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GAUSS SUMMATION THEOREM
AND ITS APPLICATIONS

HyunG JAE LEE, YOUNG JOON CHO AND JUNESANG CHOI

ABsTRACT The Gauss summation theorem plays a key role 1n the
theory of (generalized) hypergeometric serics The authors study sev-
eral proofs of the theorem and consider some applications of 1t.

1. Imtroduction-and Preliminaries

The generalized hypergeometric function {9, p. 73] with p numerator
and ¢ denominator parameters is defined by

(1.1)

Qy,...,0p;
pFy 2 :qu(ala---aap§ﬁl’--'7.dq;z)
517-”:59;

— - (al)n o (ap)-n Z—"_
r§) (’51)“ s (ﬁq)n n!’

where (), denotes the Pochhammer symbol (or the shifted factorial,
since (1),, = n!) defined, for any complex number «, by

1 (n=0)
(12) (a)n-”—{a(a+1)“.(a+nhl) (RENIE{LQ,:},...}),
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which can also be rewritten in the form:
(o +n)
1.3 a), = ————
( ) ( )’n F(a) 1

where I' is the well-known Gamma function whose Welerstrass canon-
ical product form is

(1.4) [(z) = ejz E[l{(i 4 z)“ez/n},

v being the Euler-Mascheroni constant defined by

2.1
(1.5 v:= lim -~ —logn ] 20.57721566490L 532 - .
k

=
k=1

With the notation (1.1), the Gaussian hypergeometric series is o £},
which is also denoted simply by F.

The Beta function B(a, 3) is a function of two complex variables a
and g, defined by

(1.6)
B(a, ) i= / (1 - )8 Ldt = B(B, @) (R(e)>0; R(B) > 0).
0

The Beta function is closely related to the Gamma function as follows:

_ P T(B)
Fa+5)
which not only confirms the symmetry property in (1.6), but also con-
tinues the Beta function analytically for all complex values of @ and 3,
except when o, 3 =0, -1, -2, ....
Gauss proved the following useful theorem:

6, b; 1 T()T(c—a—b)
2F1{ 1]:1‘(c—a)1‘(c—b)
R{c—a—-b)>0; c#£0, -1, -2, ...},

(17 B(e, ) (e, B#0, -1, —=2,...),

(1.9) c;
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which plays a vital role in the theory of the generalized hypergeomet-
ric series ,F, as well as in 2F) and is usually referred to as Gauss
summation theorem.

In this note we aim at reviewing several methods of proofs of (1.8)

including Gauss’s original proof and considering some applications of
it.

2. Proof of (1.8)

For Gauss’s proof of (1 8), we begin by recalling Abel’s theorem:

THEOREM 2 1 Let > o0 jan,2™ be a power seres, whose radwus of
convergence s wuly, and let it be such thatl ZZ?:O a,, converges, and
let 0 < x < 1. Then

( (o) o
= \n:O j n=>%
Note also (sce [6, p 47]) that for sufficiently large ,
., Mz+a) 1
2.1 bra, - L 14+0(-).
(2.1) o [z + b) + )(x)

The hypergeometric series 3 F{a, b; ¢; z) converges absolutely for
R(c-a—>b)>0and c #0, —1, -2, ..., on the radius of convergence
|z| = 1. Tt is a routine work to verify, by considering the coefficient of
™ in the variable, that if 0 < z < 1, then

cfe—1-(2c—a-b-1)z}F(a,b;c,z)+{c—a)e-baF{a,b;ec+1;x)
=clc— )1 —z)f{a,b;e—1;x)

= ¢{c ~ 1) {1 + Z(un —un—l)xn} )

where u,, is the coefficient of 2™ in Fa, b;¢c—1; ).
Now make © — 1. By Theorem 2.1, the right-hand side tends to

zero if 1+ 370 (uy ~— un_1) converges to zero, 1e., if u, — 0, which
1s the case when R(c — a — &) > 0.
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Also, by Theorem 2.1, the left-hand side tends to
cla+b~c)F(a,b;¢c, )+ (c—a)c-b)F(a,b;c+1;1)

under the same condition, and therefore

F(a,b;c;l)z%(:—j)ic_—ﬁg?F(a,b;c+l;1).

Repeating this process, we see that

Fab:c: 1)~{H(“’”+”)(C H")}F( bictm ;1)

I Y . S .
Ob}\b e v

n=0 \

. l—[_ (c—a+n)c—b+n)| ..
— b. 1
{n}l—lgo sk e+n)c—a—-b+n) n}‘_f»‘loF(a’ e+

if these two limits exist.
For the former limit, if ¢ is not a negative integer, using (2.1), we
have

M1
i {c—a+n)c—b+n) im (¢ — a)m(c —b)m

myea (c + n)(c -a—b+ 'n,) T moco (c)m(c —a— b)m
MNel{e—a-b) . Tlc—a+m)P(c—b+m)
I(c— a)T{c — b) mo0 T(c + m)T(c — a — b+ m)

- Rt D i me(1+0(L)) - me (140 (1))
I'(c)[{c—a—1b)
I'(c—a)l(c—b)’

On the other hand, if u,(a, b, c) is the coefficient of ™ in F(a, & ; ¢; z).
and m > |c|, we have

[Fla,bc+m 1)—1] < Zlun(a, b, ¢ +m)|

n=]

< Zun(laL Ib!, m-— |C|)|

MH
= el &

Zu,,(lal+1 |6 + 1, m+ 1 — |c|)-
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Now the last series converges, when m > |¢| + la| +|b} + 1, and is a
positive decreasing function of m; therefore, since {m —|c|}™! — 0, we
have

m Fla,b;c+m;1)=1;
m-—r00
and therefore, finally, the Gauss’s proof of (1 8) is complete.

Secondly, we have the following known integral representation for
2 Fy (see [6, p. 114]):
(2.2)
I'{c) b - —b
F, b: ¢ — N tall_tcall___t dt

(R(c) > R(a) > 0; |arg(l — 2)| < 7)

which, upon setting 2 = 1 and considering (1.7), immediately yields
{1.8) including_its resirictions without any alteration

The Riemann-Liouville fractional integral of f order v is defined, for
R(v) > 0, by

(2.3) DDE”f(t)=:1:(17) [o (b~ ) de (¢ > 0),

where f is plecewise continuous on {0, 00) and integrable on any finite
subinterval [0, 00) {see (8, p.45]).

Unless there is any possibility of ambiguity, the notation will be
stmplified by dropping the subscripts 0 and £ on gD; ",

The Leibniz formula for fractional integrals is recalled here (see {8,
p.75)):

(2.4)
D™ {f(t)et)] = (:’) [D*g(t)] [V *f1)] (v>0; 0 <t<X),

k=0

where f is continuous on {0, X], and g is analytic at a, for all a € [0, X].
To prove (1.8), we start with the trivial identity

(2.5) e =t (> 0).
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Now forv > 0and A+ > -1,

(2.6) DV t)k—!—p I‘()‘ + M + l) tA-H’H—V.
'A+p+v+1)

We shall show that if A, 4 > 0, we may apply Leibniz’s formula (2.4)
to the product of f(t) = t* and g(t) = t#. This result may then be
compared with (2.6) to establish (1.8).

We begin, in virtue of the binomial theorem (3.4), by expanding
g(&) in powers of (£ — t) as follows:

g =& =+ (-

- - ()

X s\ St

=t“,§('z§)(t ‘

Considered as a power series in (£ — t)/t, the radius of convergence is
1. Using Raabe’s test we see that thz series converges absolutely for
E—t

— = *1.
t

Furthermore, it converges to £“. Since

k
pY (E-t) | ci(H
k t —\k
for all (6 —t)/t in [—1,1], the Weierstrass M-test implies that the con-
vergence is uniform in the closed interval [—1,1]. Thus (2.7) converges

uniformly for £ € [0, ]
Therefore, it follows that

(2.8) DY [t*¢#] Z( 1)* Pk(:’J ‘;) [DF ] [D7* ¥
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is valid for v > 0, ¢ > 0, A, ¢ > 0. Thus

S abptrr L(p+1) L2+ k) +k)1
D™ [P t*] =t )Z

D=2 T(v Clp+v+k+1) &
F{p+1)

= ety D R (= v 1;1).

Tutv+1)° (A viptv 1)

If we equate this resul{ to (2.6}, we obtain

(2.9) P'A+p+1) T+l
' PA+p+v+1) Tp+v+l)

2l (A vy ety +1, L)

In more conventional notation let a = —A, b=v, ¢ =p+v+ 1. Then
(2.9) becomes (1.8) for

(2.10) a<0, c—1>b>0.

Thus they have established (1.8) only under the more restrictive con-
ditions of (2.10) (sec [8, pp.77-79]).

3. Applications

The Riemann Zeta function {s) (see (10, pp.265-280]) 1s defined by
(3.1)

o= 1 Lo

((s) 727?:1"2”3;(21@_1)3 (R(s) > 1)
8) 1=

(1— 21—8)‘1 Zg—_—l)—s"— (R(s) > 0; s # 1).

n=1 n

Since the time of Euler, there have been many methods of proof of
¢(2n) (n € N) (¢f {3, 5]). We can also evaluate ((2) by using {1.8).
Consider the following integral

1 . * arcsint
3.2 —{arcsm z )2 =f dt.
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We can expand arcsint in powers of t as follows:

t
arcsint = (1 —u?)"% du

(3.3) / nﬁo( )( —u*)" du

2n41
oy W2 By,
n=0

nl 2n+1
where we have used termwise integration and the binomial theorem:

(3.4) (1—z)‘“=z< )( z)n—z%ﬂzn (j2) < 1).

n=0 n=0
Similarly as_in (3.3), we_have

] t?n-}-l (1/2)k
———dl == t2k+2n+1 dt
[ )

(l/2k $2k+2n+‘2
"z K 2k+2n+2

3 (/2D P+ n+1) iy
e Z k'kI‘(k+n+2)w2k+2 ’

1 N (1/2){n+ 1)km2k+2n+2
2n+ 2 =0 (n+2)kk!

- . 2
2n+22F1(1/27n+11n+21$ )'

Taking the limit as z — 1 on (3.5) and using (1.8), we obtain
1 tin+l 1

(36) 0 mdt: 2n‘|‘2
_ 1 Tm+2r(/2)
T 2n+2 I(n+ 3/2)

2F(1/2,n+ 15 n+ 2 1)
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Combining (3.3), {3.5), and {3.6) into (3.2), and setting z = 1 1n
the resulting identity, we obtain

> L r?
37) 2 a1 8

which, in view of (3.1), yiclds

[~

h P
i

(3.8) @=Y ==

The Gauss summation theorem (1.8) may seem to have lots of ap-
plications in evaluations of some types of definite tegrals. As an
iflustration, we consider the following integral (sec [4]):

0 [ = w6}

which was recorded in Gradshteyn and Ryzhik {7, p 260, Entry 3 139].

Indeed,
Yodr L —1/2> 5
—_— —1 n x ndfl:
v/O Vl“w /0 nIO( ) ( n
=i (). 1
= n! 3n+1

e (3),.3), 11 4 >

mf;o (%)?LT?I' a ZFL (5, 3’ g , l
1y (4
I(3)

Now, recalling the well-known reflection and duplication formulae
respeciively:
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(3.11) T(2)F(1—2) = —— and al(22) = 22T (2)[(z+1/2),

sinmz
we obtain

o "()-F }

Finally combining (3.10) and (3.12) leads at once to (3.9).

For another interesting application, consider the problem which was
posed by Ananthanarayana Sastri 1, p.80, No.644]:

The length of the fourth positive pedal of a loop of the Lemniscate
of Bernoulli is given by

1 28 da
0o V1I—2z%
where a denotes one half of the distance between two fixed points in

the definition of the Lemniscate of Bernoulli.
Similarly as above, we evaluate this integral

L 284z 152 1\1)?
(3.13) 18a/0 o {P<Z)} ,

the numerical value of I’ (1/4) being 3.625 609908221 - - - .

Finally, among other things, we conclude this note by showing an
applicability of the Gauss summation theorem (1.8) to evaluate some
identities involving binomial coefficients. For example, an interesting
identity was recorded in [8, p.294, Theorem A.7):

18a

(3.14)
kzzo(—l)k (:) %g%‘i)@ =0 (m=0,1,...,n-1;neN;veC),

which was proved in an elementary way there. Indeed, the sum (3.14)
1s written in the following equivalent form and may be evaluated by
using (1.8). Under the restrictions of (3.14),

() [ Tn—-m) 1
(v —m) My —m+n) I[(—m)

= 0.

2F1(—n,u;1/——m, 1):
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Note that some famihes of series involving binomial coeflicients can

easily evaluated by employing the theory of the (generalized) hyperge-
ometric series {see [2]).
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