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ON SOME PROPERTIES OF PRETOPOLOGICAL
CONVERGENCE STRUCTURES

SANG-H0 PARK AND MyreonNG-Jo KANG

ABSTRACT In this paper we introduce gencralized g-intenor operator
and n-th pretopological modification of ¢ Furthermore we estabhish a
charactenization of 7,(¢) = A(gq)

1. Introduction

A convergence structure g defined by Kent {[4]) is a correspondence
between the filters on a given set X and the subsets of X which specifies
that filters converge to points of X. For given convergence structure g
on a set X, Kent introduced convergence structures with ¢, which are
called the pretopological modification and the topological modification.
They are denoted by n{g) and A(gq), respectively.

A g-interior operator I, introduced by Choquet ([3]}) 1s a set function
which has all of the properties of topological mnterior operator except
idempotency. In this paper, we introduce generalized g-interior opera-
tor and n-th pretopological modification of g. They are denoted by I
and T,(g), respectively. Also, we study some properties of them and
obtain a characterization of w,{q) = A(q) .

2. Preliminaries
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Let X be a set. A nonempty collection @ of nonempty subsets of X
is said to be a filter on X if it satisfies the following conditions:

(1) Ac ®and B€ ® implies ANB € &,
(2) A€ ® and A C B implies B € 9.

For a nonempty set X, F(X) denotes the set of all filters on X and
P(X) the set of all subsets of X.

A convergence structure q on a set X is defined to be a function
from F(X) into P(X) satisfying the following conditions:
For each ® and ¥ in F(X),

(1) z € g(z) for each z € X,

(2) if ® C ¥, then ¢(@) C ¢(¥),

(3) if z € ¢(®P), then x € g(® N ),
where & denotes the ultrafilter containing {x}. In this case the pair
(X, q) is said to be a convergence space. If x € ¢(®), we say that &
g-converges 1o . The fiiter V,{z) obtained by intersecting all filters
which g-converge to z is said to be a g-nesghborhood filter at z. If V,(x)
g-converges to x for each x € X, then g is said to be a pretopological
convergence structure on X, and (X, q) a pretopological convergence
space. The pretopological convergence structure g is said to be a topo-
logical convergence structure if for each « € X, the filter V(z) has a
filter base By(z) with the following property:

y € G € By(x) implies G € By(y).

Let C(X) be the set of all convergence structures on X, partially or-
dered as follows:

g1 < go iff go(®) C ¢1(®) for all & € F(X).

If g1 < ¢2, then we say that ¢, is coarser than ¢; and ¢ is finer than
q1.
For any ¢ € C(X), we define the following related convergence struc-
tures m(g) and A(q):

(1) = € 7(@)(®) il Vy(z) C &,

(2) = € Mg)(®) iff Uyp(z) C @,
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where U,(x) is the filter generated by the sets U € V,(z) which have
the property: y € U implies U € V,(y).

In this case m(g) and A(g) are called the the pretopological modifica-
tron and the topological modification of g. Also, the pairs (X, 7(q)) and
(X, A(q)) are called the pretopological modification and the topological
modification of (X g), respectively.

PROPOSITION 1({4]). Let(X,q) be a convergence space. If (X, n(q))
and (X, (q)) are the pretopological modification and the topologqical
modificatzon of (X, q), respectwly. Then the following statements hold:

(1) w(g) is the finest pretopological convergence structure coarser
than q,

(2) Alg) s the finest topological convergence structure coarser than
q,

(3) AMg) £ (g) < gq.

Let f be a map from a convergence space (X, ¢) to a convergence
space (Y,p). Then f is said Lo be confinuous at a pomt z € X, if
the filter f(®) on Y p-converges to f(z) for every filter ® on X g-

converging to x. If f is continuous at every point z € X, then f is said
to be continuous.

We define a set function I : P(X) — P(X) for each n € NU{oo}U
{0}, where N is the sct of all positive integers, as follows:
(1) I(4) = 4,
(2) 13(A) = L,(A) = {ze X | Ae V,(2)},
(3) I"1(A) = L,(IMA)), if n€ N,
(4) I2(A4) = n{Ig(A) | ne N}.
PROPOSITION 2 ({5]). For each n € N U {oo} U {0}, I? has the
follounng properties:
(1) 17(0) =0, I3(A) C 4,
(2) I}(X) =X,
(3) L7(ANB) = IF{A)NIMB),
(4) AC B wmphes I?(A) C I7(B)
foreach AJB C X.
But, in general I7(I7(A)) # I7(A) for all A C X.
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Define V*(z} = {A C X | z € I7(A)}. Then V*(z) is a filter on X
for each n € N U {o0}.
Also, we know that for each n € N U {o0}

I7A) D I} (A) D IP(A) for each A C X

and
Vi(z) D Vq""'l(a:) D V;*(z) for each x € X.

Define a structure 7, (q) for each n € N U {00} as follows:
z € mp(g)(P) it V' (z) C @

for each @ € F(X)

While, since V*(z) C &, x € mn{g)(Z) for each z € X. Also, ® C
¥ € F(X) mmplies 7, (¢)(®) C 7,.{¢)(¥).

Let z € ma(g)(®). Then V*(z) C ®. Since V*(z) C &, we obtain
Vi {z) C 2Nt and so z € mp(g)(® N ). Also, z € m(gHV](2)) =
T (@) (Va,(g){(x)) for each z € X. Thus m,(g) is a pretopological con-
vergence structure on X.

In this case m,(q) is called the n-th pretopological modification of g
Also, (X, m,(q)) is called the n-th pretopological modsficatron of (X, ¢q).

It is not difficult to show that for each n € N U {oco}, the following
statements hold:

(1) Va,(q(x) = V¥ (z) for all z € X.
(2} In,(@)(A) = I}(A) for all A C X.
(3) For each n € N, ¢ > mo(q) > Tnt1(g) = 7eu(q).

3. Main Results
By Proposition 1 and the definition of 7,(q), we know that
gz m(q) 2 m(g) > 2 Wa(q) = Mur1(g) =+ 2 moo(g) = Alg)-

THEOREM 3. Let (X, q) be a pretopological convergence space. Then
the follounng are equivalent:

(1) q is e topological convergence structure.
(2) I, 18 idempotent
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Proor (1) = (2): Itisclear that I,(I,(A)) C I(A) forall A C X.
We will show that I,{A) C I,{(I,{A)). Let € I4{A). Then A € V(z).
Since ¢ is a topological convergence structure, there exists G € By(x)

such that G C A, where B,(z) is a filter base of V,(z) which has the
following property:

y € H € By(x) implies H € By(y).

Sincey € G = G € By(y) C Vo(y), weobtainy € I,(G). Thus [,(G) =
G. Since G = I,(G) C I,(A) and V,(z) 1s a filter, I,(A) € Vo{z). Thus
x € 14(14(A)) and so I,(A) = I,(I,(A)). That is I, is idempotent.

(2) = (1) : Take By(z) = {B € V() | I,(B) = B} foreach x € X.
Since I,(X) = X, we obtain B,(z) is not a empty collection. Since
O & Vg(x), we obtain @ ¢ By(z). Let G, € By{z) for i € {1,2} Then
G, € Vy{z) and I,(G,) = G, for i € {1,2}. Since G1 NGy = L (G1)}N
I,(G2) = I,{G1NGy) and V(z) is a filter, we obtain G1 NGy € By{x).
Also, let A € Vy(x). Since I, 15 idempotent, Ig{A) = I,(Ig{A)) and
I,(A) € Vi(x). Thus I,(A) € B,(z). Since I,{(A) C A, Bg(x) is a
filter base of V,(z). Lct y € H € By(x) Since H = I,(H), we obtain
y € I(II). Thus H € By(y). Therefore q 1s a topological convergence
structure.

PROPOSITION 4 Let (X, q) be a convergence space. Then ¢(q) =
Maq) off I, is wdempotent

Proor. Assume that w(g) = A(¢). Since w(q) is a pretopological
convergence structure and 7(g) = A(q), 7{q) 1s a topological conver-
gence structure. By Theorem 3, I, is idemupotent Since I (A) =
I(A) for all A C X, I, is idempotent. Conversely, let I, be idempotent.
By Theorem 3, g is a topological convergence structure. It is clear that
Ag) = ¢ iff ¢ is a topological convergence structure. We know that
q = m(q) > Mg). Thus ¢ = 7(q) = A{q).

THEOREM & Let (X,q) be a convergence space. Then for cach n €
N U {00}, the follounng statements are equivalent:

(1) malg) = Alg).

(2) I is idempotent.
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PrOOF. (1) = (2) : Assume that 7,{(q) = A{g). We will show that
I} is idempotent. Let A C X and x € I7(A). Then A € V*(z). Since
7,(g) is a topological convergence structure, there exists G € BZ(x)

such that G C A, where B} (z) is a filter base of V*(z) which has the
following property:

y € H € By (z) implies H € By (y).

Thus I7(G) = G. Since G = IFG) C I}(A) and V*(z) is a filter,
we obtain I['(A4) € V*(z). Thus z € I?(I7(A)) and so Ig(A) =
IF(I3(A)). That is I is idempotent.

(2) = (1) : Assume that I} is idempotent. Let Bj(z) = {G €
Vi(x) | IH{G) = G} for each x € X. Since I7(X) = X, we obtain
X € B}(x). Since @ ¢ V*(z), we obtain @ ¢ B7(z). Let G, € By (z)
for i € {1,2}. Since G1 NGy = I7{G1) N I7(G2) = IF(G1 N G2} and
ViH{z) is a filter, we obtam G1 0 Gy £ B (). Also, let A € V(=)
Since I} is idempotent, I7(A) = I(12(A)) and I}(A) € V*(z). Thus
13(A) € Bl{(x). Since I'(A) C A, B7(x) is a filter base of V*(z).
Let y € G € By(z). Since H = I['(H), we obtain y € I7(H). Thus
G € Bl(y). Therefore m,(g) is a topological convergence structure.
Since A{q) is the finest topological convergence structure coarser than
g. That is m,(q) = A(q).

In that case n = oo, the proof is similar to in the case n € N.

DEFINITION 6. Let (X, ¢) be a convergence space. The length of ¢ is
defined by the smallest positive integer n satisfying I?t1(A) = I7(A)
for each A C X. We denote {(g) = n.

I1fi(g) # nforall n € N and I,(I°(A)) = IF°(A) for all A C X,

then we denote {(g) = co.

THEOREM 7. Let (X,q) be a convergence space and n € N U {oo}.
Then the following statements are equivalent:
(1) I 15 idempotent and I 1s not idempotent for m < n.

(2) l{q) =n.
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PROOF | At first we will prove in the case n e N.

(1) = (2) : Assume that for each A ¢ X, IZ(I7(A)) = I7(A) and
I‘”(Im(B)) # I;7(B) for some B C X if m < n By the definition of
gt

Iq(A) DI2A)D---DIPA)D I;"“(A) DD IMIMA))
cDIZ(A) D I(IF(A) D - DIP(IP(A) D - -

Since I”(I"(A)) = I2(A), we obtain Ip*'(A) = I?(A). Suppose that
I (A) = IT'(A) for m < n. Then I(I™(A)) = I7(A) and so IT" is
1demp0tent Thlq 15 a contradiction Th_m Hy)=n

(2) = (1) : Assume that I{(q) = n. Then IMA) = I A) =
I,(IZ(A)) = Z(IZ(A)) = -+« = IPIMA)). Thus I7 is idempotent.
Also, by the definition of l(g) = n, I7* is not idempotent for m < n.
In that case n = oo. By the definition of I(g) = oo, it is clear that

(D)« (2).

COROLLARY 8 Let (X, q) be a convergence space andn € NtU{oo}.
Then mn(q) = Aq) and 7,(q) # A(q) for m < n off l{q) = n.

Proor By Theorem 5 and Theorem 7.

PROPOSITION 9 Let (X,q) and (Y,p) be convergence spaces and
S (X,q) = (Y,p) be a map. Then for each n € N U {0}, the
follounng statements are equivalent:

(1) f(V3H{z)) = VR (f(2)) for all =€ X.

(2) IZ(f~Y(B)) = f~'I}B)) for each BCY.

PROOF (1) = (2) - Assume that f(V*(z)) = V*{f(z)) for all z €
X. Let z € I?(f~*(B)). Then f~Y(B) € V"(m) and so B € f(V"(z)).
Since J(Vp(x)) = V7 (7(2), B € V7 (/(2)). Ths f(z) € I3(B) and
sox € fH(f(z)) € /7' (I}(B)). Therefore I7(f~'(B)) C f—l(I;(B)).
The reverse moqudhty is proved by the countor-ordox

(2) = (1) : Assume that I?(f7}(B)) = f~1(I2(B)) foreach BC Y.
Let B € V*(f(z)) Then f(a:) € I}(B) and so 2 € f~}(I}(B)). Since
I(7HB) = fTHI3(B)), = € I}(f~(B)). Thus f~}(B) € V)'(2)
and so B € f(V'(z)) Therefore V(f(z)) C f(V*(z)). The reverse
inequality is proved by the counter-order.



54 SANG-HO PARK AND MYEONG-JO KANG

PROPOSITION 10. Let (X,q) and (Y,p) be convergence spaces. Lel
f:(X,q) = (Y,p) be a map. Then the follourng statements are equiv-
alent:

(1) Vp(f(z)) = f(V(2)).
(2) V2 {(f(z)) = f(V]'(z)) for each n € N U {oo}.

PROOF. (2) = (1): It is clear.

(1) = (2) : We will use the mathematical induction to prove above
Proposition. Assume that V¥(f(z)) = f(VF(z)) and et B € VT (f(z)).
Then f(x) € I¥*(B) = I,(I}(B)) and so I5(B) € V,(f(z)) = f(V4{z)).
By assumption and Proposition 9, f~}(I¥(B)) = I; (f~}(B)) € V,(z).
Thus z € L(I*(f~}(B)) = I¥+1(f~}(B)) and so f~}(B) € V}*(z).
Finally, B € f(VF*1(z)). This means VF+1(f(z)) C f(V*!(z)). The

reverse inequality is proved by the counter-order.

In that case n=co, let B € V2°(f(x)). Then f(z) € IP(B) ard 80
f(z) € I}B) for each n € N. Thus B € V3*(f(z)) = f(V](z)) for
eachn e N. Ben{f(Viz))|ne N} = f(n{Vz) | ne N} =
f(V2(2)). Finally, V2°(f(2)) € f(V°(z)). The reverse inequality is
proved by the counter-order.

=
—

DEFINITION 11 ([ 6 ]). Let (X, q) and (Y, p) be convergence spaces.
An onto map f : (X,q) — (Y,p) is said to be open if satisfies the
following condition: whenever an uitrafilter ¥ on Y p-converges to y,

then for each z in f~!(y) there is a filter ® which maps on ¥ and
g-converges o z.

PROPOSITION 12 Let (X,q) and (Y,p) be convergence spaces. If a
map [ : (X,q) — (Y,p) is onto, continuous and open, then V,(f(z)) =
f(Vy(x)) for eachz € X.

PROOF. Since f is continuous, f(®) p-converges to f(z) whenever
® g-converges to z. Thus f(V4(z)) = f(N{® | z € ¢(®)}) = "{f(®) |
2 € g(®)} D N{f(B) | f(z) € p(S(@)} D Vy(f(x). Also, we wil
claim that f(V,(z)) C Vp(f(z)). Let B € f(V,{z)). Then B = f(A)
for some A € Vy(z). Let ¥ be an ultrafilter which p-converges to f().
Since f is open, there 1s a filter @ such that & g-converges to x and
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f(®) = ¥. Since A € ®, we obtain B = f(A) € f(®) = ¥. Thus B
is in each ultrafiller which p-converges to f(z) and so B € V,(f(z)).
Therefore f(V;(x)) < V,(f{z)).

THEOREM 13 Let (X,q) and (Y,p) be convergence spaces. Let a

map f: (X,q) = (Y,p) be onto, continuous and open. If Iy is idem-
potent, then I} s idempotent.

PROOF Let B C Y. Then f~'(B) ¢ X. Since I? is idempo-
tent, g(I;(f (B))) = "q i 1(3)) By 1lupumtluu § and Propo-
sition 12, I;‘(I" “HB))) = LM{fHIR(BY) = (I“(I“( ))) and
IZ(f~1(B)) = (I (B)). Thus f“(I"(I“(B))) — £-1(I2(B)) and
so ID(I}{B)) = I”(B) Therefore I} is 1demp0tenL

COROLLARY 14 Let (X,q) and (Y,p) be convergence spaces. Let
a map [ : (X,q) = (Y,p) be onto, continuous and open. Then f
preserves the length of convergence siructure

PROOF By Corollary 8 and Theorem 13.
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