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ON GENERALIZED HAMMING WEIGHTS 
OF CYCLIC LINEAR CODES GENERATED

BY A WEIGHT 2 CODEWORD II

Mi Ja Yoo

Abstract We find the generalized Hamming weights of cyclic linear 
Q-ary codes which are generated by a codeword of weight 2, and of any 
length.

1. Introduction and preliminaries

This paper is a continuity of [1]. Let % be a field with q elements. 
A code is simply a linear subspace C of F^. The elements of a code 
are called codewords^ the integer n is called the length of the code. 
An [n, 씨q-code means the code of length n, and of dimension k. In 
[3], Wei introduced the notion of generalized Hamming weights and 
weight hierarchy for a linear code, which has been motivated by several 
applications in cryptography. Let C be an [n, k\g code. The weight w(c) 
of a codeword c = (q, C2, … , 孫) is defined by w(c) = card(z ](方 尹 아 
The weight w(D) of a subcode D of a code C is defined by

w(D) = card(z | q 尹 0 for some c G Z?}.

The generalized Hamming weights of C are defined as

dr(C) = min(w(D) ] D is an r-dimensional subspace of C},
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for 1 < r < dimC. The weight hierarchy of a linea호 code C means 
the set of generalized Hamming weights {dr(C) ( 1 < r < dim C}. 
Also it has been shown in [3] that the weight hierarchy of a linear code 
completely characterizes the performance of the code on a type II wire
tap channel. Here di(C) is just the minimum distance of C which is 
one of important parameters of a code C.

The following are well-known facts on the generalized Hamming 
weights.

Theorem 1.1 (Monotonicity) [3]. LetC be an [n, k\g-code, then

1 < di(C) <』2(C) <--<dk(C)<n.

Theorem 1.2 (Duality) [3]. Let C be an j?礼 시and let C노 
be the dual code. Then

{dr(C) \ 1 <r < k} = {L2, ・ . -，씨•一(九 + 1 — d尸(C丄) | 1 < r < n~k}.

A matrix G is called a generator matrix of a code C if its rows form 
a basis of C. Two codes Ci and Cq with generating matrices G± and 
G爲 respectively, are called equivalent if Gi can be transformed into G2 
by elementary row operations, by permuting the columns of G± and by 
multiplying the columns of G1, by nonzero scalars.

Remark. Let Ci and C% be [n, k]q codes. If two codes Ci and C2 
are equivalent, then dr(Ci) = d尸((*) for 1 <r < k.

A code C is said to be cyclic if(C1,C2, - • - ,(^-1,00) € C for any 
(co, Ci, - - • , cn„i) G C. A cyclic code C is said to be generated by a 
codeword c if C is the smallest cyclic code containing c. In this paper, 
we find the generalized Hamming weights of a cyclic code C which is 
generated by single codeword of weight 2.

Consider a natural vector space homomorphism

© : Fg[x]/(xn 一 1) "

defined by

从。心 + a® T-----+ an_1a?n-1 + (xn 一 1)) = (a。，a】.，…,如一

Using this map we obtain the following theorems.
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THEOREM 1 3 [2] There is an one-to-one correspondence between 
cyclic codes of length n and the ideals ofFg[x\/(j：n —1). Moreover, there 
is an one-to-one correspondence between cyclic codes and the factors 
of xn — 1. -

THEOREM L4 [1] Let C be a cyclic code of length n generated 
by a codeword (a),c. • — , cn_i). Then C corresponds to the ideal in 
Fq\x\/(xn — 1) generated by g(硏 + (a;n — 1), where g(丁) = gcd{co + 
CiX + • • • + Cn-iXn-I,Xn — 1}.

Each cyclic code C of length n corresponds to the unique polynomial 
g(x)y a divisor of xn — 1. We call this polynomial g(w) the generator 
polynomial of the cyclic code C. More precisely, if g(x) = 如 +(如 + 
… 十 四_1숴t + 서, then the cyclic code C is generated by the rows of 
the matrix

2. Msun Remarks

/이) a，i . • • 1 0 0 • .. 0\f 0 % Qi • • • «Z-1 1 0 •.. 0
0 0 ao -•- an a—L 1 --• 0

\ 0 0 0 ... 0-0 «1 «2 ... 1/

We use the following lemmas to prove our main theorem.
LEMMA 2 1 [1] Let C be a cyclic code with the generator matrix G 

/ 丨h\
I h

G =砧—1) I :
I h

' I Z(a —1) xla,
where the integers a,Z > 2, Ik denotes the k x k identity matrix. Then 

dr(C)=尸 + [—-—1 for 1 < r < Z(a — 1).
a — 1

Let C be a cyclic code of length n with the generator polynomial 
g{x) = 숴 一 a. We will prove that a generator matrix of C is equivalent 
to the matrix in Lemma 2.1.
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Lemma 2.2 Let C be a cyclic code of length n with the generator 
polynomial xl — a, where a 6 Fq. Then

(1) If i zs the order of then n zs a multiple of iL
(2) A generator matrix Gf of C is

( I (aT)f/八
I (a"1/-3!：

I :
I h

z I (<L)F
G =

—1)Z I •
I h

I :
I (cL)F

\ I 4 / (im—l)ZximZ,
where m=

Proof (1) Let n = Id+ r with 0 < r < Z. Then
xn -1 = 사어十 — 1

=(xl)dxr - 1

= (솨 — a + a)dxr 一 1

三 adxr — 1( mod xl — a).

Since 숴 一 a is the generator polynomial of C and r < Z, adxr — 1 = 0. 
Hence 厂=0, ad = 1. On the other hand, the order of a is t and so d 
is a multiple of i. Therefore n is a multiple of il.

(2) Since 숴 一 q is the generator polynomial of C and a generator 
matrix G for C is

/ —a 0 0 . . 1 0 0 • • • 0\
0 —a 0 . .0 1 0 • •・ 0
0 0 —a . .0 0 1 -• . 0

< 0 0 0 . . —a 0 0 1/
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where the number 1 is in the (l + l)-th place in the first row. We 
perform the following elementary row operation on the matrix G ;

©； = % + 冬_'，7+[ + (。_')2。丿+事 H-----

for each j = 1,2, •…,n — 2Z, where vz denotes the /-th row of G. Then 
we obtain another generator matrix Gf whose rows are ;

I (H\

]""-30

G!=

I h
I 顼

I (cL 尸 3
I 【L / (im—

Lemma 2 3 The following two matrices G and Glt are equivalent

&(a-1)

丨Il\
1 h

I ■:
1 h
丨Z(a —1) xZa,

I \

I

I :
I cyqli
I Qa-Uz / z(a-l)xZa,

where a, at G Fg, the integers Z, a > 2.

G =

Ml(a-l)
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Proof We perform the following elementary row operation on

for 1 < j <Z,

'* Vj = 岫；for il < j < (i + 1)Z,

for each i = 1,2, ••- , a —2, where denotes the i-th row of Gf,. Then 
we obtain the generator matrix Gf whose rows are 幻;；

/ai^ali I Ii \
a2~l alt I II

G =
■■- _ I :

' 1 I xla.

Once more, we perform the following elementary column operation on 
the matrix(기;

Wj = a~laiWj for 1 < j < Z5

w3 = a~lctzWj for il < j < {i l)j, 

for each i = 1)2,••- ,a — 2, where w； denotes the j-th column of GL 
Then we obtain the generator matrix G whose columns are w3\

/ I
I h

G = A(a-l) I :
I h

\ ) Il f l(a~~ L)xla.

Theorem 2 4. Let C be a cyclic code of length n generated by 
weight 2 codeword (co,ci, - - > , cn-i) with cs = 一队 Ct = 1 for s < t. 
Then the generalized Hamming weights of C are as follows;

dj© = f r+ r ^11 forl<r< l(a 一 1) or 
I r, forl<r<n,

where I = gcd{t — s,n},a = 끄.
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PROOF By the definition of cyclic code, we may assume that (co?c1? 
. . -t) where co = 一0, Cj = 1 and j = t — s. By Theorem 1.4, 
C corresponds to the ideal of F^x\/(x，ri 一 1) generated by g{x}= 
gcd(xJ — 一 1}. Let n ~ jd + r with 0 < r < J — 1. Since

孝 一 1 = xjd+r 一 1

=(® — 0 + /3尸站一 1

三伊x「— 1( mod x3 —们

=xr — {3~d ( mod x3 — 0),

by Euclidean Algorithm, we see that gcd{/ 一井—1} is 一 a or 
1, where a E Fq^l = gcd{j,n). Hence the generator polynomial g(x) 
of C is 숴 一 a or L

Case 1. If g(*) = 1, then dr(C) = r for 1 < r < n.
Case 2. Let g{x) = 사 一 a and let i be the order of a. Then by 

Lemma 2.2, n = ilm for some integer m and a generator matrix G for 
C is

( I (aT)L 縞、
I (a-1)1-3!/

I :
I h
I (L)f

G =
一邳(5_以 I :

I h

I :
I

\ I / (im—1)Z XzmZ.

By Lemma 2.3, the generator matrix G for C is equivalent to the 
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following matrix Gf;

/ I
I h

G‘ = T I ：

I II
\ 丨 Xi ' (tm—l)ZxZa.

Puting a = im, by Lemma 2.1 we obtain

7* 
dr(C) = r + [-------] for 1 < r < l(a 一 1).

a — 1 —
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