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COMMON FIXED POINT THEOREMS
FOR MANN TYPE ITERATIONS

SUSHIL SHARMA AND BHAVANA DESHPANDE

ABSTRACT In this paper, we give some common fixed point theorems
for five and s1x mappings satisfying the Mann-type iteration in Banach
spaces We improve some resuits of Gornicki and Rhoades, Khan and
Imdad, Cho, Fisher and Kang, Cirick and many others

Introduction and Preliminaries

Let (X, {|-]]) be a Banach space and F be a mapping from a nonempty
closed convex subset C of X into itself Let I denote the identity
mapping. If /' is nonexpansive, i.e.

1z — Fy| < Jlz — g

for all z,y € C, then Krasnoselskii [21] proved that, for some zq € C,
the sequence {F™xzq} does not converge necessarily to a fixed point of
F', whercas the sequence {F{'z(}, where

(*) Fx=(1-XNI+AF, 0<X<]l,

may converge to a fixed point of F as shown by Krasnoselskii {21] which
assumed that A = %, X 18 uniformly convex and C' is compact subset
of X. Schaefer {32], extended this result for a general number A
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The scheme (*) has been extended by the so called “Mann iterative
process” [22] associated with F', whichi is described in the following way

(*x) Tty = (1 — cp)Tn + CnF 2y

forn=0,1,2,..., where {¢,} is a sequence of real numbers such that

(> o]
0<e, €1 and ch=:too.

n=0

The scheme (*x) has been studied by many authors [1],[2],[5]-[8],[11],
(14),[15],{17],{23]-[25] and {27]-[31].

In this paper, we show that a sequence in C defined by the Mann-
type iterations converges to a unique common fixed point of five and
six mappings on (7, satisfving some conditions. Our results extend
and improve some results of Gornicki and Rhoades [10], Iseki [12],[13],
Khan and Imdad [18}-[20], Rehman and Ahmad [26], Rhoades [29]-[31],
Cho, Fisher and Kang (3]

In [16], Jungck defined the concept of compatibility of two mappings
which inculdes weakly commuting mappings as a proper subclass.

DEFINITION. Let A and S be two mappings from a normed linear
space (X, | - ||) into itself The mappings A snd S are said to be
compatible if

nlglgo HASz, — SAz,|| =0
where {z,} is a sequence in X such that

lim Az, = lim Sz, =z
n—oI TT—O0

for some z € X.

LEMMA 1 (16} Let A and S be compatible mappings of a normed
linear space (X, || - ||) wnto wself. If Az = Sz for some 2 € X, then

ASz = 8% = SA» = A%z,
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Main Results

THEORM 1. Let C be a nonempty closed convex subset of a Banach
space {X,|| - ) and A,B,S8, T and P be mappings from C wmto uself
satisfying the following conditions:

(1.1) there emist constants o, 3,7,6 > 0 such that

| Px — Pyl < a||ABz — STy| + Bl|ABx — Pz||
+ ymaz{|| STy — Py|, ||ABz — Py||}
+6||STy — Pz|

for allx,y € C, where 0 <a+9+8<l and 0 <y <1,
(1.2) for some xg € C, there emsts a constant k € [0,1) such that

[#nt2 = Tl < kflTnsr — znll

forn=20,1,2,... where {z,} is a sequence i C defined by
(13) AB$27t+l = %Px2n+%ABxQn7 ST’J;Q?H—Q = %prQn-i-l'!‘%STan-i-lu
(1.4) the pawrs {P, AB} and {P, ST} are compatible,
(L) PB=BP, PT=TP, AB=BA, SI'=TS,
(1.6) A,B,S and T are continuous at z € C.
Then the sequence {x,} defined by (1.3) converges to z € C and Pz
is a unigue common fized pownt of A, B,S,T and P.

PRrOOF. From (1.2), it follows that
[Zn42 = Tnial] < K" Hlz1 — o,

for n =0,1,2,... and so {z,} is a Cauchy sequence in C. Since C is
closed subspace of a complete space X, it is also complete and hence
the sequence {x,} converges to a point z € C.

We will prove that Pz is a unique common fixed point of A, B, S,T
and P.

From (1.3), it foliows that

1 1
EP-T‘Zn = ABm?n—}-l - §AB$217.
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and since A and B are continuous at z, we have

lim ABx, = li{%o Pz,, = AB-z.

n—ooco

Similarly, we also have

lim STz, = lim Pzy,., = STz
n—0

n—+co

By (1.1), we have

W PZan ~ Proneil < allABzsn — STZans1 || + Bl ABzon — Pr2a|
+ ")")M:L‘{"ST:Bgn+1 - Pm?n-{—l]" ”AB$2n - Pm2n+l|l}
+ 0[{STZ9n+1 — Pranl-

This mmplies that, as n — oo
|ABz — STzl < ¢|| ARz — STzl{ + BllABz — ARBz|
+ ymaz{||STz — STz||, || ABz — ST'z||}
+ 6||STz — ABz||
= (a+vy+0)|ABz - STz|,
which implies that ABz = STz since 0 < o +v+ 48 < 1.
By (1.1), we have
| Pzon — Pz|| < @||ABzg, — STz|| + Bl ABxyn — Pr2nf|
+ymaz{||STz — Pz||, ||ABzz, — Pz||}
+ 8|STz — Pzay, |-

This implies that, as n — oo
|ABz — Pz|| < a||ABz — STz|| + B||ABz — ABz||
+ymax{||8Tz — Pz||,||ABz — Pz||} + 8||STz — ABz{|
= 7||ABz — Pz|},

which implies that ABz = Pz since 0 < v < 1. Combining the above
results, we have

(1.7) ABz=S8Tz= Pz.
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Since the pair { P, AB} is compatible and ABz = Pz for some z € X,
then by Lemmma 1, we obtain

(1.8) (AB)Pz = P22,
From (1.1), (1.7) and (1.8), 1t follows that

|P*2z — Pz|| < a|| AB(Pz) — STz|| + 8|l AB(Pz) ~ Pz
+ ymaz{||STz — Pz||,|AB(Pz) — Pz||}
+ 68Tz — P?z|
= (a+v+8)||P?z — Pz,
which implies that P22 = Pzsince 0 < a+y+ 6 < 1.
On the other hand, from (1.1}, {1.5) and (1.7) it follows that
|PBz ~ Pz|| < o|AB(Bz) — STz|| + B|AB(Bz) — PBz||
+ymaul STz — Pz||,|AB(Bz) — Pz||}
+6||STz ~ PBz||
< (a+v+46)||BPz— PZ|,
which implies that BPz2 = Pz since 0 < a+~vy+ 46 < L.
By (1.8), we have AB{Pz) = P%z. Therefore, APz = P2.

Since the pair {P, ST} 1s compatible and Pz = §T'z for some z € X,
then again by Lemma 1, we oblain

(19) ST(Pz)= P2
From (1.1), (1.5} and (1.7), it follows that
|Pz— PTz|| < a|ABz — ST(T2)}| + B)|ABz — Pz}
+ ymaxz{||ST(T2) — PTz||,|ABz — PT'z||}
+ 8|\ ST(Tz2) — Pz||
<{a+v+ TPz — Pz,

which implies that TPz = Pz since 0 < a+y+ & < 1.

By (1 9), we have ST(Pz) = P?z. Therefore, SPz = Pz. Combining
the above results we obtain

APz = BPz = SPz = TPz = P*z = Pz.
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Therefore, Pz is a common fixed point of A, B,S,T and P.
‘The uniqueness of the common fixed point Pz follows easily from
(1.1). This completes the proof.

If we put B =T = I(the identity mapping on C) in Theorem 1, we
obtain the following:

COROLLARY 1. Let C be a nonemply closed convez subset of a Ba-
nach space (X, | - ||) and A,S and P be mappings from C nio itself
satisfying the following conditions:

(i) there emst constants o, 3,7,8 <0, such that
[Pz — Py|| < a|| Az — Sy + BliAz — Pz||
+ ymaz{|(Sy — Pyl | Az — Pyli} + 8||Sy — Pz

Jorallz,y € C, where 0 < a+vy+48 <1,
{11} for some zo € C, there erists a constant k € [0, 1) such that
[Zn+2 = Zniill < kllzny1 = x|l
for allm =1,2,3,..., where {z,} s a sequence m C defined by

(1)) Azopy = —%P&Dzn + %A.'I:Qn,S:DQ,H..Q = %P$2n+l_ + %5372714—1)

(iv) the pair {P, A} and {P, S} are compatible,

(v) A and S are continuous at z € C.

Then the sequence {z,} defined by (in) converges to z € C and Pz
8 a unique common fized point of A, S and P.

Ifweput B=T =A =18 =1 wn Theorem 1, we have the following
result due to Gornicks and Rhoades [10].

COROLLARY 2. Let C be a nonempty closed convezr subset of a Ba-

nach space (X, || -||) and P be @ mapping from C into itself satisfying
the follounng conditions.

(vi) there exist constants ., 3,7,6 >0, 0 <~ <1 such that
1Pz — Py| < alz —y| + Bllz ~ Pz||
+ymax{|ly — Py, [z — Pz|} + d[y — Pz
forallz,y e C.

(vii)  for some xg € C, there exists a constant k € [0,1) such that
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fzats — zoirll < kflznsr — zall
forn=0,1,2,..., where {z,} 15 a sequence m C defined by
(vill) Zpyy = 5Pz, + Sz,

Then the sequence {z,} defined by (vin) converges to a pont 2 € C
and z 15 a unique fized pownt of P.

From Corollary 2, we have the following result due to Ciric {4].

COROLLARY 3 Let C be a nonempty closed convex subset of a Ba-

/////

the follounng conditron:
there exists a constant k € [0,1) such that

1 1 1 1
|Pa—Py| < kmax{la—yll, 52~ Pyl 5 lv—Pyl, 5 ho=Pal, 5 lly—Pall)

forallz,y € C and

K\® ) k\”
5 ) el <k[P2—y|<{3) llz—vl

forallz € C and y € {Fx, Px,PFz} where Fr = 5{x+Pz) and 0 <
B <a< 1l Then P has a umque fized pomnt in C.

REMARK 1 Theorem 1 contains some resulls as special cases, 1.¢
Corollary 3 contains Theorem ! of Goebel and Zlotkwwicz [19] theorems
of lseki {12], [13]. Theorem 2.1 of Khan and Imdad [19].

If we replace the condition (1.4) in Theorem 1. by the following
condition:
(1.10) AB=P=1I and ST =P =1,
we obtain the following.

COROLLARY 4 Let C be a nonempty closed convex subset of a Ba-
nach space (X, ||-1) and A, B, S, T and P be mappings from C into it-
self satisfying the conditrons (1.1), (1.2), (1.3), (1.5), (1.6} and (1.10).
Then the sequence {z,} defined by (1.3) converges to a pont z € C
and z 15 a unique common fired pownt of A, B,S,T and P.
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REMARK 2. Corollary 4, improves results of Gornicks and Rhoades
{10}, Khan and Imdad [19], Rehman and Ahmad [26].

REMARK 3 In Theorem I, if we replace conditions (1.4) and (1.6)
by the following conditions.

(1.11) |lz— ABz| 2 |z — STz|, forallz € X
(1.12) A and B are continuous,
(1.13)  the pair {P, AB} is compatible.

Then Theorem 1, is still true.
By using the Theorem 1, we have the following:

THEOREM 2 Let C be a nonempty closed convez subset of a Ba-
nach space (X, - 1) end A, B,S,T and {P.},ca be mappings from C
mto tself satisfying conditions (1.2) and (1.6) of Theorem 1 and the
following condifions.

(21) there exist constants , 3,7,6 > 0 such that
|z — Py|| < a||ABzx — STy|| + f||ABz — Piz|
+ ymax{| STy — Py, |ABz — Pyl} + 8STy — P

for allz,y € C, for all i € A where A 15 anndez set, 0 < a+v+6 <
1l and 0 < < 1, a sequence {z,} in C 15 defined by

(22) ABw2n+1 = %sz‘Zn + %ABxan

STxonis = 5 Pont1 + 38T T2n 41
for alli € A,

(2.3) for alli € A, the pawrs {P,, AB} and {P;, ST} are compatible,
(2.4) forallic A, P.B=BP,, P,T =TP, AB=BA, ST =TS.

Then the sequence {z,,} defined by (2.2) converges to z € C and P,z
for alli € A is a unique common fized point of A, B, S, T and {P,}ien.

ProoOP. The proof of Theorem 2 is similar to that of Theorem 1.

Now, we extend Theorem 1, for six mappings. We prove the follow-
ing:
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THEOREM 3. Let C be a nonempty closed convex subset of a Banach
space (X,|| - ||) and A, B,S,T\P and Q be mappings from C into
atself satisfying conditions (1.2), (1.6) of Theorem 1 and the following
conditions:

(3.1) there emst constanis o, 8,7y,8 > 0 such that

1Pz - Qul| < al|ABz — STy|| + 8| ABz — Px||
+ymax [|STy — Qu, | ABz — Qul|} +6[|STy — Pz

forallx,y € C, where 0 < max{a+~v+6,8+6} <1 and 0<y<1
, a sequence {x,} in C 15 defined by

(32) AB:FQ,-,H.l = %Pl‘gn + %AB:L‘Q,,”

STx3nt0 = $QTon11 + 35T Ton 41,
(3.3)  the pairs { P, ABY} ond {Q, ST} are compatible,
(34) PB=BP,AB=BA,ST=TS5,TQ = QT.
Then the sequence {x,} defined by (3.2) converges to a point z € C

and Qz s a uraque common fized pount of A, B, S, T, P and Q)

PROOF. From (1.2) it is clear that {z,} 15 a Cauchy sequence in C.
Since C is closed subspace of a complete space X, it is also complete
and hence the sequence {z,} converges to a point z € C . We will
prove that Jz is a unique common fixed point of 4, B, S, T, P and Q.
From (3.2) it follows that

1

1
2P:L‘2n = AB.’L‘Qn+1 - ;ZABan

and since A and B are continuous at z, we have

iim ABxz, = lim Px,, = ABz.

n—od n—oo

Similary, we also have

lim STz, = lim Qxa,4+1 = STz
M= OO

nN—co
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By (3.1), we have

HP:BZn - Qx2n+1“ < a"ABx2n - ST$2n+1" + ﬁ"ABa;Qn - Pm2n”
+ ymax{[|STZ2a+1 — QZ2n+1l, [ABzan — QT2n+1}
+ 6HST.'DQY,,+1 - ngnll.

This implies that, as n — oo
V\ABz — 8Tz|| < (o + v + 8)||ABz — 8T,

which implies that ABz = STz since0 < a+v+46 < 1.
By (3.1), we have

| Pxon — Qz|| < a|| ABzan, — STzl + 8||ABz9, — Pzaal|
+ ymax{||STz — Qz|}, | ABz2, — Qz||}
+ 8||ST2 — Pxsy,||.

This implies that, as n — oo
|ABz — Qz|| < v|ABz - Qz|,

which implies that ABz = Qz since 0 <y < L.
Again by (3.1), we have

[Pz — Qrops1| < a||ABz — STxop || + Bl|ABz — Pz||
+ ymax{{| STz 2011 — QF2n 11}, |ABz — Quans1f}
+ 5"ST$2n+l - Pz[|.

This implies that, as n — oo
[Pz - Qz| < (8 + 6)||Pz — Qzl],

which implies that Pz = Qz since 0 < 846 < 1. Combining the results
we have

(3.5) ABz=8Tz=Pz=Qz.



COMMON FIXED POINT THEOREMS 29

Since {P, AB} is compatible and ABz = Pz for some z € X, then
by Lemma 1, we oblamn

(3.6) (AB)Pz = Pz

Similarly,
(3.7 (ST)Qz= Q%=

From (3.1}, (3.5) and (3.6), it follows that

P22 — Qz]| < (a+ 7+ 8)||P*2 - Qz],

which implies that P?z = PQz = Qz, since 0 < a+ 8+ < 1. By
(3.1), (3.4) and (3.5), we have

| PBz - Q2| < {(a+v+ 8| PBz— Qz|.

Since 0 < e+~ + & < 1. therefore. we have BPz = BQz = Q2.
By (3.6), we have (AB)Pz = P?z. Therefore, AQz = Q=.
From (3.1), (3.5), (3.7), we have

[Pz~ Q%2|) < (a+ v+ 8)| Pz — Q2|

Since 0 < a + 4 + 6 < 1,therefore, we have Q%2 = Pz = Qz.
Pinally from (3.1), (3.4) and (3.5), it follows that

1Pz = QT2 < (a+ v+ 6)|TQz — Pz,
which implies that TQz = Pz =Qz, since 0 < a+y+ 6 < L.

By (3.7), we have (ST)Qz = Q*z. Thercfore, we have SQz = Qz.
Combining the above results we obtain

AQz=BQz=8Q2=TQz = PQz = Q*z = Q=.

Therefore, Qz is a common fixed point of A, B, 8, T, P and . The
uniqueness of the common fixed point Qz follows easily from (3.1).
This completes the proof.

In Theorem 3, if we put B =T = I (the identity map on U ) we
obtain the following result due to Cho, Fisher and Kang [3].
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COROLLARY 5 Let C be a nonempty closed convex subsel of a Ba-
nach space (X, || -||) and A, S, P and Q be the mappings from C nto
itself satisfying the followwng conditions :

(1) there exists constanis a, 3,7y,8 > 0 such that

1Pz - Qyll < aflAz — Syl + BllAz — Pz
+ ymaz{||Sy - Qull, 1Az — Qyl} + 8|Sy — Pz|.

for all z,y € C, where 0 < maz{a+y+8§8+8 <1,0<
¥ <1,
(2) for some zo € C, there exsts a constant k € [0,1) such that

[#ns2 ~ Tptall < Eflznsr — n

forn=0,1,2,..., where {z,} is a sequence in C defined by
(3) AT = %P:'L'?n + %AxZn, Sxonyo = %Qx%ﬂ-l + %Sm2n+17
(4) the pawrs {P, A} and {Q, S} are compatible,
(5) A and S are conlinuous at the pownt 2 € C.

Then the sequence {x,} defined by (3) converges to a powmnt z € C and
Qz 1s a unique common fized point of A, S, P and Q.

Remark 3. If we put P = @ in Theorem 3, it reduces to Theorem 1.
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