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CHARACTERIZATIONS OF
HOLOMORPHIC FUNCTIONS IN INFINITE
DIMENSIONAL COMPLEX SPACES

CHUL JOONG KANG, SU M1 KwoN AND KwANG Ho SHON

1. Introduction

We state classical definition of envelopes of holomorphy and pseudo-
convex domains and prove various results on such domains. We begin
by looking at a set of conditions [2, 3] on a domain 1 C™ and locally
convex spaces {1, 8]. Many efforts have been devoted to the study
of these conditions in infinite dimensional spaces. The technique for
studying the Levi problem in infinite dimensional spaces has been to

assume a switable approximation property in the space and to use the
known finite dimensional results {4].

2. Notations and preliminaries

Let E be a linear space over the field K. A topology on F is said to
be a hnear topology if addition and scalar multiplication are continuous
mappings from E x E to E and K x E to E, respectively. We call
a topological linear spacc any linear space E equipped with a linear
topology (see {6, 7)).
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DEFINITION 2 1 A topological linear space E is called a locally con-
vex space if 1t is Hausdorff and any 0-neighborhood contains a convex
0-neighborhood.

DEFINITION 2 2 Let E and F be complex locally convex spaces,
and £ be an open subset of K. A mapping f from {2 to £ is said to be
holomorphic in  if it is G-analytic and continuous in §2.

DEFINITION 2.3 ([5]) Let (2,¢) be a Riemann domain over F and
let ¥ C H(X). A morphism 7: X - Y is said to be an F- envelope of
holomorphy of X if :

{(a) 7 is an F-extension of X.

(b) If u: X — Z is an F-extension of X then there is a morphism
of X p: Z = Y such that poy =1,

A morphism 7 : X — Y is said tc be an envelope of holomorphy of
X if 7 is an H(X)-envelope of holomorphy of X.

DEPINITION 24 Let I be an index sel. For each pomt o € 'E
consider the collection of all pairs (U, ¢) such that U is an open neigh-
borhood of @ and ¢ = (p,).,er C H{U). Two such pairs (U, ) and
(V,%) are said to be equivalent if there is an open neighborhood W of
e with W C U NV such that ¢, = 1, on W for every i € I. We shall
denotle by HI the collection of all equivalent classes. The members
of H! are called germs of holomorphsc I-famihies at the point a. The

germ of (U,¢) at @ will be denoted by ¢,. Clearly H. is an algebra.
Next consider the collection

HE = U H!
B acl a’

where the algebras H! are regarded as disjoint sets. For each ¢, € ’HIE
let N{¢,) denote the collection of all sets of the form

N(U"p): {(Pb:bey})

where (U, ) varies over all representatives of the germ ¢,. The set
#H L will be endowed with the unique topology such that N(g,) is a
neighborhood base at ¢, for each ¢, € HE.

3. Properties of Riemann domains
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PROPOSITION 3.1 Let 7 : ’HIE — E be defined by w(p,) = a for
each @, € HE. Then (HE, ) 15 a Riemann domamn over E.

PROOF. Let ¢, and 93 be two distinct points of HL. If a b then
we can find a representative (U, ) of . and a representative (V,¢) of
1y such that U and V are disjoint. Then the sets N(U, ) and N(V,¢)
are also disjoint. Next suppose a = b. Let (I, ¢) be a representative of
¢a, and let (V,1/) be a representative of ¢, and let W be a connected
open neighborhood of a such that W C U N V. Then the sets (W, )
and {W, ) are necessarily disjoint, for otherwise the Identity Principle
would imply that ¢, = ¥, on W for every i € I, and therefore ¢, = 9,
a contradiction. Thus ?{IE 15 a Hausdorff space. Since the mapping «
is clearly a local homeomorphism, the proof is complete.

THEOREM 3 2 Let (X,€) be a Riemann doman over E and let
F CH{X). Then the I~ envelope of holomorphy of X always exists.

ProoF Let F = (f)icr € H(X). Given € X let U be a chart in
X containing z, let ¢, = f, o (€JU)"! for cach i € I, let ¢ = (@i)ier C
H{E(U)) and let gy € ’Hg(m) be the germ of (£(U),¢) at £(z). Then
the mapping

T::z:EX—)gog(z)e'Hg

is clearly well defined and a morphism. Given ¢, € HE let (V,¢) be a
representative of ¢, and define

g {pa) = ¢:(a)

for each ¢ € I. Clearly each ¢, is well defined Since g, = g; o7 on
a neighborhood of ¢, we see that each g, is holomorphic on ’Hf_,;. For
each i € I and z € X we have that

9:(7(37)) = gz(ﬁoﬁ(x)) = 901(5(33)) = f(z).

If Y is the unon of those connected components of Hi, which intersect
7(X) then it is clear that 7: X — Y is a F-extension of X. Let (Z,¢)}
be another Riemann domain over E and suppose that g : X — Z
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is an F-extension of X too. Then for each i € I there is a unique
function h, € H(Z) such that h,opu = f,. Given 2z € Z let W be
a chart in Z containing 2, let ¥, = h, o ({({W)~! for each i € I, let
¥ = (9u)icr C H(C(W)) and let vs) € ML) be the germ of (C(W), )
at {{z). Then the mapping

u:zeZazp((z)e’H.{:;

is clearly well defined and morphism. Given z € X let U be a chart in
X containing z and let W be a chart in Z containing p(z) such that
W = p(U). Then

¢o= Lo (gU) T =hiopo (€U) T = ho KIW) " =4

for every i € 1. Hence

Vo p(z) = Yeouta) = Pez) = T(2)

and in particular v(u(zr)) = 7(x) C Y. Since each connected compo-
nent of Z intersect p(X) we see that v(Z) C Y. This completes the
proof.

DEFINITION 3.3 Let F be a linear space over C, C a Haudorff
topology on E and 2 an open set for (F,C). Let v be a function defined
on Q and with range in [~00,+oo[, with v # —~oco. The function v is
called plurisubharmonic if

(a) v is upper semi-continuous (i.e. the set {z € Q : v(2) < ¢} is
open for any ¢ € R)

(b) if (a,b) € 2 x (E ~ {0}) the function £ — v{a + €b),£ € C is
subharmonic or identical to —oo on each connected component of C
where it is defined.

DEFINITION 3 4. Let E be a complex Lc.s. and 0 an open subset
of £. We denote by dq the function :

Q x (E — {0}) —]0, +o0]

d d Y= inf AL
(Z’Z)’_”“"’ Q(sz) z+}\z'¢ﬂ1 i
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We say that ) 1s pseudo-convez if the function —logd, is plurisub-
harmonic on Q x (F — {0}), for every fixed 2’ € E — {0}, the function
dg, is the distance from 2 to the complement of § in the direction 2’.

The following lemma is on Noverraz [9, 10].

LEMMA 35 For a Rwemann doman (2,¢) over a locally convez
space E, the follounng conditions are equivalent:

(a) §1 s pseudoconver.
(b) —logd® is plurmsubharmorac on Q) for any o € cs(F).

(¢) @ Y(I) 15 a Stein Manaifold for cach finite dvmensional linear
subspace F' of F.

(d) For every z € 2, there emsts an open nerghborhood U of x 1n

E such that (¢~ U), ¢l,-14n) 15 a pseudoconver Riemann
domamn over £.

THEORM 3 6 Let (Q,¢) be a Schhcht Riemann domain over CN.
If Q s a pseudoconvexr dornain, then there exsts a number n € N and
a psedoconvez Rriemnann domamn (V, @|v) over C" such that

Proor For z € €, there is @ € cs(CN) with d%(z) 2 1. Thus for
z = (2;), there exist » € N and ¢ > 0 such that

e( sup ) 2 ol2).
15280

Hence there exists a section

s: Ban{p{x), 1) — 0
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satisfying 6 o ¢(z) = z. In fact, we have

Bgn(p(z),1)
={p(@) +¢ € CY 1 () < 1}
D{p(x) +¢ € CN: ¢ sup |G|) < 1}

18isn
i
2{‘P(x) + (Cl’CZ,"' aCﬂn(nﬁ-ly"') € CN . |Ct] < Ea
i=12,---,n, EC, j=n+1,n+2,---}
1 .
=‘p(x)+{(<1)<‘2"" ,Cn,0,0,-»-) S CN . '(‘L} < Ea T = 1121"' 1“’}
+{(070,"’ ,03<n+1,<n+2,"') € CN :CJ € Ca] =n+ 1an+2:"'}
=(p1 oso(x)’pQO(p(m)”" $pn°(P(x):0,01"' aoa”')
+ (O: 03 e >0ap'n+1 °<P($),Pn+2 o (p(.’l,'),- ' )
1
+{(Cls€2:"' 7(7?.:070"” )Oy°°') € CN : lCt] < E)z‘ = 172,"' $n}
+{(0303"‘ 703<n+1aCn+2,‘“) € CN :Cy 601 .7 =n+1an+2a"‘}
n
N—{1,2, ,n 1
=GN~ nk qn(p,osom,;).
J=

That is,

Slov-0a mxrpy, Dipsop) b) F Benlple), 1) — Q

is a section satisfying s|cn-q1.2, Y X [T7_, D(p;op(z),L) op(z) = z. From
1= te
Lemma 3.5, we have the result.
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