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ON SOME PROPERTIES OF PRETOPOLOGICAL 
CONVERGENCE STRUCTURES

Sang-ho Park and Myeong-Jo Kang

Abstract In this paper we introduce generalized g-mtenor operator 

and n-th pretopological modification of q Furthermore we establish a 

characterization of e(q)= 入(q)

1. Introduction

A convergence structure q defined by Kent ([4]) is a correspondence 
between the filters on a given set X and the subsets of X which specifies 
that filters converge to points of X. For given convergence structure q 
on a set X〉Kent introduced convergence structures with q? which are 
called the pretopological modification and the topological modification. 
They are denoted by 7r(q) and A(q), respectively.

A q-interior operator Iq introduced by Choquet ([3]) is a set function 
which has all of the properties of topological interior operator except 
idempotency. In this paper, we introduce generalized ^-interior opera­
tor and n-th pretopological modification of q. They are denoted by 1^ 
and 7rn(q), respectively. Also, we study some properties of them and 
obtain a characterization of 7rn(q) = A(g).

2. Preliminaries
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Let X be a set. A nonempty collection 6 of nonempty subsets of X 
is said to be a filter on X if it satisfies the following conditions:

(1) A € $ and B £ implies A Cl B €
(2) A € $ and A C B implies B G

For a nonempty set X, F(X) denotes the set of all filters on X and 
P(X) the set of all subsets of X.

A convergence structure g on a set X is defined to be a function 
from F(X) into P(X) satisfying the following conditions:
For each 6 and 邓 in F(X),

(1) x € for each x E
(2) if ① U 更，then q($) C
(3) if x E q(©D), then x E q(鱼 A i),

where x denotes the ultrafilter containing {a;}. In this case the pair 
(X, g) is said to be a convergence space. If x G q(由),we say that ① 
q-cv7werges to x. The filter Vq(x)obtained by intersecting all filters 
which q-converge to x is said to be a q-neighborhood filter at x. If Vq(x) 
q-converges to x for each x E X, then q is said to be a pretopologzcal 
convergence structure on X, and (X, q) a pretopologzcal convergence 
space. The pretopologzcal convergence structure q is said to be a topo­
logical convergence structure if for each z £ X, the filter Vq(x) has a 
filter base Bq (a;) with the following property:

y E G E Bq(x) implies G E

Let C(X) be the set of all convergence structures on X)partially or­
dered as follows:

qi < ?2 iff 如(矶 U Qi(^>) for all $ e F(X).

If qi M q爲 then we say that q\ is coarser than 如 and 如 is finer than 
q侦

For any q G C(X), we define the following related convergence struc­
tures 7r(q) and A(q):

(1) x e 7r(9)($) iff Vq(x) C$,
(2) xe A(9)($) iff Uq[x) C
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where Uq{x) is 바2 filter generated by 난比 sets U G which have
the property: y EU implies U € Vq(y).

In this case and A(q) are called the the pretopologtcal modifica­
tion and the topological modification of q. Also, the pairs (Xj「(q)) and 
(X, 人(q)) are called the pretopological modification and 나2 topological 
modification of (X, g), respectively.

Proposition 1([4]). Let (X, q) be a convergence space. ”(X“矿(g)) 
amd (X,，»(q)) are the pretopological modification and the topological 
modification of (X, q), respectivly. Then the following statements hold:

(1) ‘兀(g) is the finest pretopological convergence structure coarser 
than %

(2) 人(q) is the finest topological convergence structure coarser than 
q,

(3) X(q) < H、q) < q.

Let / be a map from a convergence space (X, q) to a convergence 
space Then f is said to be continuous at a point ⑦ £ X)if
나2 filter /($) on Y p-converges to for every filter $ on A" q- 
converging to x. If f is continuous at every point x E X, then f is said 
to be continuous.

We define a set function 1甘:P(X) t P(X) for each n e 7VU(oo}U 
{0}, where N is the set of all positive integers, as follows:

(1) " = 4
(2) 对5) = Iq(A) = {x^X\Ae K(찌},

(3) 始+1(厶)=乌(/舛4)), if n e N,
(4) = n(I-(A) \neN}.

Proposition 2 ([디). For each n E N U (00} U {0}? 1^ has the 
following properties:

⑴剛))= 0,以A、) u A,
(2) 장(X)=X,
(3) z^(AnB)=z-(A)nz-(B),
(4) A c B implies Z^(A) G /扌(B) 

for each A, B C X.
But, in general 7扌(/；(4)) + Z^(A) for all A d X.
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Define V^(x) = {A C X \ xE 一号(4)}. Then 當(z) is a filter on X 
for each n E N U {oo}.

Also, we know that for each n E N U (00}

电(4) D D 乌气4) for each 4 U X 

and
二)當+'(对 D V^°{x) for each x E X.

Define a structure 7rn(g) for each n E N U {00} as follows:

x e 冗n(q)(0 iff C ①

for each $ £ F(X)
While, since C a: € 7rn(Q)(i) for each x & X. Also,① C 

屮 E F(X) implies 7Tn(Q)($) C 7rn(g)(^).
Let x G 7rn(Q)($). Then V^(x) C Since V^(x) C 金 we obtain 

當3) C $ Cl i and so re € 7rn(g)($ P i). Also, x G 7rn(^)(V^(x))— 
扁(9)(卩心3)(0)) for each x E X. Thus 7rn(q) is a pretopological con­
vergence structure on X.

In this case 7rn(g) is called the n-th pretopological modificahon of q 
Also, (X, 7rn(Q)) is called the n-th pretopological modification of (X：q).

It is not difficult to show that for each n G TV U (00), the following 
statements hold:

(1) I為(q)(时 = 帶(찌 for all ⑦ £ X.
(2) 玲妆)(4)=端(4) for all A CX.
(3) For each ne N, q> 7rn(g) > vn+l(q) > 穴80)・

3. Main Results

By Proposition 1 and the definition of 7Tn(Q), we know that

q > "砂 > 疋⑴ > ••• > 扁0) > ^n+M >•■> 力8(0) > 入(，)•

Theorem 3. Let (X,q) be a pretopological convergence space. Then 
the following are equivalent:

(1) q is a topological convergence structure.
(2) Iq %s idempotent
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Proof (1) =a (2): It is clear that Iq(Jq(A)) c 7g(A) for all A G X. 
We will 아iow that Iq(A) c Let x E Iq(A). Then A E Vq(x).
Since q is a topological convergence structure, there exists G € Bq{x) 
such that G C A, where Bq(x) is a filter base of Vq(x) which has the 
following property:

y £ H e Bq(x) implies H 6

Since 장 £ G =추 G W Bq(y) C 此(§), we obtain y E Thus Iq(G) = 
G. Since G = Iq{G) C Iq(A) and is a filter, Zg(A) e Vq(x). Thus 
x G 為(자、A)) and so Iq^A) = Iq(Iq(A)). That is lq is idempotent.

(2)二》(1) : Take Bq(x) — {Be V^(x) | Ia(B) = B} for each x e X. 
Since 為(X) = X、we obtain Bq{x) is not a empty collection. Since 
0 牛 we obtain 0 牛 Let Gz G Bq(x) for i E {1,2} Then 
G% £ 它(n) and Iq(G") = Gz for i £ {1,2}. Since Gi A G2 = Iq(Gi) n 
Iq(G2)= Iq(Gi AGq) and Vq(x) is a filter, we obtain Gi QGq, E Bq(x). 
Also, let A G Vq{x). Since Iq is idenipoieni, Iq(A)= and
지:4) e %(/). Thus Iq(A) e Bq(x). Since Ig(A) C A, Bq(x) is a 
filter base of Let y E H E Bq(x) Since H = we obtain 
y G Thus H E Bq (?/). Therefore g is a topological convergence
structure.

Proposition 4 Let (X, q) be a convergence space. Then(机q)= 
A(q) zjflq is idempotent

PROOF. Assume that tt(q)= 入(q). Since 7r(q) is a pretopological 
convergence structure and 7r(q) = X(q\ 7r(q) is a topological conver­
gence structure. By Theorem 3,琮⑴ is idempotent Since =
lq(4) for all A C X, 1g is idempotent. Conversely, let Iq be idempotent. 
By Theorem 3, g is a topological convergence structure. It is clear that 
A(q) = g iff q is a topological convergence structure. We know that 
q > 穴(g) > A(q). Thus q =穴(q) = A(q).

THEOREM 5 Let (X〉q) be a convergence space. Then for each n 6 
N U {cq}, the following statements are equivalent:

(1) 7相q) = A(q).
(2) I旨 is idempotent.
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PROOF. (1) => (2) : Assume that e(q)=人(q)・ We will show that 
I장 is idempotent. Let A <Z X and x G Z^(A). Then A E 當(⑦). Since 
7「n(g) is a topological convergence structure, there exists G E 
such that G C A, where B장 (w) is a filter base of T孕(对 which has the 
following property:

yeH e B 算;)implies H € B 扌(；).

Thus I我G) = G. Since G = I^(G) G Z^(A) and l甘(w) is a filter, 
we obtain /^(A) G 君(功.Thus x E 勇(環(4)) and so I^(A)= 
一号(/扌(4)). That is is idempotent.

(2) => (1) : Assume that I旨 is idempotent. Let B^(x) = {G € 
J Ig(G) = G} for each x E X. Since 电(X) = X, we obtain 

X € B?(X、). Since 0 £ we obtain 0 £ Let G笔 G B?(£)
fo흐 i e (1,2}. Since Gi A G2 - IJG\) n I^(G2) = IJG\ n G2) and 

is a filter, we obtan* G± G2 E (x). Also, let A e
Since is idempotent, /扌(4)=电(电(4)) and 球(4) € V^(x). Thus 
싱(4) G B^(x). Since I^(A) C A, B旨(硏 is a filter base of V了(对. 
Let y W G £ (x、). Since H = I£(H\ we obtain y G 7^(H). Thus 
G € B旨(g). Therefore 7rn(g) is a topological convergence structure. 
Since A(g) is the finest topological convergence structure coarser than 
q. That is 7rn(g) = A(q).

In that case n = oo, the proof is similar to in the case n € N,

DEFINITION 6. Let (X, q) be a convergence space. The length of q is 
defined by the smallest positive integer n satisfying 乌어」(4) = (A)
for each A C X. We denote l(q) = n.

If Z(g) * n for all n € TV and 乌(//(4)) = /~(A) for aU A C

then we denote Z(q) = oo.

Theorem 7. Let (X, q) be a convergence space and n E N U {oo}. 
Then the following statements are equivalent:

(1) Iq is idempotent and is not idempotent for m <n.
(2) Z(q) = n.
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Proof . At first we will prove in the case n E N.
(1) => (2) : Assume that for each A C X, and

I芸毎"(B))丰 1^(.8) for some B (Z X if m < n. By the definition of

9乌(厶)支淇①> . . D电(4) D电+1(4) D---D端(弋(A))

二). • •二)矇(4) D 功写。(4)) D---D 写。(写。(戏□••••
Since 1^(1^(A)) = I시 we obtain (A). Suppose that
球+'(4) = IJ(A) for m<n. Then 1芸(妒(4)) = I^(A) and so 财 is 
idempotent This is a contradiction Thus /(g) = n

(2) 二》(1) : Assume that L(q) = n. Then I舛4) = 乌너」(4) = 
IqQ；(A)) = 一号(早厶)) = … = 电(电料)). Thus I장 is idempotent. 
Also, by the definition of Z(q) = n, I^1 is not idempotent for m < n. 
In that case n — oo. By 난le definition of Z(g) = oo, it is clear that 
(1)。(2).

Corollary 8 Let (X)q) be a convergence space and n G A^U{oo}. 
Then nn(q) = A(q) and 7rm(g) 丰 시g) for m < n 旅 Z(q) = n.

PROOF By Theorem 5 and Theorem 7.

Proposition 9 Let (X,g) and (匕p) be convergence spaces and 
f : (X,q) T (y,p) be a map. Then for each n E N [J {oo); the 
following statements are equivalent:

(1) /(當3)) =璞(JS)) for all xeX.
(2) ^(r1(B)) = r1(I；(B)) for each B G Y.

Proof (1)=》(2) - Assume that f(V^(x)) = V^(f(x)) for all x E 
X. Let t € 电(/T(B)). Then f~\B) G 當(c) and so B G /(号伝)). 
Since /(當(*))=培(/(，))，B e 璞(六时).Thus J0) e I；(B) and 
sooY G 厂1 郷(B)). Therefore 一頌(/T(B)) C 厂％端(B)).
The reverse inequality is proved by the counter-order.

(2)=) ⑴：Assume that Z^(/-1(B)) = (B)) for each B C F.
Let B e 理(/(/) Then 了(£) E 站(B) and so w £ Since
7：(・L(3))=厂1(學B)), x € WB、)、). Thus /T(B) e 
and so B G Therefore 匸％f(z)) C 了(V甘(£))• The reverse
inequality is proved by the counter-order.
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Proposition 10. Let (X,q) and (Y,p) be convergence spaces. Let 
f : (X)q) T(y,p) be a map. Then the following statements are equiv- 
alent:

(1) *(/(찌) = /(%(z)).
(2) = /(V^(rr)) for each n e TV U {oo).

Proof. (2) => (1)： It is clear.
(1) => (2) : We will use the mathematical induction to prove above 

Proposition. Assume that V^(/(a;)) = /("")) and let B E 咋中(/«，；))• 
Then/(x) e 俨(B)=妇(吁(B)) andsolJ(B) e 岭(/(/)=六*(%)). 

By assumption and Proposition 9,厂=监(厂'(B)) € ¥»(〃)・ 
Thus q e 피府and so € V^(x\
Finally, B e /(V^+1(x)). This means 匸沖(/(%)) C /(V；fe+1(x)). The 
reverse inequality is proved by the counter-order.
In that case 泠-= 8, let B 6 埠저(顶(苛). Then f{x} E sinl-so 
/(x) e I；(B) for each n E N. Thus B e for
each n E N, B € n{/(V^(x)) | n € N} = /(n(V^(x) ( n € A/j)=

Finally, Vg°(/(z)) C /(V^°(x)). The reverse inequality is 
proved by the counter-order.

Definition 11 ([ 6 ]). Let (X,q) and (Y,p) be convergence spaces. 
An onto map f : (X)g) T (匕但)is said to be open if satisfies the 
following condition: whenever an ultrafilter on V p-converges to 由 
then for each x in. there is a filter 垂 which maps on 更 and
q-converges to x.

Proposition 12 Let (X,g) and (Y,p) be convergence spaces. If a 
map f : (X)q) T (F,p) is onto, continuous and open, then V^(f (x))= 
f(Vg(x)) for each x E X.

Proof. Since f is continuous, /($) p-converges to /(x) whenever 
$ q-converges to x. Thus f(Vq(x)) — /(n($ | x € q($)}) = |
z e g(①)} D n{/($) I /(x) e p(/($))} D %，(/(»)). Also, we will 
claim that /(^(x)) C Vp(f(x)). Let B e /(此(游).Then B = /(A) 
for some A € Vq{x). Let ① be an ultrafilter which p-converges to /(x). 
Since f is open, there is a filter 垂 such that $ ^-converges to x and 
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了侄)=更.Since A e we obtain B = /(A) e /(0 =吏.Thus B 
is in each ultrafilter which 但-converges to /(£)and so B € V^(/(x)). 
therefore /(l^(x)) C Vp(f(x)).

Theorem 13 Let (X, q) and (Y,p) be convergence spaces. Let a 
map f : (X：q) T (匕 p) be onto, continuous and open. If I자 is idem- 
potentf then I； zs idempotent.

PROOF Let B C Y. Then C X. Since 电 is idempo­
tent, = 1取厂y). By Proposition 9 and Propo-
sition 12,比俄(厂=端(L(穿(B)))=厂I郷(I；(B))) and 
以尸(B)、) = Thus L(峪U；(B)))=厂i(I；(B)) and
so (B). Therefore I； is idempotent.

Corollary 14 Let (X, q) and (K,p) be convergence spaces. Let 
a maP f : (X, q) —> (y,p) be onto, continuous and open. Then f 
preserves the length of convergence structure

Proof By Corollary 8 and Theorem 13.
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