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FUZZY CONTINUOUS FUNCTIONS

Metin Akdag

Abstract In this paper, fuzzy D-conrmuous function is defined 
Some basic properties of this continuity are summarized, and suffi­
cient conditions on domain and/or ranges implying fuzzy D-continuity 
of fuzzy D-continuous functions are given Also fuzzy D-regular space 
is defined and by using fuzzy D-continuity, the condition which is 
equivalent to fuzzy D-regular space, is given

1. Introduction

The concept of fuzzy sets was introduced by Zadeh in his classicical 
paper [12]. Therefore many investigations have been carried out, in 
the general theorical field and also in different application sides, based 
on this concept. The idea of fuzzy topological spaces was introduced 
by Chang [1]. The idea is more or less a generalization of ordinary 
topological spaces. Different aspect of such spaces have been developed 
by several investigations.

In this paper, we first generalize the idea of continuity as a local 
property in fuzzy setting. Then we generalize mainly the concept of 
D-continuity of a function due to J. K. Kohli [4] in fuzzy setting. It 
can be seen that fuzzy continuity implies fuzzy D-contmuity. Also it 
can be seen that weaker forms of fuzzy continuity implies weaker forms 
of fuzzy D-continuty, but not conversely Finally, it can be seen that
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fuzzy continuity and fuzzy D-continuity are equivalent in case when 
the range space of function is fuzzy D-regular space.

Helderman [이 introduced some new regularity axioms and studied 
the class of D-regular spaces. Also the class of Z?-Hausdorff spaces, was 
introduced by J. K. Kohli [4], was shown to constitute on appropriate 
class of spaces in which D-continuous functions have strongly closed 
graphs. Then it turns out that the class of D-regular spaces is precisely 
the class of spaces in which the concepts of a continuous function and 
Z)-continuous function coincide [4, Theorem 4.1.]. In this paper, the 
class of fuzzy D-regular spaces is introduced and some properties are 
studied in Section 3. Also it can be seen that the class of fuzzy D- 
regular spaces is precisely the class spaces in which the concepts of 
a fuzzy continuous function and fuzzy D-continuous function coincide 
[see Theorem 25]

lories

Definition 1 Let X be a nonempty set. Then a fuzzy set in X is 
an element in [0, l]x, i.e. a function from X mto [0,1] ([1])

Definition 2 Let a and (3 be two fuzzy sets in X. Then we have 
the following properties for fuzzy sets a and (3 :

a < o a(x) < /3(z) for all x E

a ~ /3 for all x G X,

r = a V 0 = max 削찌} f°r all x G X,

S = a/\ 0《수 机z) = min{a(z),03)} for all x E X)

Q = g= 1 — B{x) for all x E X.

More generally, for a family of fuzzy sets 卩，={/iz | i G Z), the in­
tersection 0 = and the union a = are defined as = 
Sup腥扁(硏:x € X} and /3(x) = Influx) : x G X}, for » £ X ([1]).
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Definition 3 A fuzzy set in X is called a fuzzy point if it takes 
the value 0 for all ?/ G X except one, say, x E X If it's value at x is 
a(0 < ce < 1), we denote this fuzzy point by where the point x is 
called its support. We can write the fuzzy point with

(a ; li y = x 
XM = I 0 ; if y^x

and we can denote the support of x with supp xa — x ([7]).

Definition 4 A fuzzy topology is a family r of fuzzy sets m X 
which satifises the following conditions:

(a) 0,1 € r;
(b) If ce,/3 G r, then a A /3 G r;
(c) If 6 r, for each G Z, then 卩皿 E r,

r is called a fuzzy topology for X, and the pair (X> r) is a fuzzy topo­
logical space (shortly f t.s.). Every member of r is called a fuzzy open 
set. A fuzzy set is called a fuzzy closed set iff its complement is open 
(”]).

Definition 5. Let (X,t) be a f.t.s. and a E Ix The closure of a 
is denoted a and given by — /\{/3 : is a fuzzy closed set and a < /3}. 
The interior of a is denoted by inta or & and given by &=v{0 : 3 is 
a fuzzy open set and (3 < a} ([5]).

Definition 6 A fuzzy set a in a f.t.s., (X,r) is called a neigh­
borhood of fuzzy point if there exists (3 E r such that xq E (3 and

< a. A neighborhood a of xq is said to be open if a is fuzzy open. 
The family consisting of all the neighborhoods of xq is called the system 
of neighborhoods of xq ([2]).

Definition 7 A fuzzy set ct in a f t s., (X, t) is called Q-neighborhood 
of xq if there exists f3 E r such that E (3 and /3 < The family 
consisting of all the Q-neighborhds of xq is called the system of Q- 
neighborhds of xq. For fuzzy sets here a and 0 £ 0 mean that
a(g) + /3(y) > 1 for at least one point y m X ([2]).
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Definition 8. Let X and Y be two f.t.s. and let / be a function 
fi?om X to Y. Also let be a fuzzy set in Y. Then, the inverse of (3 , 
written as is a fuzzy set in X which is defined by /一丄(月)@)=
/3(/(x)) for all x in X.

Conversely, let a be a fuzzy set in X. The image of q, written as 
/(a), is a fuzzy set in Y which is defined by

( sup {a(x)) : if 广弋/) is nonempty 
•f(Q)3)=〈火尸9)

I 0 : otherwise,

for all y inY where 广」(%) = {x : = y} (|티).

Definition 9. Let (X/) and (匕 了') be two f.t.s., f : X t Y be a 
function and be a fuzzy point in X. For each Q-neighborhood /z of 
六Ba), if there is a(y-neiglrborhood 6 of such that f(S) < /i, then 
it is called that f is fuzzy continuous at xa ([이).

Definition 10 Let S = {Sn : n e D} be a fuzzy net in X. S 
is said to be quasi-coincident with a if for each n E Sn is quasi­
coincident with a. Also S is said to be eventually quasi-coincident with 
a if there is an element m oi D such that, if n € D and n > m then 
Sn is quasi-coincident with a ([7]).

Definition 11 A net 5 in a f.t.s., (X)丁) is said to be converge to 
a fuzzy point in X relavite to r if S is eventually quasi-coincident 
with each Q-neighborhood of xa ([7]).

Definition 12. Let (X,,) be a f.t.s. and /z e Zx. If =卩、then it 
is called that /z is a fuzzy regular open set (f.r.o.) in X. If 卩,=* then 
it is called that /z is a fuzzy regular closed set (f.r.c.) ([5]).

DEFINITION 13 A f.t.s. X is called a fuzzy regular space if for each 
fuzzy point in X, and if for every fuzzy open set 卩，properly ” 
there exists a fuzzy open set in X such that 私 C q and rj < 
([6])-
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Definition 14 A f.t.s. X is called a fuzzy almost regular space 
if for each f.r.o. set 〃 in X and for each fuzzy point properly xa 
quasi-coincident with /z, there exists a fuzzy regular open set /3 in X 
such that Xq e (3 and /3 < ^ <([6]).

Definition 15 A f.t.s. X called a fuzzy semi-regular space if for 
each fuzzy open set /z in X and for every fuzzy point € /z, there 

o
exists a fuzzy open set /3 in X such that E (3 and 月 V 3 V # ([이)•

It can be seen from above definitions that a fuzzy regular space is a 
fuzzy semi-regular and a fuzzy almost regular space.

Definition 16 A fuzzy almost regular space is a fuzzy semi-regular 
space if and only if it is a fuzzy regular space ([6]).

Definition 17 A function f ： X -^Y is said to be fuzzy continu­
ous (f c.) at if for each fuzzy open set in K with 了(爲Q G 优 there 
is a fuzzy open set 卩 with 工E 壮 such that M P，The funcuGn 
which is fuzzy continuous at each point is called fuzzy contimous ([티).

Definition 18 A function / : X t ¥ is said to be fuzzy al­
most conhnuous(f.a.,c.) at if for each fuzzy open. set m Y with 

o 
/(rea) E 0,there is a fuzzy open set 卩，with E such that /(/i) < (3. 
The function which is fuzzy continuous at each point is called fuzzy 
contimous ([5])

2. Fuzzy D-continuous funtions

Definition 19 A fuzzy set in X is a fuzzy G^-sei if it is a countable 
intersection of fuzzy open sets

Definition 20 A fuzzy set in X is a fuzzy Fa-set if it is a countable 
union of fuzzy closed sets.

The coplement of a fuzzy Gs-set is a fuzzy F^-set and vice versa.
Lemma 1 A fuzzy Fa-set can be written as the umon of an increas- 

mg sequence < 0*2 < , • • of fuzzy closed sets (Hence, a fuzzy Gs-set 
can be written as the intersection of a decreasing sequence of fuzzy open 
sets.).
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PROOF. It is clear from the definitions 17 and 18.

Definition 21 A function / ： X t Y is said to be fuzzy D・ 
continuous (f.D.c.) at xa if for each fuzzy open 2*^-set (3 in Y with 
/(xa) e 用 there is a fuzzy open set 卩，with xa E such that f (卩)% /?- 
The function which is fuzzy D-continuous at each point is called fuzzy 
D 'Contimous,

THEOREM 1. Let f : X T Y be a function. If f %s fuzzy continuous^ 
then f is f.D.c.

PROOF. Since each fuzzy open Fa-set is fuzzy open, the proof is 
clear.

EXAMPLE 1 Let X be a nonempty set and r = (0,1, cu} be a fuzzy 
topology on X with a(rr)=為.Let rf = {0, l,/3n : n € N* where for 
each n E N and for all x E Xf /3n(x) = — for all x E X. Then the 
rdentrty mapping f : (X,,) T (X,t‘)%s f.D.c. at but not f.c. at 
气針 30

Proof. For 禽 E 丁' with /(X|i) e ^3, z을* € a and 了(a) g % 
so is not f.c. at X21. But, if we obtain the family of nonempty fuzzy 30
open £厂sets $ in (X/‘)，then we arrive that $ = {I，％}. Thus, for 
/(£을志) € 1, $을* G 1 and /(l) < 1 and for /(%을*) £ 0當 ji € Q and 
/(a) < ^2 so / is f.D.c. at X21.

Theorem 2 Let f : X Y be a function. Then the following 
statements are equivalent :

(a) f is f.D.c,;
(b) If P is a fuzzy open Fa~set in Y, then ts a fuzzy open

set m X ;
(c) If a a fuzzy closed G$~set m Y, then /-1(a) is a fuzzy closed 

set in X.

Proof (a) => (ft) : If /3 is a fuzzy open Fa~set in K, then for each 
fuzzy point in X with Xq, € f (xa) € 0. From (a), there is
a fuzzy open set 〃 in X with E ijl such that /(/z) < (3. Thus E
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and 卩，< so is fuzzy of a/. Thus is a fuzzy open
set in X.
(6)。(a) : Let be a fuzzy open E厂set in Y with /(za) € 0. From
(b) , is a fuzzy open set in X with E /-1(/3). Thus f(卩)< 0 
with /T(0)=卩，.
(6) => (c) : Let a be a fuzzy closed G^-set in K, then 1 — <r is a fuzzy 
open 死-set and so from (b), /~x(l — cr) = 1 一 y~1((T)is fuzzy open. 
Thus is fuzzy closed in X.
(c) n (b) : Let /3 be a fuzzy open 7^--set. Then 1 一 目 is a fuzzy closed 
G^-set and so /-i(l — /?) = 1 — f~1(/5) is fuzzy closed. Thus
is a fuzzy open set in X.

Proposition 1. Let f . X Y be a function. If f ts f D.c., then 
for each fuzzy point xa in X and each fuzzy net {& : n E D} which 
converges to the fuzzy net {/(Sn) : n E D} is eventually quas%- 
coinczdent with each fuzzy open Fa-set (j with f{xa) G p.

PROOF. By the theorem 2.〉f is f.D.c. O if /3 is a fuzzy open f^-set 
in y, then is a fuzzy open set in X Now, let {Sn : n G D}
be a fuzzy net in X which converges to a/ and let 0 be a fuzzy open 
-FL-set in Y with /(xa) 6 (3. Then is a fuzzy open set with
xa £ Thus {Sn : n E D} is eventually quasi-coincident with
/—'(/?). Hence {/(S£) : n G D} is eventually quasi-coincident with 0.

DEFINITION 22. Let f . X any function. Then 난比 function
g : X —>■ X xY, defined by g(x) = (x, /(a;)), is called the graph function 
with respect to f ([11]).

Theorem 3. Let f : X Y be a functwn such that the graph 
function g is f.D.c,. Then f %s f.D.c..

PROOF. Let be a fuzzy point in X and let be a fuzzy open Fa- 
set with /(£q) E (3. Since 1 — 0 is a fuzzy closed G^-set, 1 x (1 — /3)— 
(1x1) —」成丄(/3) is a fuzzy closed G^-set. Thus Pj'(们 is a fuzzy open 
Fa-set of X x Y. Since g is f.D.c., there is a fuzzy open set 卩，with 
，临 E 卩，such that g(jj) <」成'(0). It follows that 尸2(g(")) = /(M)and 
/(/X)< (3 and g(z°) € •成'(0), and so f is f.D.c..
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Theorem 4 Let f : X —> Y be any function and A be a subset of 
X. If f is f.D.c.j then the induced : 4 T Y is

PROOF Let be a fuzzy point in A with

(a : ii y = x
0

and (3 be any fuzzy open 7^-set in Y with
If we define fuzzy point xa in X as

(a ; if g = @
시饥 =〔0 ; if〃3,

then /(a;a) G (3. Since f is f.D c. from X to Y, there exists a fuzzy 
open set [上 with E p. such that /(/z) < j3. Then 시4 = p^A is fuzzy 
open in A and /|a(Ma) V P where /侦：—> [0,1]. Thus is f.D.c..

Theorem 5 If f t X Y zs /.c. and g : Y Z is f.D.c.f then 
g o f is f,D.c..

PROOF Let a be a fuzzy closed G^-set in Z. Then g~l(a) is fuzzy 
closed in Y and since f is f・c., 0。/厂")=广T(gT(cr)) is fuzzy 
closed in X. Thus p o / is f.D.c..

Theorem 6. Let f : X Y be either a fuzzy open or a fuzzy closed 
surjection and let g : Y Z be any function such that g o f is f.D.c.. 
Then g is f.D.c..

Proof Suppose f is fuzzy open (respectively, fuzzy closed), and 
let /? be a fuzzy open Fa-set m Z (respectively, be a fuzzy closed Ga~ 
set). Since go f is f.D.c., (go f)-1(/3) = f-1(g~1(^)) is fuzzy open (re­
spectively, fuzzy closed) and since / is a surjection, f(jT(gT(j3、)y)= 
g—'(0) is fuzzy open (respectively, fuzzy closed) and consequently g is 
f.D.c..
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Definition 23 Let (X7 r) be a fuzzy topological space. Let R 
be equivalence relation on X. Let X/R be the quotient set, and let 
P : X T X/R be the projection (quotietent map). Let v be the family 
of fuzzy sets in X, defined by 〃 = {0 | E 丁}. Then v is,
obviously a fuzzy topology, called the quotient fuzzy topology for X/R 
and 弋XJR、i心 is called the quotient fuzzy space of (X)r) (relative to the 
quotient map). Here F is f c. ([이).

THEOREM 7 Let f : X Y be a quotient map. Then a function 
g : Y 一> Z f D.c. if and only g o f ts f D.c..

PROOF (=a) : It is immediate from the Theorem 6.
(v=) : Let be a fuzzy open 2^-set in Z. Then (g o /)一'«3)=

is fuzzy open in X. Since f is a quotient map, is
fuzzy open in Y and so g is f.D.c..

ThEQ효EM 8 For each a~E I. let /a : X& Ya be a functwn, and
let f : []Xa Ya be a function defined by = (/a(^a)) for
each fuzzy point (xa) m If f is f.D.c., then each is f.D c..

Proof Let a。e J, and let aao be a fuzzy closed G^-set in Y^. 
Then aao x 尹冲 1« is a fuzzy closed G^-set in [[匕* where a。e I. 
Since f is f.D c ,by 나2 Theorem 2, /-1(crac)x ([[1°)) = 广*%)) x 
(II 1q) is fuzzy closed in [[Xq where a 丰 Consequently, J云
is fuzzy closed in Xao and so faQ is f.D.c..

Theorem 9. Let / : X —> be a function into a fuzzy product
space. If f zs f D.c., then for each Pa : -> Pq f is f,D.c..

Proof Let a^0 be a fuzzy closed G^-set in X^.
Then (Pao。/)-1(crQo)=厂"席(。房))=广+匕板* [[ 1Q. Since f 
is f.D.c. and since aao x [[ is a fuzzy closed G*5-set, then f~l((rao x 
fl la) is fuzzy closed in X. By the Theorem 2, o / is f.D.c..

Definition 24 A function f : X Y is said to be fuzzy almost 
D-continuous (f.a.D.c.) at if for each fuzzy open 7^-set (3 with 
/(^o；) G 0, there exists a fuzzy open set /i, with such that

o
/(//) < /3. A function which is a f.a D.c. at each point is called f.a.D.c.
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Theorem 10. Let / ： X —，Y be a function. If f is f.D.c., then f 
is f.a.D.c..

o
PROOF. Since for each fuzzy open set /3, /? < /?, the proof is clear.

Theorem 11. Let f : X Y be a function. Then the following 
statements are equavelent :

(a) f is f.a.D.c.;
(b) For each fuzzy regular open Fa-set [3 in Y, is fuzzy open 

in X ;
(c) For each fuzzy regular closed Ga-set /3 in Y, is fuzzy

closed m X ;
(d) For each fuzzy regular open Fa~set /3 tn Y and for each xa with

/(xq,) G (3, there is a fuzzy open set 卩，with Xq, G /z such that 
Rm < (3 ； 스

(e) For every fuzzy open Fa-set (3 m Y, ；
등L

(f) For every fuzzy closed G^-set /3 m Y, V

PROOF, (a) => (6): Let be a fuzzy regular open Fa-set in Y, then 
for each fuzzy point xa in X with xa inf'1^), we have /(xa) G /?.

o
From (a), there is a fuzzy open set 卩，with xa E such that /(/z) < (3. 

o
Since 0 = 0, /(/z) < /?. Thus E 卩，and 卩，< So /-i(/3) is
Q-neighborhood of xa and is fuzzy open in X.
(b) => (c): Let /3 be a fuzzy regular closed G^-set in Yy then 1 — /3 is a
fuzzy regular open 7^-set in Y, So /-1(1 — /3) = 1 — is fuzzy
open in X. Thus, from (b), is fuzzy closed in X.
(c) => (d): Let /3 be a fuzzy regular open Fa-set in Y with f(xa) € (3.
From (c), 1 — /? is a fuzzy regular closed G^-set in Y and /-1(1 — =
1 — is fuzzy closed in X, Thus /~1(/3) is fuzzy open in X and 
:电浦厂」«3). Let 卩=厂％ 、))then /(/z) < P，
(d) => (6): Let /3 be a fuzzy regular open 7*^-set in Y and 6
Then, G /? and from (d), there is a fuzzy open set 卩，such that 
Xq. E /i and /(/z) < /3. Thus xa E p. and 卩 < So is a
fuzzy open set in X.
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(d) =» (e): Let be a fuzzy open Fa-set in Y. Then is a fuzzy regular
o 으

open jF^-set and < /-1(/3). From [(d) (&)], is fuzzy
o

open. Thus 厂'(0、) < [广」(3)].
(e) => (f)： Let be a fuzzy closed G^-set in Y. Then 1 — /? is a fuzzy

o
open Er-set in Y. From (e), /_ 1 (1 -/?) = ! - 1 (/?) < - /?)]=

[1「r1^)]=卩一广i(诳 Thus, l(、初 < L(仞.. .

(/) => (a): Let /3 be a fuzzy open 瓦广set in Y with /(^^) € 0. Then

1 — /? is fuzzy closed G$-set in K. From (f)> — /?)]< 1 —厂'(们
。LL(i —初]< 1 -厂'(们。1 一 L(為 < 1 -厂® => 1 一

O O o
厂1(3) < 1 -厂1伊)。厂项3、) < Let 尹=L/7(B)], then

o
Xq £ 卩，and /(/z) < [3. Thus f is f.a D.c. at xa.

Proposition 2 Let f : X 一> Y be a funchon. If f is f.a.D.c., 
then for each fuzzy point %n X and for each fuzzy net S = {S；: 
n € D} which converges to the fuzzy net f(S) = {f(Sn) : n G D} 
is eventually quasi-coincident with each fuzzy regular open Fa — set, (3 
with /(x^) G 0.

Proof Let S = {Sn : n e D} be a fuzzy net in X which converges 
to 临 and let 0 be a fuzzy regular open. Fa-set in. Y with f (xa) € (3. 
Then, from the Theorem 11, is a fuzzy open set in X with

inf~1(/3). Thus, since S is eventually quasi-coincident with 
/(S) = {f(Sn) : n G D} is eventually quasi-coincident with /3.

THEOREM 12 Let f : X Y be a f,c mapping. If g : Y T Z is 
f.a.D.c., then g o f ts f.a.D.c..

Proof Let be a fuzzy regular closed G^-set in Z. Then, by the 
Theorem 11, g~」«3) is fuzzy closed in Y. Since / is f.c., /-1(p-1(/3))= 
(g ° •广)—'«3) is fuzzy closed in X. 모hus, g。/ is f.a.D.c..
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Coroll ay 1 If f ： X is f.c., then f is faD.c..

Proof. The proof is clear from the definitions.

Theorem 13. If f : X is f.a.c.} then f is f.a.D.c..

PROOF Since a fuzzy regular open Fa-set is a fuzzy regular open 
set, the proof is clear.

Definition 25. A function / : X t Y is said to be fuzzy weakly 
D-contznuous (f.w.D.c.) at xa if for each fuzzy open set Fa-set (3 with 
/(x) € /3, there exists a fuzzy open set 卩，with & £ 卩 such that 
/(/z) < (3. The function which is a f.w.D.c. in each point is called 
f.w.D.c..

Theorem 14 If f : X is f.D.c.} then f %s f.w.D.c..

Proof For a fuzzy set 0、since 0 M 缶 the proof is clear.

Corollay 2 If f : X 25 f.c.j then f is f.w.D.c…

Proof f is f.c.is f.D.c.今 / is f.w.D.c..

Corollay 3 If f : X —yY is J.a.D.c., then fis /.w.D.c..
o

Proof For a fuzzy set (3^ since /? < /3, the proof is clear.

Corollay 4 If f : X Y is then f is f.w.D.c,.

Proof f is f.a.c. => / is f.a.D.c.is f.w.D.c..

3. Fuzzy D-regular space 
and fuzzy D-hausdorff 용pace

Definition 26 Two fuzzy sets 肉 and 协 in a f.t.s. (X)丁) are said 
to be Q—seperated iff there exist fuzzy closed sets 四(i = 1,2) such 
that 卩皿 > (t = 1,2) and /MA〃고 = /九丿侦坦 = 0. It is obvious that 庇 
and % are Q-seperated iff &涕执=K血=0 ([7]).
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Definition 27 A fuzzy set /3 in a f.t.s.(X, t) is called fuzzy dis­
connected if there exist two nonzero fuzzy sets A and B in supspace 
Do(i.e; supp(3 = Do) such that A and B are Q—seperated and 0 = 
A V B. A fuzzy set is called fuzzy connected if it is not disconnected 
([기).

Theorem 15 Two fuzzy sets a and 0 are Q—seperated if AOXBO 
=0，瓦5四=母。，Ba/B°=Bb。("]).

Proposition 3 Two fuzzy sets a and/3 are Q-seperated tf 亙4"a。 

and 0 aw & are Q-seperated ([7]).

Theorem 16. A f.D.c. image of a fuzzy connected space zs fuzzy 
connected.

Proof Let / : X —> K be a f.D.c. surjection from a fuzzy con­
nected space X onto a fuzzy topological space Y - Suppq业 Y is^not 
fuzzy connected Then, from the Definition 25, there are nonzero fuzzy 
sets a and (3 such that a and /3 are Q—seperated and Y = a V By 
the Proposition 3, a and /3 are Q—seperated. Thus Y — a \/ /3 and 
q V/3 — 0. Hence both a and /3 are fuzzy clopen sets in Y. This means 
they are fuzzy closed G^-sets in Y, Since f is f.D.c., by the The­
orem 2, both and 厂'(J3、) are fuzzy closed sets in X. Then
1 = and = 0. Thus /-1(a) and 厂丄«3)
are Q—seperated and (X, 丁) is a fuzzy disconnected space. This is a 
contradiction to the hypothesis.

Definition 28 A function / : X t Y is said to be fuzzy connected 
if /(q) is fuzzy connected for every fuzzy connected set a in X.

COROLLAY 5 Every f.D.c. function is a fuzzy connected function.

Proof This follows from the Theorem 4 and the Theorem 1.

Definition 29 A f t.s. (X/r) is called fuzzy Ti if for each x E X 
and each A G [0,1], there exists (3 £ t such that /3(x) = 1 —人 and 
阻)=1 for 0 尹 c ([7])
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Proposition 4. A f.t.s (X, 丁) is fuzzy Ti if each fuzzy point m X 
is a fuzzy closed set m X ([9]).

Definition 30. A f.t.s. (X)丁) is called fuzzy 处(fuzzy Hausdoff) 
if for any two fuzzy points e and d satisfying suppe 半 suppd there exist 
Q—neighborhoods /3 and q of e and d, respectively, such that (3/\a = 0 
([기).

Theorem 17. Let f ： X Y be a one-to-one and f.D.c. function 
such that each smgleton m Y is a fuzzy G^-set. IfY is fuzzy T^, then 
so X.

PROOF. Since f is f.D.c. and injective for a fuzzy point xa in X〉 
is a fuzzy point in Y and since Y is fuzzy Ti and {/(勺)} is a 

fuzzy G^-set in Y, then {a/} is fuzzy closed in X. So X is a fuzzy T\ 
space.

Theorem 18. Let f ： X -^Y be a f.D c. and fuzzy closed function 
from a fuzzy normal space X onto a fuzzy topological space Y such that 
each singleton m Y is a fuzzy G^-set. If either of the spaces X and Y 
2s fuzzy Zi ? then Y is fuzzy Hausdorff.

PROOF. Case 1. I. The space Y is fuzzy Ti，Let e and d two fuzzy 
points in Y satisfying suppe 寸二 suppd. Then (e} and {d} are fuzzy 
closed G^-sets in Y and so, by the Theorem 2, /-i(e) and 广'(d) are 
fuzzy closed sets in X. By the fuzzy normality of X, there are disjoint 
fuzzy open sets 阴 and 网 such that € 内 and e 网
and g N m = 0. Since f is fuzzy closed, the sets 0、= 1 — f(l — /妇) 
and & = 1 — f(l — M2)are fuzzy open in Y. Also e E /3i and d £ 炀 
and 八座=0, since /(口i) < and /(〃2)M 02. Thus Y is fuzzy 
Hausdorff.
Case 2. II. The space X is fuzzy 7，Let be a fuzzy point in X. 
Since the singleton {电} is fuzzy closed, {/(%)} is a fuzzy closed set 
in Y. So Y is fuzzy Tj and the proof is complete in view of case 1.

DEFINITION 31. We call a space fuzzy D-Hausdorff if each pair of 
distinct fuzzy points is quasi-coincident with disjoint fuzzy open in­
sets.
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Theorem 19 Let / : X T Y be a f.D c. injection mto a fuzzy D- 
Hausdorff space Y. Then X 七s fuzzy liausdorff

Proof Let and y〉、be two fuzzy points satisfying suppx^ 尹 
suppyx，Then /(x)冃二 f(y). Since Y is fuzzy D-Hausdorff, there are 
disjoint fuzzy open Fa-sets (3r and 阮 with 0、e /(a;a) and (丸 E 
respectively. By the Theorem 2, and 厂'(时 are disjoint fuzzy
open sets with xa E and y〉、£ 广—'(炫)，respectively. Thus X
is fuzzy Hausdorff.

Let (X, 丁') be a f.t.s. and let W denote the collection of all fuzzy 
open J^-sets in (X, r). Since the intersection of two fuzzy open 7^-sets 
is a fuzzy open the collection 更 is a base for a fuzzy topology
t* on X. Clearly r* C 丁. Moreover, if each sin끼eton in X is a fuzzy 
G^-set, then (X〉/*) is fuzzy Ti whenever (X,r) is.

Definition 32 A f.t.s (X, 丁) is called fuzzy D-regularif for each 
fuzzy point xa in X and each fuzzy open set ［丄 with 私 € /i, there is a 
fuzzy open Fa-set /z* such that xa G /i* and 片* < 仪

Corollay 6 A f.t.s. (X,丁)is fuzzy D-regular %f and only if r —

Proof (=a)： Let (X〉丁) be a fuzzy £)-regular space and let G r. 
If 0《丁* ) there is a fuzzy point xa in X such that for every fuzzy open

-set /x* in X with xa E g 川* < /?. But, since X is fuzzy D-regular, 
this is contradiction. Thus /3 E r* and 丁 = 丁* .
(v) : Let 丁 = 丁* and let be a fuzzy point in X. Suppose /i be a 
fuzzy open set in X with G 卩八 Since r — t*, /z € t*, W 卩 and 
/z < /z. Thus X is a fuzzy D-regular space.

THEOREM 20 Let (匕 丁') be a f.t.s.. Then following statements are 
equivalent :

(a) (匕 丁') is fuzzy D-regular ;
(b) Every f.D.c. function from a f.t.s. (X, r) mto Y is f.c.;
(c) The identttiy mapping I from (y, r/+) onto (Y, rz) is f.c..
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Proof (a)=>(b) : Let /(x^) € 0 and /? be a fuzzy open set in Y, 
Since (匕了')is fuzzy D-regular, there is a fuzzy open i^-set 0* such 
that € 伊 and 伊 < 月.By the Theorem 2, is fuzzy open
and xa inf-1(/3*) and < /?. Thus f is f.c..
(b) =>(c): Let /==/,/:(:匕 丁'*) (Y, rf) be the identity mapping. Let
/(xa) E (3 and ’ be a fuzzy open J^-set in (匕 了'). Then inf一'(月) 

and € 丁서'. So /(/-1(/3)) < 0. Thus f is f.D.c.. F¥om (b), f is 
f.c..
(c) =>(a) : Let xa be a fuzzy point and 0 be a fuzzy open set in (Y,rf) 
with xa € 0. Since j = I: (F, 丁'*)—> (匕 丁') is f.c., there is a fuzzy open 
Fa-set it in (匕 ,'*) such 난lat e p and /(/z) < 0. Thus & E 卩，50 
and (y,rz) is fuzzy D-regular.

Theorem 21 The product of any family {Xa : a E D} of fuzzy 
D-regular spaces zs fuzzy D-regular.

Proof To 아iow that X = is f.7?-regular, in view of the 
Theorem 7, it is sufficient to show that every f.D.c. function / : Y T X 
is f.c.. Thus it suffices to show that Pa of is f.c. for each a, where Pa 
denotes the projection onto the a-co-ordinate space. Let a be a fuzzy 
closed set in. X> Then P~r{ax let) is a fuzzy closed G^-set 
in X. Since (& o /)-1(cr) = is fuzzy closed mY^ Pao f
is f.D.c.. In view of fuzzy D-regularity of Xa (for each a e D), F农。/ 
is f.c. and the proof of the theorem is complete.
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