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CHARACTERIZATIONS OF 
HOLOMORPHIC FUNCTIONS IN INFINITE 

DIMENSIONAL COMPLEX SPACES

Chul Joong Kang, Su Mi Kwon and Kwang Ho Shon

1. Introduction

We state classical definition of envelopes of holomorphy and pseudo- 

convex domains and prove various results on such domains. We begin 

by looking at a set of conditions [2, 3] on a domain m Cn and locally 

convex spaces [1, 이. Many efforts have been devoted to the study 
of these conditions in infinite dimensional spaces. The technique for 

studying the Levi problem in infinite dimensional spaces has been to 

assume a suitable approximation property in the space and to use the 

known finite dimensional results [4].

2. Notations and preliminaries

Let E be a linear space over the field K, A topology on E is said to 

be a hnear topology if addition and scalar multiplication are continuous 

mappings from E x E to E and K x E to respectively. We call 

a topological linear space any linear space E equipped with a linear 

topology (see [6, 7]).
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Definition 2 1 A topological linear space E is called a locally con­

vex space if it is Hausdorff and any O-neighborhood contains a convex 

O-neighborhood.

Definition 2 2 Let E and F be complex locally convex spaces, 

and Q be an open subset of E. A mapping f from Q to F is said to be 

holomorphic in Q if it is G-analytic and continuous in Q.

Definition 2.3 ([5]) Let (Q,9) be a Riemann domain over E and 

let F C 咒(X). A morphism 丁 ： X T Y is said to be an F- envelope of 

holomorphy of A? if :

(a) r is an F-extension of X.

(b) MXtZ is an F-extension of X then there is a morphism

X p : Z Y such that p o 卩=t.
A morphism 丁 ： X Y is said to be an envelope of holomorphy of 

X if 丁 is an H(X)-envelope of holomorphy of X.

Definition 2 4 Let I be an index set. For each point a € E 

consider the collection of all pairs (U, 92) such that U is an open neigh­

borhood of a and = (9〉日 C +L(U). Two such pairs QI抑)and 

(VR) are said to be equivalent if there is an open neighborhood W of 

a with W G U nV such that % = on W for every i £ I. We 아 
denote by 祀 the collection of all equivalent classes. The members 
of 咒，are called germs of holomorphic I-famzlzes at the point a. The 

germ of at a will be denoted by <pa. Clearly is an algebra. 

Next consider the collection

祁E = U 
aCE

where the algebras 社% are regarded as disjoint sets. For each 

let N((pa) denote the collection of all sets of the form

where (l人 cp) varies over all representatives of 난le germ <pa. The set 

丸右 will be endowed with the unique topology such that N((pa) is a 

neighborhood base at(fia for each <pa e 8｛歸.

3. Properties of Riemann domains
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Proposition 3.1 Let 穴:一》E be defined by 制甲a) = a for 

each(pa E 7佐.Then (处當‘兀)zs a Rzemann domain over E.

PROOF. Let(pa and 如 be two distinct points of 祁卧 If a 6 then 

we can find a representative (l丁,(Q)ofand a representative (V,寸)of 
Wb such that U and V are disjoint. Then the sets N(、U«〈p) and N(V•小 

are also disjoint. Next suppose a = b. Let (U*) be a representative of 

%, and let (卩屛)be a representative of pa and let VT be a connected 

open neighborhood of a such that W C U OV. Then the sets (W“) 

and (W7, c^) are necessaiily disjoint, for otherwise the Identity Principle 

would imply that <pz = on W for every i E and therefore cpa =也时 

a contradiction. Thus T-Lte is a Hausdorff space. Since the mapping 7r 
is clearly a local homeomorphism, the proof is complete.

THEOREM 3 2 Let (X>Q be a Riemann domain over E and let 

F C Then the F- ^nuelope of holomorphy of X always exists.

Proof Let F = (Qu e Given x € X let (/ be a chart in 

X containing x, let 饥 = J；。for each / £ L let 9 = (g가)据/ U 
斗(任(U)) and let E 丸［3)be the germ of (£(〃)浮)at £(&). Then 

the mapping

丁 ：。£ X T g頌S) € 祁E

is clearly well defined and a morphism. Given(pa E 94土 let (V,y?) be a 

representative of(pa and define

g」9a)=饥 S)

for each i E I. Clearly each gt is well defined Since g? = 9날。穴 on 
a neighborhood of(pa we see that each gt is holomorphic on H*、For 

each i E I and x G X we have that

S(丁 3))=贝(役3))=饥&，))=知对.

If Y is the union of those connected components of 咒命 which intersect 

丁(X) then it is clear that r : X —> Y is a F-extension of X. Let (Z,<) 

be another Riemann domain over E and suppose that p, : X Z 
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is an F-extension. of X too. Then for each i E I there is a unique 

function ht G 火(Z) such that 檢。卩=fz. Given z E Z let W be 

a chart in Z containing 2, let 饱=。(<|W)T for each ? € 7, let 

W =(払)心 c 丸(<(W)) and let R伝)e ‘说⑵ be the germ of (<(W),物 
at <(2). Then the mapping

〃 : z £ Z 也：(z) C 거"

is clearly well defined and morphism. Given x E X let U be a chart in 

X containing x and let W be a chart in Z containingsuch that 

W =必).Then

% =九。($|U)T =hq” (6|U)T = ht o (O^)-1 =也

for every z € I. Hence

U 0 以z) = 也;아心) = 构(z) = T(x)

and in particular 〃(〃(％)) = r(x) C Y. Since each connected compo­

nent of Z intersect 认X) we see that 〃(Z) C Y. This completes the 

proof.

Definition 3.3 Let E be a linear space over C, C a Haudorff 

topology on E and Q an open set for (E,C). Let 7; be a function defined 

on Q and with range in [—00, +oo[, with v 十 一oo. The function v is 

called plunsubharmontc if

(a) v is upper semi-continuous (i.e. the set {z £ Q : v(z) < c} is 

open for any c G R)

(b) if (a, 6) E Q x (E — {0}) the function g i一> v{a + 6 C is

subharmonic or identical to —00 on each connected component of C 

where it is defined.

Definition 3 4. Let E be a complex Lc.s. and Q an open subset 

of E. We denote by 나le function :

Q x (E 一 {0}) ―^]0, +00]

(z,*)i—>dQ(z,z')= inf I시.
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We say that Q is pseudo-convex if the function —logd^ is plurisub- 

harmonic on Q x (E* — {0}), for every fixed W E E — {0}, the function 

dg is the distance from z to the complement of Q in the direction zf.

The following lemma is on Noverraz [9, 10].

LEMMA 3 5 For a Riemann domain (fi, 9?) over a locally convex 

space E, the following conditions are equivalent:

(a) Q is pseudoconvex.

(b) — log is plurtsubharmomc on Q for any a € cs(E).

(c) ¥厂'(卩)is a Stein Mamfold for each finite dimensional linear 

subspace F of E.

(d) For every x E there exists an open neighborhood U of x m 

E such that(3一'(〔/),。礼―"「)) zs a pseudoconvex Riemann 

domain over E.

Theorm 3 6 Let be a Schhcht Riemann domain over CN. 

If Q. is a pseudoconvex domain, then there exists a number n G N and 

a psedoconvex Riemann domain (V,(p|u) over Cn such that

Q = C。"UR w} x y.

PROOF For a? G Q, there is a 6 cs(CN) with (rr) M 1. Thus for 

2 = (2》, there exist n E N and c > 0 such that

c( sup I기) M Q(z).

Hence there exists a section

$ : Bqn 1) —> Q
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satisfying s o= x. In fact, we have

={s(z) + < e cN ： a(C) < 1)

거0(时 +< e cN ： c( sup |G|) < 1}

1乡gn

={9(c) + (G,<2, • - - ,CnXn+l, • • • ) £ CN : I시 <

i = 1,2,••- ,n, e C, j = n+l,n + 2,- ■

+ {«!, O,... , <n, 0,0, • • •) e CN : I 시 < i = l,2,■■- ,n} 
c

+ {(0,0,--. ,0,<n+1,<n+2,---)€CN eC,j = n + l,n + 2,---} 

=(01。¥，3),02。9(：矽,…，四。次z),0,0，…，(),•••)

+ (o, 0, ••- , 0,Pn+l。(p(x'),pn+2。(p(x), •••)

+ ,Cn,o,o,--- ,o,---)gcn : IGI < {盘 = 1,2,•••，까

+ {(0,0,• - • ,0,<n+i,<n+2,• • •) € CN : G e C, j = n + l,n + 2,•••)

n 1
=CN-{1>2) ,n} x JJ D(p3 O 9(w),-).

j=i C

That is,

이cz-{i,2,，，나시e=iD(pk，(z),*): 1) —-> Q

is a section satisfyings|cN-{i,2, ，，讣乂匸哆^ D(PjOV(a：),i)°¥,(a;) = x- 氏이队 
Lemma 3.5, we have the result.
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