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A PERTURBED ALGORITHM OF
GENERALIZED QUASIVARIATIONAL 

INCLUSIONS FOR FUZZY MAPPINGS

Jae Ug Jeong

Abstract In this paper, we introduce a class of generalized qua- 

sivariational inclusions for fuzzy mappings and show its equivalence 

with a class of fixed point problems Using this equivalence, we de

velop the Mann and Ishikawa type perturbed iterative algorithms for 

this class of generalized quasivariat lonal inclusions Eurther, we pro^e 

the existence of solutions for the class of generalized quasivanational 

inclusions and discuss the convergence criteria for the perturbed algo

rithms

고. Introduction

In recent years, fuzzy set theory introduced by Zadeh[15] in 1965 
has emerged as an interesting and fascinating branch of pure and ap
plied sciences. The applications of fuzzy set theory can be found in 
many branches of regional, physical, mathematical and engineering, 
management science, economics, transportation problems, and oper
ations research, see [2,15,16] Motivated and inspired by the recent 
research wsk going on in these two different fields, Chang and Zhu[2], 
and Noor[8] introduced the concept of variational inequalities and com
plementarity problems for fuzzy mappings. Noor[8] has shown, that the 
variational inequalities for fuzzy mappings are equivalent to fuzzy fixed
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point problems. This equivalence was used to suggest an iterative al
gorithm for solving variational inequalities.

We remark that one of the most important and difficult problems in 
variational inequality theory for fuzzy mappings is the development of 
an efficient and implementable iterative algorithm for solving various 
classes of variational inequalities for fuzzy mappings. The proximal 
method [5] is one of the most efficient methods. We also remark that 
the projection method and its various method can not be applied to 
study the existence of a solution and to develop the iterative algorithm 
for our considered class of generalized quasivariational in시usions for 
fuzzy mappings. Therefore, the aim of this paper is to study the ex
istence theory and to develop the Mann and Ishikawa type perturbed 
iterative algorithm for the class of generalized quasivariational inclu
sions for fuzzy mappings. The convergence criteria for these algorithms 
is also discussed.

2. Preliminaries

Let H be a real Hilbert space with norm || ・ || and inner product 
<,>. A fuzzy set in H is a function with domain H and values in 
[0,1]. If A is a fuzzy set in H and x e H, the function value is 
called the grade of membership of x in A. We denote the collection 
of all fuzzy sets on H by Let A e •戶(H) and a e (0,1]. The 
a-level set of A, denoted (A)a, is defined by (A)a = {x : A(x) > a}.

A mapping T from H into 戶(H) is called a fuzzy mapping. If T : 
H —> is a fuzzy mapping, then T(w), for 口 € is a fuzzy set
in 八H) and for v E H, is the degree of membership of v in
7W).

Now, let 꼬 and M be two fuzzy mappings from H into •戶(H), and 
gjm : H T H be two single valued mappings. Assume。： H T 
BU(+oo} is a proper convex lower semi-contin나ous function and d(j)is 
the subdifferential of </>. Then the generalized quasivariational inclusion 
problem for fuzzy mappings (FGQVIP) is to find ue H, x e (T(w))r, 
y € (Af(u))r (r e (0,1]) such that (g — m)(u) A dom。© 尹 © and

(2.1) < x~y^v~{g — m)(u) >>— for all v E 
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where g — m is defined as (g — m)(u) = g(u) — m(u) for each u E H 
and some r € (0,1].

The problem (2.1) has many important and significant applications 
in economics, transportation, control and optimization and network 
problems. For the recent state of the art, see Giannessi and Maugeri[4].

If <f> = 0k, the indicator function of the nonempty closed convex 
set K in 玦 산len FGQVIP (2.1) is equivalent to finding 处 E H)x C 
(T(u))ry y G (r E (0,1]) such that g(u) G K + such that

(2.2) <z x — yyv ~ g(u) >> 0 for all v G K(口))

where the set K(u) is equal to K + m(u)^ which is called the completely 
generalized strongly quaszvanational inequality problem for fuzzy map- 
pings[10].

Particularly, if g is the identity mapping, the problem (2.2) is said 
to be the si^miffly^uusijmrrational- inequality problem for
fuzzy mappings (see [9]). We remark that FGQVIP (2.1) also includes 
as special cases, the variational inequality problems for fuzzy mappings 
considered by [8].

3・ Mann and Ishikawa type perturbed iterative algorithms

Definition 3 1 Let X be a Banach space with the dual space X* 
and let(f> : X -B U {+oo} be a proper functional. (f> is said to be 
subdifferential at a point a; G X if there exists an /* G X* such that

- <^(x) >< f,y-x >,e X,

where /* is called a subgradtent of(j> at x. The set of all subgradients 
of。at w is denoted by d<p(x). The mapping d(/> : X 2X denoted 
by

g 価) = {/* e X* : ©3) - ©(찌 > < r,y-x >, yy e X}

is said to be the subdzfferentzal of 应

First of all, we prove that FGQVIP (2.1) is equivalent to a fixed 
point problems.
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Lemma 3 1 FGQVIP (2.1) has a solution if and only if for some 
given T)> 0, the mapping F : H T 2H defined by
(3.1)

where J* = (J + is the so called proximal mapping, I stands
for the identity on H, has a fixed point.

Proof Let (?z*,a:*,?/*) be a solution of FGQVIP (2.1). Then we 
have u* G il, x* G (T(n*))r, y* e (M(u*))r such that (g — fl 
domd</> 尹 © and

(3.2) V z*— 矿,0 —(g — m)(u*) >2 ©((g-s)(口*)) 一 <机0),矿。e H.

Using the definition of d<j), (3.2) can be written as

y* e 再(0—皿)(“*)),

and hence for any given 7] > 0,

(g - m)(u*) - 〃(z* —，*) £ (g — m)(w*) + 〃闽>((g - m)(w*))
=(I +，伽)((g - m)(u*))・

EYom the definition of J*1, we have

(9 — m)S*) = J制g - m)(w*)—企* -矿))，

and hence

w* = ** 一(g — m)(u*)十丿#((g — m)(w*) - -矿))

€ Uz*c(T(u*))，. q*e(M(«*))r " — {g — s)(必*)

+ J*((g - m)(&*) - -必)))=

i.e，//* € /T is a fixed point of F,
Conversely, if w* G H is a fixed point of F, by definition of F, there 

exist x* e (T(-u*))r and 犷 6 such that

U* = 7」* _ (g _ m)(zz*)十 j*(、(g 一 m)(iz*) - q(z* - 矿)).
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Hence, from the definition of J% we have

(g - m)(w*) - -矿)€ (g - m)(iz*) + 於。((g - m)(口*)).

Note ?} > 0, and we have

矿一站E &礼(9 一 m)W*)).

The definition of d(t> yields

V 站 _ 矿e - (g _ >> ©((g _ m)(口*))-扒v\ € H,

and Im(g — m)ndom% 丰(/). Thus (zz*is a solution of FGQVIP
(2.1) .

The transformation of FGQVIP (2.1) to the fixed point problem
(3.1) is very useful in the approximation analysis of FGQVIP (2.1). 
One of the consequences of this tran sformation is -that we can. obtain 
an approximate solution by an iterative algorithm.

Definition 3 2 [8] A fuzzy mapping T : H —):F"H、) is said to be
(i) F-strongly monotone if for each x^y^u^v G H with T(x^u) > 0 

and T(yyv) > 0, there exists a constant 6 E (0,1) such that

<u-v,x-y> > 可恤

(ii) F-Lipsch%tz continuous if for each x^y^u^v G H with T(x^u) > 
0 and T(y^v) > 0, there exists a constant p E (0,1) such that

W —께 < p\\x-y\\.

Definition 3 3 An operator g : H t H is said to be
(i) a-strongly monotone if there exists a constant m > 0 such that

< 9(c) 一 g(0),z>2 세:r 一 g||2 for all x,y e H;

(ii) /3-Lipschitz continuous if there exists a constant 0 > 0 such 
that

l|g(c) - g(0)ll V /키|z - 如 for all x,y G H.
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Mann type perturbed iterative algorithm (NTTPIA)

Let T, Af : H —> :F(H) and g,m : H H. Given u()E the 
iterative sequences (wn}, {xn}, and {yn} are defined by

^n-pi = ^-^n)un+an\un~(g-m)(un)+J^n((g-T7i)(un)-T}(xn-yn))]+en,

xn e (T(un))r, and yn e (M(^n))r, n > 0,

where {mn} is a real sequence satisfying Qo = 1? 0 < an < 1 for n > 0, 
and £岩二o OLn = oo] en E H for ali n is an error which is taken into 
account for a possible inexact computation of the proximal point; {0n} 
is the sequence approximating <f> and 77 > 0 is a constant.

Ishikawa type perturbed iterative algorithm (ITPIA)

Let T,M : H —> •户(H) and : H —> H. Given uq G the 
iterative sequences {un), {xn}y and {yn} are defined by

%너」= Ci-~^n)un+an[vn~(g-m)(vn)+J^n((g-m)(vn)-rj(xn-yn))]+en7

vn = (i-/3n)un+^n[un-(g-m)(un)+J^n((ff-m)(un)~7](xn-~yn))]+/3nyn,

for n N O, where xn £ (7"(?jn))質)yn £ xn £ (r(zzn))r,
Vn £ (M(un))r; en and yn in H for all n > 0 are errors; {(/>n} is the 
sequence approximating 0 ; {an} and {陽} are real sequences satisfying 
a；o — 1, 0 < an，/?n < 1 for n > 0 and £嚣=()an = 00, and zy > 0 is a 
constant.

Next, we review some definitions and results which are needed in 
the sequel.

LEMMA 3 2 [7] Let (j) be a proper convex lower semicontmuous 
function. Then J* = Q + is nonexpansive, i.e,,

II弗(«) - J*W)II《 I"-메 for all u,v e H.

We remark 나lat if © = the indicator function of a nonempty 
closed convex K in Hy then — Pk(司 for each u E H and rj > Q 
where Pk is the projection mapping of H onto K.
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Several special cases of ITPIA are listed below.
(i) If 禹=0 for all n > 0, ITPIA reduces to MTPIA.

(ii) If 饥，=6pc for all n > 0, the indicator function of a nonempty
closed convex set K in Hy en = rn — Q for all n > 0, — 0
for all n > 0, p — I, the identity mapping, and m is a zero 
mapping, then ITPIA reduces to the Algorithm in Theorem 
3.4 of Park and Jeong |이 .

(iii) If ©n = for all n > 0, p = I, the identity mapping, en = 
rn = 0 for all n > 0 and (3n = Q for all n > 0, then ITPIA 
reduces to the Algorithm in Theorem 3.5 of Park and Jeong 
[이.

4. Existence and convergence result

In this section, we prove the existence of a solution of FGQVIP (2.1) 
and discuss the convergence criteria of ITPIA.

Theorem 4.1 Let T . H 、户(H) be F-Lzpschitz continuous and 
F-strongly monotone, M . H T :be F-Lipschitz continuous^ (g — 
m) : H H be a-strongly monotone^ and : H T H be (3-L%pschitz 
continuous and ^-Lipschitz continuous, respectively. Assume that

(4.1) < m(v) — m(u)^g(u) — g(y) > < 시恒 一 에七 '러"}v E H

for some constant A such that Xq < A < (3^, where

Aq = inf {A :< m(v) — — g(v) > < A]\u 一 씨|七、%* € H}.

If there exists a constant 77 > 0 such that pr] < \ ~ kf

(4.2) -(1 — [1 — (fc + 0이2 + ?/2p2} <26 <- + 6、

and，k = 2\/L — 2a + & + 伊 + 2入 < 1, then (口*,£*,?/*) is a solution 
of FGQ VIP (2.1). Moreover, zf

，風||<W(幻—鹰(0)11=0, Eh,
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and {un}, {xn})and {yn} Q性 defined by I TP I A with conditions
(i) li 瓦 T8 ||en|| =0 = lim叫18 Iknlb

(ii) £旗0 讦 Ji - «j(l - c)) converges, 0 < c < 1, then {wn}, 
{xn}} and {yn} strongly converge to u*, x*, and ?/*, respec
tively.

Proof First we prove that the FGQVIP (2.1) has a solution (口
By Lemma 3.1, it is enough to show that the mapping F : H —> 2H 
defined by (3.1) has a fixed point u*. For any u/u E C F(u), and 
q E F(v), there exist Xi E (T(*u))r,既 € (T(v))r, yi E (M(w))r, and 
?/2 € such that

0 = w -(g — m)(u) + J*Rg 一 m)(iz)-戒孙-臥))

and
q = u — (g - s)(o) + J队［g - m)(v)- 〃(邛-弗)).

By Lemma 3.2, we have

Up - 에 % 1忸 一 0 — ((g — m)S) — (g — ”z)W)내
+ ||(g — m)(u) ~(g- m)(v) 一 r/(xi - x2) + T*yi 一 洗)|| 

으 이忸 m)(u) 一 (g - m)(v))||
(4.3) + ||u —。一 tj(xi 一 @2)|| + r)p^u 一 에.

By using the Lipschitz continuity of g and m, the strong monotonicity 
of (g — m), and (4.1), we obtain

脸 -。-((g - m)(”) 一(g — m)(0))『

= ||iz — 이|2 _ 2 < u ~ v,(g — m)(u) ~ (g — m)(v) >
+ ||(g - m)(u) - (g - m)(o)『

= ||« — 에2 — 2 <u — v,(g — m)(u) — (g — rri)(y) >
+ l|m(") — m(2세2 + ||g(&) - g(o)『
+ 2 < — m(u),g{u) — g(v) >

(4.4) 玄 (1 —2@ + $2+/乎 + 2入) 件― 에 2.
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By using F-Lipschitz continuity and F-strong monotonicity of T, we 
have

II也一幻一〃31 _奶)||2
= ||1Z 一 씨I? -2t]<U — V^Xi'-X2> 十〃勺商 — X2||2
< 血 — 씨|2 — 2t]6^U — 이|2 + T]2p2^U — 씨|2

(4.5) = (1 一 2華 + ?/2p2)||tz — 에2.

Therefore, it follows that

D(F(u),F(心 < {2\/1-2° + & +伊十2入
+ \/1 一 2?泌 + 郡戶 + Tjp}^u - 씨I
= {k 十地)+ "}|出一에

(1.6) — Q^u—씨，

where k = 2y/l — 2a + + /32 + 2A, t(히') =、/1 — 2g 户p% and
0 = k + t(rj) + 0。・ By condition (4.2), we see that 0 < 0 < 1. It follows 
from (4.6) and Theorem 3.1 of Siddiqi and Ansari [1 이 that F has a 
fixed point zz* G H. Hence by Lemma 3.1, there exist € (T(tz*))r, 
and y* E (M(w*))r such that (tz*,o;*,?/*) is a solution of FGQVIP (2.1).

Next we prove that the iterative sequences {wn}, (^n}, and {而} 
defined by ITPIA strongly converge to ti*, x*, and y*,respectively.

Since FGQVIP (2.1) has a solution (u'x'y*) then, by Lemma 3.1, 
we have

“* = «* — 0 — m)(2广)+ J*仙—— 7](x* - ?/*))•

By making use of the same arguments used for obtaining (4.4) and 
(4.5), we get

llun-u*~((g-m)(un)-(g-m)(u*))H <、/1 一 2q + g + 菸 + 2세"一?史||

||l -u* - r](xn 一 x*)|| <、/l - 2渺 + 〃2词一 w*||,

II-w*-((c/-m)(«n)-(g-m)(u*))II < \/l -2a + ^2 +/32 +2A||vn-u*\\, 
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and
腿 一 U* - T](xn 一 X*)j| < \/l - 27泌 般腿 一 W・

By setting
h(u^) = (g - m)(u*) — 7](x* —矿) 

and
h(vn) = (g- m)(vn) 一 7/(xn - yn), 

we have

ll^n+l - < (1 - an)ii^n 一 "邛

+ Qnll編-u* - ((g 一 m)(vn) - (g- m)(u*))||
(4-7) +Q시I•營”0(編)) - 朋雄*))11 + II이I.

Now, since J^n is nonexpansive, we have

IlW(硏編))-丿"雄*))11
< I仇(編)-狀w*)|| + II弗叩如*))—弗(雄*))||

< ||編 -u* - ((g - m)(wn) 一 (g - m)(@*)내
+ II編—u* — r)(xn — £*)||
+ 끼® f/*|| + |屋” (雄*)) - 丿沧 S*))||

< V/l-2a + e2 + /32 + 2A||7；n - u* II
+ y/1- 2r)8 + r}262^vn 一 w*|| + q에編 - u*||

(4-8) + ||修(四*))一 弗(幽*))||.

On combining (4.7) and (4.8) and using the F-Lipschitz continuity of 
M, we get

IS+i - 口*||

W (1 _ O：n)||^n _ U*|| + - 2a + £2 +02 + 2入
+ \/l -2r]S + t)262 + rjp^Vn 一 n*|j
+ a现曆 (綽广)) 一腺雄 *))11 + II 이 I
=(l~an)\\un 一 n*|| +an0\\yn 一 "*||

(4.9) + c사*s + II리I，
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where 0 = 2y/C— 2a + ^2 +p2 + 2A +W伊 + r(p and 
膈= |/y (/如*))一娉㈣廿))||.

Next

ll^n — ^* || V (1 — /3n)||^n 一 口* ||

+ 偽||"冗一口* — ((g — m)(un) — (g _ m)("*))||
(4-10) + 偽II鹰岫例&)) 一 必0"))|| +0세福I.

By making use of the same arguments used for obtaining (4.8), we get

I屬，"(而)一弗(雄*)沖

< \\hM -硏々*)II + II弗”戻W*))-弗(雄*))11
< Ils ~u* - ((g 一 m)(zzn) — (g - m)(七*))||

T네L _ 安* - — g*)E
+ ri\\yn f/*|| + II席”WS*)) — J曹如*))11

< *1 一 2a + & +伊十 2入 + 0 —2?泌+

(4.11) + rjp\]\un — w*|| + cn.

On combining (4.10) and (4.11), we get

||& —，£*|| W (1 — /3n)||un — u* II + 应이用 — u* II
+ + /3n||rn||
=(1• 一 /3n(l — 0))\\un 一 u* I] + /3n(en + ||rn||)

(4.12) M II編-11 + /3n(en + ||rn|j)

since (1 —毎(1 —。))< 1. On combining (4.9) and (4.12), we get
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||^n+l —"邛 V (1 —。危(1 — 0))||"n — II +

+ 0an^n(€n + H 質现) + II 이 I 
n

< JJ(1 - «i(l 一 0))|出0 — 也*|| 

1=0
n n

+£：% n(1 - ％(i -。))勻 

J=o t=j+l

n n

+ 掐 U (1 — C"(l -。))(勺 + ||乌||) 
J=O Z=j+1

n n

(4.13) +£ JJ (1 - %(1 -。))||리I，

J=o t=j-Fl

where H；W+i(l -(&Q 一 0)) = 1 when J = n.
Now, let B denote the lower triangular matrix with entries b叫= 

ol3 11旗顶+1(1 — at(l — 0)). Then B is multiplicative, see Rhoades [11], 
so that n n

limJJ (1 — c以 1 — 0))勺=0, 
J—0 z=j+L

n n

卩噫°a曲 JJ (1 - at(l - 0))(£j + ||rj||) = 0, 
j=0 £=j+l

since limn—>.oq ||T*n|| = 0 and lim^—>oq cn = 0.
Let D be the lower triangular matrix with entries dnj = JJ^=j4.1(l — 

<扁(1 — 0)). Condition (ii) implies that D is multiplicative, and hence 
n n

恳w n (1 - %(1 -。))||勺|| = o, 
j=0

since lim^Te。||en|| = 0. Also,
n

楓 W-°)) = 0,
i=0
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since = 8. Hence, it follows from inequality (4.13) that
limn-j-oollun+i — t产 II = 0, i.e., the sequence {un} stron믾y converges 
to tz* in. H. The inequality (4.12) implies that the sequence {編} also 
converges to 此 Since 為 € T(vn), x* e T(«*), and T is F-Lipschitz 
continuous, we have

||xn — x* (J < p^vn 一 口* H T 0 as n —> oo,

i.e., {xn} strongly converges to x*. Similarly, we can prove that {yn} 
strongly converges to y*.

We remark that if /3孔=0 for all n > 0, Theorem 4.1 gives the 
conditions under which the sequences {*un}, and {yn} defined by 
MTPIA strongly converge to u*, <c*, and t/*, respectively.
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