East Asian Math J 17(2001), No 1, pp 87-92

A NOTE ON THE ESSENTIAL SPECTRUM OF AN
IRREDUCIBLE P-HYPONORMAL OPERATOR

KwaNG IL LEE aAND HyuNGg Koo CHA

ABSTRACT In this paper, we have the extended result of Bunce’s
theorem And we show that if T 1s an irreducible p-hyponormal op-
erator such that 7*T — TT™1s compact, then o.p(T) = 0.(T) and
ap(@(T)) = oe(H(T))

1. Introduction

Let H be a complex Hilbert space. The *-algebra of all bounded
linear operators on H is denoted by B(#) and K(H) is the ideal of all
compact operators on H For an operator T, we denote the spectrum,
the essential spectrum and the approximate point spectrum by o (1),
oe(T) and 04,(T'), respectively.

Let U|T| be the polar decomposition of T', where U is partial isome-
try, |T| is a positive square root of T*7" and ker [T} = kerU An opera-
tor T is said to be a p-hyponormal operator if (T* )P — (TT*)? > 0. I
p =1, T"is called hyponormaland if p = %, T is called semz-hyponormal.
It is well known that a p-hyponormal operator is g-hyponormal opera-
tor for g < p.

If A is a C*-algebra with identity, @ 4 is the set of nonzero homo-
morphism of A into €, and M is the commutator ideal of A (that
is, M is the norm closed ideal generated by the set of all elements of
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A of the form ab — ba), then M = N{h71(0) : b € @4} and D4 is
the maximal ideal space of A/M. With the above statement, we have
A/M = C(®.4/n) under the Gel'fand transform, ¢ + M — @ where
a(h) = h(a) for @ in A and h 1 @ 4/a([5], [6])-

In [2], one of the authors constructed an extension K of H by means
of weakly convergent sequences in 4 and the Banach Limit and ob-
tained the faithful *-representation ¢ of B(#) on K.

PrOPOSITION 11 ([2]) There exists a faithful x-representation ¢
of B(H) on K with the followrng propertics:

(1) io(TH = T}

(2) o(T) = a(e(T))

(3) 0ap(T) = 0p(#(T))

(4) If T s a compact operator on H, then ¢(T) 18 a compact oper-
ator on K

(5) If'T 15 a Fredhoim operator on H, ¢(T) 1s a Fredholm operator
on K.

For T' € B{(H), C*(T) is the C*-algebra generated by a single oper-
ator T and identity.

PROPOSITION 1 2 ([3])

(1) The C*-algebra C*(T) 15 isometrically *-isomorphic to the C*-
algebra C*((T)).

(2) If M is the mazimal ideal of C*(T), then ¢(M) 15 the mazimal
ideal of C*(a(T)).

(3) Let ®ce(r) and B (g(1)) be the mammal wdeal space of C*(T')
and C*(¢(T)), respectwvely. then Do) and Do (1)) are iso-
metrically isomorphic.

PROPOSITION 1 3 ([3])
(1) M =n{f~1(0): f € dc.(1)} 2 N =N{h71(0) : h € Bc-(4(m))}-
(2) CHT)/M = C*(¢(T))/N.

An operator is said to be reducible if it has a nontrivial reducing
subspace. If an operator is not reducible, then it is called srreducible.
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ProrosITION 1 4 ([6]) If T s an wreducible operator such that
T*T — TT* 1s compact, then the commutator wdeal M of C*(T) 1s
K(H)

Prorosition 15 (i3]} If T is an wreducible operator,then ¢(T)
18 an wreductble operator.

In this paper, we will improve the Bunce’s theorem for hyponor-
mal operator to p-hyponormal operator. Also for an irreducible p-
hyponormal operator T, we investigate the relationship between the
point spectrum and the essential spectrum of ¢{(7'), and obtain that

op(@(1) = o {$(T)).
2. Main results

A point z € C is the jownt approximate pownt spectrum o,4{T) if there
exists a sequence of unit vectors {x, } in H such that (T'—2)x, — Oand
(I'~ 2)*x, — 0. M. Cho and T. Huruya showed that 04p(T) = 0;4(T)
for p-hyponormal operator T([4]).

Bunce proved the following proposition and corollary for hyponor-

mal operator([1l]) In this paper, we have thec same results for p-
hyponormal operator.

PROPOSITION 21 Let T' = UlT| be p-hyponormal. Then A €
Oap(T) of and only if there is a x-homomorphism v : C*(T) —» C
such that (T) = X.

PROOF Suppose ¢ : C*(1) — C 18 a *-homomorphism such that
Y(T) =X If A ¢ ogp(T), then there is a constant ¢ > 0 such that
I{T — A)z|f > c||z| for all z in H. This implies that T*T — AT* — AT +
AA—c? is a positive operator. Hence 0 < (T*T'—AT* = AT +A\) —¢? =
—c?, a contradiction. Hence A € 0,,(T).

Conversely, suppose A € 04,(T). Let {z,} be a sequence of unit
vectors in H such that ||[(T° — A)z,|| — 0. Let LIM denote a Banach
limit and define ¢ : B(H) — C by ¢(B) = LIM < Bz,,z, >. If
B ¢ B{H) then |B(T — Mz,|| = 0. So ¢(B(T — A)) = LIM <
B(T— Xy, =, >= 0. Since T is p-hyponormal, 0,,(T) = 0,(T), thus
T — X)*z,|| — 0. Hence ¥(B(T — A\}*) = 0 for every B € B(H) and
Y(I) = LIM ||z, ||> = 1. Therefore if p(7',7*) is any non-commuting
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polynomial in 7" and T™ that has no constant term, ¢(p(T,T*) +a) =
a, for all @ in C. This implies that 3 is multiplicative on a dense
subalgebra of C*(T). Hence #|c-(7) is multiplicative and /(T'— A) = 0
and

0=t(T — A) = LIM < (T — \&n,zn >
=LIM <Txp, 2y > +LIM < —AZp,Zn >
= (T) - A

So(T)=rand Y(T*) = LIM < T*z,, 2, > = {LIM <Tz,,z, >
}* = ¢(T)*. Therefore ¢ is a ¥-homomorphism such that ¥(T') = .

COROLLARY 2.2. If T is p-hyponormal, there is an tsometric *-
isomorphasm of C*(T)/M onto C(6.,(T)), where A+ M is mapped to
the function z.

PROOF. Let 7 : &4 — 0,,(T) be defined by 7(y) = ¥(T). By
Proposition 2.1, this map is surjective. On the other hand, if ¢, ¢’ €
® 4 and ¢(T) = ¢'(T), then ¢ = '. Since ® 4 is compact and map
is continuous, 7 is a homeomorphism and 7# : C(g,,(T)) — C(®.4) is
defined by 7#(f) = for. Note that 7# is an isometric *-isomorphism.
We define a map p : Clog,(T)) — C*(T')/M so that the following
diagram commutes :

CH(T)/M i C(®.4)

\ v

Clo.p(T))

#

where the Gel'fand transform -y : C*(T)/M — C(®4) is an isometric
*-isomorphism of C*(T")/M onto C(®4).
We show that the x-representation ¢ preserves the p-hyponormality.

PROPOSITION 23 Let T = U|T} be p-hyponormal, ¢(T) 15 a p-
hyponormal operator.
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PROOF We need only to prove that p = 2% for some n. Since
(M = $(T)*¢(1) = ¢(T"T) = ¢(|T*) = ¢(|T[)*. By the unique-
ness of the square root of a positive operator, we have ¢(JT1) = |¢(T')|.
Similarly, ¢{(|T™}) = |&(T*)|

By the assumption, we have

(T*T)™ — (TT*)™ > 0.

Thus,

((T*)$(T)) P ~ ((T)H(T™))>™
= ((I"T)) P — ¢((TT*))?

= (T TYP*) — $((TT*)2")

= p((I"T) — (TT*)F) 2 6.

With the notation of Proposition 1.1 , Proposition 1.3 and Corollary
2.2, we have following

PROPOSITION 2 4 If T is ap-hyponormal operator, then C*(T)/M
CH{P(T)/N = Clop(¢(T))).

In 3], One of the authors proved the following two theorcms for

hyponormal operator. Now we have same results for p-hyponormal
operator.

THEOREM 2 5 If T 18 an wreducible p-hyponormal operator such
that T*T' — TT*1s compact, then 0,,(T) = 0.(T) and o,(¢(T)) =
o.($(T)).

PROOF The fact that 0,,(T) = 0.(T) follows immediately from
Proposition 1.4 and Corollary 2.2. The second assertion is clear from
Proposition 1.4 and Proposition 1.5.

COROLLARY 2 6 If T 1s an wrreducible p-hyponormal operator such
that T*T — T'T™ is compact, then 6.(T) = o.{¢{T)).

IR
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