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ITERATION PROCESSES WITH ERRORS FOR
NONLINEAR EQUATIONS INVOLVING o-STRONGLY
ACCRETIVE OPERATORS IN BANACH SPACES

JoNG Soo JUNG

ABSTRACT Let X be a real Banach space and A - X — 2% be an
a-strongly accretive operator. It 1s proved that if the duality mapping
J of X satisfies Condition {I) with additional conditions, then the
Ishikawa and Mann iteration processes with errors converge strongly
to the unique solution of operator equation z € Axr In addition, the
convergence of the Ishkawa and Mann iteration processes with errors
for a-strongly pseudo-contractive operators 1s given

1. Introduction

Let X be a real Banach space with norm || - || whose dual space is
denoted by X*. The normalized duality mapping J from X into the
family of nonempty subset of X* is defined by

J(z) = {j € X*: {z,5) = l|l=|°, (3]l = ll=1}
where (-, ) denotes the generalized duality pairing. It is an immediate

consequence of the Hahn-Banach theorem that J(z) is nonempty for
each z € X.
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We say that J satisfies Condition (I) if there exists a function @ :
X - [0,00) such that for u, v € X,

sup{ll7 — 5"l : § € J(u), §* € J(v)} < ®(u —v).

This concept was introduced by Calvert and Gupta in [4, Definition
1.1]. They actually showed that that if X = L?(2) with 2 a bounded
subset of R, then the duality mapping

1

J: LP(Q2) = L), (;+ =1 and 2§p<oo),

1
q
defined by J(u) = |u|P~sgn ullul|2~?, satisfies Condition (I) as a Lip-
schizian mapping. In this case, it follows that lim, o ®(u) = 0. Con-
dition (I} was also used by Morales [16] and Torrején [21].

An operator A : D(A) € X — 2X with domain D(A) and range

R(A) is said to be k-accretwe (k € R) if for each x, y € D(A) there
exists j € J(z — y) such that

(1.1) (u—v,5) > K|z —y?

for all u € Az and v € Ay. For k > 0 in inequality (1), we say that A
is strongly accrefwe, while for k = 0, A is simply called accretive. In
addition, if the range of I + AA is precisely X for ail A > 0, then A
is said to be m-accretwe. Let o : [0,00) — [0,00) be a function which
is continuous and strictly increasing with «(0) = 0 and a(r) > 0 for
r > 0. An operator A : D(A) C X — 2% is called a-strongly accretive
if for each x, y € D(A) there exists j € J(z — y) such that

(v —,j) 2 a(|lz — ylhl|lz — 3l

for all u € Az and v € Ay.

Along with the family of k-accretive mappings, we find a family of
operators intimately related to it which is known as k-pseudo-contractive
(see {14]). This latter family is formed by mappings written as I — A
where I is the identity and A is k-accretive. In the single-valued case,
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an operator 7 is said to be k-pseudo-contractive if for each z, y € D(T)
there exists j € J(z — y) such that

(Tz — Ty, j) < kllz - y|*

Once again if k < 1, T is called strongly pseudo-contractive, while if
k=1, T is called pseudo-contractive. We also say that T' is a-strongly
pseudo-contractive if I — T is a-strongly accretive (see {15}, {17]).

Incidentally, these operators were introduced by Browder [2], while
the notion of accretive operators was independently introduced by
Browder [2] and Kato {10]. In the case X = H is a Hilbert space,
one of the earliest problems in the theory of accretive operators was
to solve the equation 2 = x + Az for a given z € H and A accretive
operator (see for instance 3, 8, 13]). In [2], Browder actually proved
that if A is locally Lipschitzian and accretive with D(A) = X, then A
is m-accretive. In particular, for any z € X, the equation 2 = z + Az
has a unique solution. This result was later generalized by Martin {12]
to continuous accretive operators and extended by Morales [15] to the
multi-valued case, respectively.

Recently, the theory of single {multi)-valued accretive and single
(muiti)-valued strongly accretive operators in connection with the
Ishikawa and Mann iteration process have been studied by many au-
thors in the attempt of approximating fixed points of some nonlinear
operator equations in Banach spaces (see [5], [6], [20], [21], [22]). Some
further extensions of these iterative methods by adding an error term
have also been explored (see [L1], [22]).

The main purpose of this paper is to study the convergences of the
so-called Ishikawa and Mann iteration processes with errors to approx-
imate the unique solution of the operator equation of the a-strongly
accretive operator A under the condition that the duality mapping J
satisfies Condition (I). As a consequence of main result, we obtain the
convergence of the Ishikawa and Mann iteration processes with errors
for a-strongly pseudo-contractive operators. We should mention that
since it is not known whether the duality mapping J actually satisfies
a global condition like (I) even in Banach spaces with uniformly convex

dual spaces, our results may be, in a sense, independent of the previous
related results.
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2. Preliminaries and Lemmas

We recall the Ishikawa and Mann iteration processes with errors.

Firstly, Liu [11] introduced the iteration processes which he called
Ishikawa and Mann iteration processes “with errors” for nonlinear
strongly accretive mappings as follows:

(A) For K a nonempty subset of a real Banach space X and a
mapping T : K — X, the sequence {x,} defined by z¢ € K,

Tyl = (1 — 0n)2n + 0y Ty + tn
Yn = (1 - 6n)33n + BnTTp + vn, n 20,

where {0,} and {8,} are some real sequences in {0, 1] satisfying ap-
propriate conditions Y oo llua| < 00, oo o [|vall < oo, is called the
Ishikawa iteration process with errors.
(B) With K, X and § as in part (A), the sequence {z,} defined by
xg € K,
Tnt+l1 = (1 - an)mn + @nTyn + tn, n >0,

where {@,} and {u,} satisfy conditions as in part (A), is called Mann
ileration process with errors.

However, the conditions } ;> [[un|| < 00, > one g l|onll < 0o on error
terms introduced in (A) and (B) imply that the errors tend to zero and
this is incompatible with the randomness of errors. Recently, Xu [21]
improved the Ishikawa and Mann iteration processes with errors of Liu
{11] under the randomness of errors as follows:

(C) Let K be a nonempty convex subset of X and T: K — K a
mapping. For any given xy € K, the sequence {z,,} defined by

{$n+1 = CnZn + dnTYn + Tnlin

Un = Cpp +d Tz, +1,0,, n2>0,

where {¢,}, {d.}, {r=}, {c},}, {d,}, {r.} are some real sequences in
[0,1] such that ¢, +dp + 7, = 1 = ¢, + d!, + 7!, and {un}, {vn} are
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bounded sequences in K for all integers n > 0, is called the Ishikawa
iteration process with errors.

(D) In particular, if ¢, = 7}, = 0 for all n > 0, the {z,} defined by
To € Ka Tni1 = CpZpn + d. Tz, + TrUn, n 2 0,

is called Mann iteration process with errors.

But, if the operator T" has bounded range and one imposes the
condition that } 7, < oo and } ) < oo, the iteration processes (C)
and (D) with a, := d, + 7, and 3, = d], + r!, reduce the type of
processes (A) and (B). So there is no loss of generality in studying the
iteration process (A) and (B) instead of the processes (C) and (D).

In the sequel, we need the following lemmas for the proof of our main
results. The first lemma is actually Lemma 1 of Petryshyn {19]. Also
Asplund {1] proved a general result for single-valued duality mappings,
which can be used to derive this lemma.

LEMMA 1 Let X be a real Banach space and let J be the normalized
duahty mapping. Then for any given z, y € X, we have

lz +ylI* < ll=]* + 2(y, 5)
Jorallje J(z+y).

PROOF! Let z, y € X and j € J(z +y). Then

o+ yl* = (2 +3,)
< S0l + 11P) + (. )

Therefore
fz +yl? < llz|? + 2(y,4)-
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LEMMA 2 ([11]). Let {an}, {bn} and {c,} be three nonnecqative real
sequences satisfying

Gn+1 S (1 — tn)an + bn + Cn, n 2 ng,

where ng 18 some positive mteger, 0 < t, < 1, 3°°° ¢, = 00, by =
o(tn) and 3 o ¢, < 0o. Then lim, ,oa, = 0.

3. Main results

We now begin with the first main result of this paper.

THEOREM 1 Let X be a Banach space whose duality mapping J
satisfies Condition (I) with a function ® : X —» [0,00). Let A: X —
2X be a-strongly accretwe. Suppose that the equation z € Az has a
solution for each z € X. Let {un} and {v,} be two sequences in X and
let {an} and {8,} be two real sequences in [0, 1] satisfying

(1) 2neo lunll < 00, limpyoo [foall =0,

(i) Yoo @ = 00 and lim, ye0 @ = 0,

(iii) litpo00 Bn = 0.

For an arbitrary wnitial value of g 1 X, let {x,} be the Ishikawa type
wteralive sequence generated by

(3.1) {mnﬂ € (1= an)Ty + an(z + (I — A)yn) + un

Yn € (1 — Bo)z, + Brlz+ (I — A)zy,) + v,

in case that there exist bounded selections {wp} and {z,} with w, €
(I—A)yn and 2, € (I — A)z,. If one of the following conditions hold:
(1} Yimp o0 |wn — 2nq1ll = 0;
(2) limy, 00 ®(pn) = 0 for the sequence {pn} with limp—eo Pn = 0;
(3) Yooy an®(pn) < oo for the sequence {pn} with liMpy—o0 pn =0,
then {x,} converges strongly to the unique solution of the equation
2 € Azx.

PRroOF. Let z* denote the solution of the equation z € Azx. The
uniqueness of a solution of the equation follows from the a-strong ac-
cretivity condition of A. For all z, y € X, v € 2+ (I — A)z, and
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v € z+ (I — Ay, there exist T ¢ Az, T € Ay such that u =z + = -7,
v = z 4+ y — v, and hence, since A is a-strongly accretive, we have

(u=v,Jay) = (z+z-u—(2+y—7),Joy)

(3:2) < llz = yl* = allle -yl - vl

where j, , € J(z — y).

Now due to the choice of w,, and z,, equation (3.2) can be re-written
as

Lpal = 1—anmn+anwg+un
(3.3) { 1= )

Yn = (1 - ﬂn)xn + ﬁnz:—; + vy,

for all n > 0, where w), = 2+ w,, and 2/, = z+ 2,. Since the sequences
{wy} and {2,} are bounded, we may denote by

d = sup |wy, — " || +sup ||z, — 2*[| + llzo - 27|
n>0 n>0

and

M=d+3 |jual.

rn=0

This implies that

lz; — 2| = (1 ~ ao){zo — =*) + co(wy — =™} + uo|
< (1 - ao)zo — 2*|| + aoflwp — =" || + fjuoll
<d+ flug| < M.

By induction, we obtain
fon —2* | < M

and

lyn = 2*|| = (1 = Br)(@n — 2°) + Bn(2zn — %) + onll S M + |on]]
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foralln > 0.
(1) Let limp—oo [{wn — 2n+1]} = 0. Then it follows that

(3.4) T =W, = Znal| =0
as 1 — oo. From Lemma 1 and (3.3), we have

“zn-'rl - x*llz
= (1 — ap )@y — ") + anfw, — ") + un|\2
<1 = an)(@n — )2 + 20, (W, — T + Un, Jrpa,at)
< (1= an)?|en — 2¥)2 + 20, (W) — T Jzppr o) + 2M 0]
<(1- an)2 2n — 2% + 20 (W), — 2n41sJonrser ~ Tynsz*)
35) T 2on(wh = 2 i) + 20 (2 e )
+ 2M ||un |
< (1= an)*flon — @71 + 2anlwy, — 2,111 2(Fns1 — ¥n)
+ 20 ||lw], — 21 M lgm — 21| + 200 ]Enss — 2™
= 20p0(||znt1 — ")) [@nr1 — "] + 2M |4 |
<(t- a‘n)2ua’n -z "2 + 20 || Tty — $*|12
= 20na(||Ent1 = 2*ID@nt1 — 27| + carn L + 2M||un|
for all n > 0, where ®(z,41 — yn) + M + |lvnf] € L < co. Since o, = 0

as n — 0o, there exists n; such that 1/2 < 1 —~2a, < 1 foralln > n,.
1t follows from (3.5) that

fzniy —2*|

=
58 (e~ Dlans — '] + T gell
< Jan — 2P+ ;=5 (MPan + 2Lra)
- 12 a(fns ~ o Dlgnes =7+ gl
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for all n > ny. Let § = inf{|z, — z*|| : » > 0}. Now we prove that
3 = 0. Suppose that § > 0. Then |z, —2*]| > J > 0 forall n > 0. By
the strictly increasing property of o, we have a(||Zp41 —2*||) 28 >0
for all » > 0. Since M2aq,, + 2Lr, — 0 as n — o0, there exists a
posiiive integer ny > n, such that

(3.7) M2a,, +2Lr, < al8)8

for all » > ng. It follows from (3.6) and (3.7) that

s = "2 < Yo — | + ;= a(8)3

1-2
2a,
<l — 2" I — T ()8 + 4M fun

for all n > 0. This implies

oo o0
(389)  ald)d Y op < [#n, — 2 +4M Y flun| < o0,

n=ns n=neg

which contradicts the assumplion that Z?:o &, = oo. Thus § = 0,
and hence there exists a subsequence {2n,} of {»} such that z,,, — 0

as § — do. Since {w],} is bounded in (3.3}, @ — 0 and |ju,{ > 0 as
n — 00, we have

— ! *
Tp,1 = (1 — Qn, )Tn, + O, Wy, + Un, —> T
as j — co. By induction, we can prove that
*
.T.nJ+k -
as § s oo forall k =1,2,---. Therefore we have z,, = z* as n — 0.

Suppose that condition (2) or (3) holds. In this case, we follow the
approaches of Jung and Morales [9). For the sake of completeness, we
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include its proof under the condition (2) (Similarly, we can also derive
the same conclusion under the condition (3)).
Define a sequence {r,} by

Tn = |(w:m - xt?jxrr}-l,x. — Jya ﬂ?'>|
for n > 0. Since {zn}, {yn}, {w)} and {2},} are bounded, by (3.3)
and the conditions (i) — (iii), we have
Tp+l —Yn = (,Bn*an)mn +anw:; _ﬁ;z + Up — v, = 0
as n — oo. By Condition (I} of the duality mapping J with a function
$ satisfying the condition (2), we have
rn = |<w:1 - x*’jxn-!-lym. - j‘yn,:z:‘)l
< Jwp, — = SUP{[lJzny 1,20 — Jymsor Il * Jonsr,er € J(@nt1 —27),
Jymzr € J(Yn — z*)}
< M@(a’n-}-l - yn) -0

as n — oo. On the other hand, using Lemma 1 and (3.3), we have
lyn — 2|12
= (1 ~ Ba)on + Bz, +vn — 3

(310) < (1= Ba)’llwn ~ 2|2 + 28a(2, — 2%, dynee) + 2(0n, Gynev)
< {1 = Bn)?liza ~ &** + 2(Ballz), — 2”1 + [oalDllgn — 2]
< flen = 27|12 + 2B M + [[va [ )(M + o))

for all n > 0. We also have

hznt+1 — 93*!}2

= (1 — en)(@n — 2) + an(wy, — 2%) + un|®

<(1- an)zumn - 37*"2 + 201!(“’:: - m*’j$n+lam'>

+ 2<“najacn+1,m‘>
< (1= o) flzn — 2| + 20m (W], — 2%, iy, 00

+ QQn(wL - x*ajwmn,m‘ - jymz‘) + 2”“’"' M

(3.11)
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for all n > 0, where jo,,, 2+ € J(@nt1 —2*) and jy, o~ € J{yn — 2*).
Thus, using (3.2) , (3.3), (3.10) and (3.11), we obtain

EE
< (1 an)’fjz, - 2*|?
+ 20 (g ~ 17 = alllgn — 2* iy — =" ()
(3.12) + 207 + 2||un || M
2 a2 a(“yn—m*”) _ a¥]2
< (L+ap)lle, — 27| Q%W“% z*||
+ 40 (BaM + [l ) (M + s ) + 20070 + 2jun|M
foralln > 0.
If inf,>0 ||y — z*|| > 0, then there exists & > 0 such that

afiyn — 2"l

k<
gm — ||

for all n > 0. Hence we have from (3.12)

Znt1 — ||
< (1 + a2 - 2kan)on — 5|2 + dan(Buh + o )(M + [al)
+ 20ty + 2| un | M

for all » > 0. Since @, — 0 as » — oo by (ii), there exists a positive

.integer 729 such that @, —k <0 and so a?l < ko, for all n > ng. Thus
we obtain

(3.13) [@nt1 — 22 < (1 — kan)|zn —*||° + b0+ n
for all n > ng, where b, = 0, [4(3, M + ||[v.]|) (M + ||va]) + 27,] and

en = 2Jjua||M. Let a,, = ||z, — *||%, tn = ka,. Then the inequality
(3.13) reduces to

An+1 < (1 - tn)an + bn + €y
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for all = > ng. By the conditions (i) — (iii), it is easy to see that
Yoo otn =00, by =o0(ts), and > oo ¢, < 00. It follows from Lemma
2 that {z,} converges strongly to z* as n — oc.

Suppose now that inf,>o ||y, — 2*|| = 0. Then there exists a sub-
sequence {y, } of {yn} such that lim;_,o ||%n, ~— 2*|| = 0. For a given
e > 0 we may choose a positive integer jo such that

- 2

& E &
‘/Q) ”x.?o%-l _yjo" < 5! Sj < 5(1(5) and “u]“ < -7

"mjo —.'B*” < AM

for all j > jo, where s, = o, M +4(8;+ v, | }(M +]|v; |[)+2r;. Suppose
that [|&,,+1 — z*|| > €. Then

lyjo — 2| = llzgo+1 — 2" = 15041 — U3l
> e £ . &
22

and so
a(llys, ~ = Dlls — ="l > a(2)3.
Since we can also derive
[#n41 — 2|

< (1 - an)?llzn — ¥ + 205 [y — =*||?

— 20n0(flye — 2" Dlyn — || + 20 4+ 2|unf|M
= 1+ ep)llzn — 2" [17 — 2000(llyn — =" ) lym — ="

+40n(Ba M + |lun [ )(M + |[va])) + 2007 + 2{|un || M
< l#n — 2°If* = 2ana(llyn — 2" |)]lgn — 2"

+ anlom M2 + 4(8, M + [[va])(M + ||val]) + 27a] + 2{unl M

for all n > 0, it follows that

||m30+1 - :L‘*”2

* |12 * * M
< ”xjo -z ” - 2‘}30@("‘930 - ")Ily.?o -z H + Q50850 + 2||uj0 I!
2 2
£ E E & E
<35~ 2%005(“2‘)5 +a_m€0f(§) Ty = e?,
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which is a contradiction. Therefore fjz;,,+1 — z*]| < £ and inductively
we have

"xn -z N <¢g

for all n > 5. Therefore the sequence {z, } converges strongly to the
unique solution of the equation z € Az.

COROLLARY 1. Let X, A, J and ® be as in Theorem 1. Suppose
that the equation 2 € Az has a solution for each z € X. Let {u,} be in
sequences in X and {a,} be sequences in (0,1} satisfying the conditions
(i) and (ii). For an arbutrary wmitial value of o 1n X, let {zn} be the
Mann type iterative sequence generated by

Zni1 € (1 = an)Tn + anlz + (I — A)zr) + un,

in case that there exists a bounded selection {w,} with w, € (I —A)z,.
If one of the following conditions hold:
(1) limyyoo | — Wayi || = 0;
(2) limy, 00 B(pn) = 0 for the sequence {pn} with limy 00 Pn = 0;
(3) 3220 yan®(p,) < oo for the sequence {pr} with lim, o0 Pn =0,

then {z,} converges strongly to the umque solution of the equation
2 € Ax.

REMARK 1 If A: X — X is a continuous strongly accretive oper-
ator, then the existence of a solution of the equation z = Az follows
from Martin {11] (see also Morales {14]). Hence we can establish the

corresponding results from Theorem 1 and Corollary 1 with a(t) = kt
for £ > 0.

Now we give the convergence of Ishikawa iterative sequence for a-
strongly pseudo-contractive operator.
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THEOREM 2 Let X be a Banach space whose duality mapping J
satisfies Condition (I) wnth a function @ : X — [0,00). Let T : X —
2% be a-strongly pseudo-contractwe with a fired point * in X. Let
{un},{va} be mn sequences in X and {a,},{Bn} be sequences wn [0,1]
satisfinng the conditions (1) - (ill). For an arbaitrary wnstial value of zo
m X, let {z,} be the Ishikawa type iterative sequence generated by

Yn € (1 - ﬁn)xn + ﬁnTxn + Un,

wn case that there exst bounded selections {w,} and {z,} with w, €
Ty, and z,, € Tz, If one of the followrng conditions hold:

(1) limps 00 fwn — 2ns1l| = 0;

(2) limy, 500 P{(pr) = O for the sequence {p,} with lim, oo pn = 0;

(3) E?:o an®(p,) < 0o for the sequence {pn} with limy o0 Pr, =0,
then {x,} converges strongly to the unique fired pownt of T.

PROOF The uniqueness of fixed point of T' follows from a-strong
pseudo-contractivity condition of T'. Foranyz, y € X,u € Tz, v € Ty
thereexist € (I ~T)z, 7€ (I - T)ysuchthat T =z —u, T =y —v.
Since (I — T') is a-strongly accretive, we have

(u - 'U,jz,y) = (x — - (y - ﬁ)v.ﬁm,y)

< e -yl - el - yl)llz — ¥,

where j. ., € J(z —y). As in proof of Theorem 1, due to the choice of
wy and 2,, equation (3.14) can be re-written as

Loyl = (1 - an)xn + Wy + Un
Yo = (1 - ﬁ'n)mn +ﬁnzn + v,
for all n > 0. We can also denote by

d = sup ||w, — z*| + sup ||z, — z*|| + ||zo — 2*||
n2>0 n>0



ITERATION PROCESSES WITH ERRORS 363

and

x>
M=d+ ) [lunl
n=0
Now the result follows exactly as in the proof of Theorem 1. This
completes the proof.

COROLLARY 2 Let X, T, J and ® be as in Theorem 2. Let {u,}
be m sequences in X ond {an} be sequences in [0,1] satisfinng the
conditrons (1) aend (ii). For an arbitrary imitial value zo in X, let {z,}
be the Mann type iterative sequence generated by

Zpy1 € {1 — an)zy + Ty + tn,

wmn case thatl there exist o bounded selection {w,} with w, € Tz,. If
one of the follounng conditions hold:

(1) limyp oo [ wn — wrt1]l = 0;

(2) Yimy, 00 D(pn) = 0 for the sequence {p,} with lim, o0 pr = 0;

(3) Yooe o a®(pn) < 0o for the sequence {pn} with limy_ o P =0,
then {x,} converges strongly to the unigue fized pownt of T'.

REMARK 2 In case that T : X — X is a continuous strongly
pseudo-contractive operator, the existence of a fixed point of T' follows
from Deimling [7]. Hence we can also derive the corresponding results
from Theorem 2 and Corollary 2 with a(t) = rt for r € (0, 1).

REMARK 3 (i) In contrast to the previous results ([9], [11], [18],
[22], [23], [24]), we do not assume that the underlying space X is uni-
formly smooth. In fact, since it is not known whether the duality
mapping J actually satisfies a condition like (I) and the the condition
(2) can be replaced by ®(u,) = A|u,| for some A > 0 even in uni-
formly smooth Banach spaces, our results may be independent of the
previous related results.

(i) If A: X — CB(X) is a uniformly continuous a-strongly ac-
cretive operator in Theorem 1, then we can obtain the condition (1),
where CB(X) is the family of all bounded closed subsets of X.
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(iii) Along with the additional conditions 3 oo 5.8, < oo and
3o 0@ < 0o in Theorem 1 and 2, using Lemma 1 in [20], we can
obtain the same conclusions under only the condition (3).
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