin (P22 ) 4A 2 .

s = 5 [, sin{ 155 cos( 1) 2 K== Aul 50| —Aa( )

Dans = g [ sin () sin () A +c0[366(%)2 Bzz(%)2 f?‘*g] (26-5)
sEznTzEey 91



i
i©
H
i
12
>

(A | AntAuN ux
O %)

+(312+Bes)(—malr“)2(ﬂ) + CO( Byt By )(%)

b Ry
(26-6)
Ky = B(SG(T” 2—322(%>2+%
+CO[D66(%)Z Dzz(nT”) +%’j (26'7)
om k(R R
“Au ) ool ool ()
el R )
eE(2E) (25 (2] (69

R, "R b
+(D12+D56)<%)2(%) + 0( RZZ B44)( %b”)
(26-9)

o_‘g. rie
i
o 2
£
o
®
2
o
nul
oX,
o,
i
LY
&
1o
)
%
1
St
rE of

)
ofo
g;
£
N
P
o
ox
>

= °]&sta] Fatgint. o]
o HEAN AZA A, & ARTEY
4 2 7 gt Hg5E A gl
X Ag o]ge) dAg 71Ee) Az}
= oM AL o] 2 Blgt a8
AEsHLA}; Frk v 39 £ =89
IE AN doltt.

o oXt
1>
o
it
£
)
:oé‘

i

e g W o o i
o,
T o

i
H

&1

Ao
rak

1) Kim, D. H., Composite Structures for Civil and
Architectural Engineering, 1st ed., E & FN Spon,
1995.

D) olulZ, 3BH, AL, BFAEG} T AZ
Zley, Al1vkzE) A, 1998.

3) Kraus, Harry, Thin Elastic Shells, John Wiley &
Sons, 1967.

4) Ugural, A. C, Stresses in Plates and Shells,
McGraw-Hill, 1981.

5) A7, T, AW, 9o, 49A, A, 2
TEE FATEESE, 1998, pp. 21-114.

6) Whitney, J. M., Structural Analysis of Laminated
Arisotropic Plates, Technomic Publishing Company,
Inc., 1987.

7) Kreyszig, E., Advanced Engineering Mathematics,
Fifth Edition, John Wiley and Sons Inc., 1983.

8) BB, T HFEHR, WHit, 199.

9) Szilard, R, Theory and Analysis of Plates,
CLASSICAL AND NUMERICAL METHODS,
Prentice-Hall, Inc., 1974.

10) Leissa, A W. and Chang, J. D, "Hastic Deformation
of Thick, Laminated Composite Shells," Composite
Structures, Vol.35, 1996, pp.153-170.

11) Aok, 54, 293, “Agid g u8g o
T AT U9 459 olgN ueaE
3 =53, 179 105(5d1563), 2001. 10,
pp-65-72.

12) Whitney, J. M. and Sun, C. T, "A Refined
Theory for Laminated Anisotropic, Cylindrical
Shells," Journal of Applied Mechanics, June
1974, pp.471-476.

13) Ding, Kewei and Tang, Limin, "Exact Solution
for Axisymmetric Thick Laminated Shells,"
Composite Structures, Vol.46, 1999, pp.125-129.

14) Reddy, J. N., Mechanics of Laminated Composite
Plates, CRC Press, 1997.

15) Jones, R. M., Mechanics of Composite Materials,
McGraw-Hill, 1975.

A13 M2, 2001. 12



