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ITERATION PROCESSES WITH ERRORS FOR 
NONLINEAR EQUATIONS INVOLVING a-STRONGLY 

ACCRETIVE OPERATORS IN BANACH SPACES

Jong Soo Jung

Abstract Let X be a real Banach space and 4 * X T be an 

a-stron이y accretive operator. It is proved that if the duality mapping 

J of X satisfies Condition (I) with additional conditions, then the 

Ishikawa and Mann iteration processes with errors converge strongly 

to the unique solution of operator equation z C Ax In addition, the 

convergence of the Ishikawa and Mann iteration processes with errors 

for a-strongly pseudo-contractive operators is given

1. Introduction

Let X be a real Banach space<with norm || ・ || whose dual space is 
denoted by X*. The normalized duality mapping J from X into the 
family of nonempty subset of X* is defined by

丿3) = ｛北乂* ： 0打)= ||께2, ||项|| = ||께｝

where〈・，•) denotes the generalized duality pairing. It is an immediate 
consequence of the Hahn-Banach theorem that J(x) is nonempty for 
each x E X.
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We say that J satisfies Condition (I) if there exists a function $ : 
X T [0, oo) such that for v E

sup{||j - j*||: j e J(이，), j* e J的)} < ^(u - v).

This concept was introduced by Calvert and Gupta in [4, Definition 
1.1]. They actually showed that 나E; if X = £，(Q) with Q a bounded 
subset of JR", then the duality mapping

J : £P(Q) t "(Q), (- + - = 1 and 2 <p<oo ),
\P q J

defined by J(u) = |w|p-1sgn 찌|에芸一七 satisfies Condition (I) as a Lip- 
schizian mapping. In this case, it follows that limu_>o = 0. Con
dition (I) was also used by Morales [16] and Torrejon [21].

An operator A : £)(A) C X —> 2X with domain D(A) and range 
R(A) is said to be k-accretive (k E R) if for each x： y £ D(A) there 
exists j E J(x — y) such that

(1.1) 〈5 — 0,项)N 이|z~w/||2

for all zz e Ax and v e Ay. For k > 0 in inequality (1), we say that A 
is strongly accretive^ while for fc = 0, A is simply called accretive. In 
addition, if the range of I + \A is precisely X for all A > 0, then A 
is said to be m~accretzve. Let a : [0, oo) T [0,8)be a function which 
is continuous and strictly increasing with q(0) = 0 and a(質)> 0 for 
r > 0. An operator A : D(A) U X T 2X is called a-strongly accretive 
if for each y E D(A) there exists j e J(x — y) such that

- > a세Z — 洲)]|c — 이I

for all u e Ax and v 6 Ay.
Along with the family of fc-accretive mappings, we find a family of 

operators intimately related to it which is known as k-pseudo-contractive 
(see [14]). This latter family is formed by mappings written as Z — A 
where I is the identity and A is fc-accretive. In the single-valued case, 
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an operator T is said to be k-pseudo-contractzve if for each 奶 y £ D(T) 
there exists j E J(x — y) such that

{Tx - Ty,j) < 씨恤 一 郁2.

Once again if fc < 1, T is called strongly pseudo-contract%ve^ while if 
fc = 1, T is called pseudo-contractive. We also say that T is cl-strongly 
pseudo-contractive if T — T is a-strongly accretive (see [15],卩7]).

Incidentally, these operators were introduced by Browder [2], while 
the notion of accretive operators was independently introduced by 
Browder [2] and Kato [10]. In the case X = H is a Hilbert space, 
one of the earliest problems in the theory of accretive operators was 
to solve the equation z = x + Ax for a given z E H and A accretive 
operator (see for instance [3, 8, 13]). In [2], Browder actually proved 
that 迁 A is locally Lipschitzian and accretive with D(A) = X, then A 
is m-accretive. In particular, for any z C X)the equation z = x + Ax 
has a unique solution. This result was later generalized by Martin [12] 
to continuous accretive operators and extended by Morales [15] to the 
multi-valued case, respectively.

Recently, the theory of single (multi)-valued accretive and single 
(multi)-valued strongly accretive operators in connection with the 
Ishikawa and Mann iteration process have been studied by many au
thors in the attempt of approximating fixed points of some nonlinear 
operator equations in Banach spaces (see [5], [6], [20], [21], [22]). Some 
further extensions of these iterative methods by adding an error term 
have also been explored (see [11], [22]).

The main purpose of this paper is to study the convergences of the 
so-called Ishikawa and Mann iteration processes with errors to approx
imate the unique solution of the operator equation of the a-strongly 
accretive operates A under the condition that the duality mapping J 
satisfies Condition (I). As a consequence of main result, we obtain 나比 

convergence of the Ishikawa and Mann iteration processes with errors 
for a-strongly pseudo-contractive operators. We should mention that 
since it is not known whether 난le duality mapping J actually satisfies 
a global condition like (I) even in Banach spaces with uniformly convex 
dual spaces, our results may be, in a sense, independent of 나le previous 
related results.
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2. Preliminaries and Lemmas

We recall the Ishikawa and Mann iteration processes with errors.
Firstly, Liu [11] introduced the iteration processes which he called 

Ishikawa and Mann iteration processes “with errors” for nonlinear 
strongly accretive mappings as follows:

(A) For K a nonempty subset of a real Banach space X and a 
mapping 71: K —> X, the sequence {xn} defined by xq G K)

= (1 — +。사iTyn +
yn = (1 fi /3n)a?n + ^nTxn + 卩 2 0,

where {an} and {fin} are some real sequences in [0,1] satisfying ap
propriate conditions £京二()||z시| V oo, 辭:o ||跖』< oo, is called the 
Ishikawa iteration process with errors.

(B) With K,X and S as in part (A), the sequence {xn} defined by 
Xq e K,

•^n+l = (1 — ^n)^n + Mtlpn + 2 0,
where {an} and (wn} satisfy conditions as in part (A), is called Mann 
iteration process with errors.

However, the conditions £章的 ||?시| < oo, 시| < oo on error
terms introduced in (A) and (B) imply that the errors tend to zero and 
this is incompatible with the randomness of errors. Recently, Xu [21] 
improved the Ishikawa and Mann iteration processes with errors of Liu 
[11] under the randomness of errors as follows:

(C) Let K be a nonempty convex subset of X and Z1 : K T K a 
mapping. For any given xq E K, the sequence {xn} defined by

?
기:?3+1 = ^n*^n + d^Tyn +

yn = Cfnxn + ^^Txn +《編,n > 0,

where {cn}, {dn}, {rn}, {c^}, {d£}, {尸£} are some real sequences in 
[0,1] such that cn + dn + = 1 = + d!n + 7% and {为강}, {，加} are 
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bounded sequences in K for all integers n > 0, is called the Ishikawa 
iteration process with errors.

(D) In particular, if《=《=0 for all n > 0, the {xn} defined by

잔;0 £ 1 Xn + 質?a Z知， n Z

is called Mann iteration process with errors.

But, if the operator T has bounded range and one imposes the 
condition that £以 V 8 and < oo, the iteration processes (C) 
and (D) with an := dn + rn and 瓦：=d, + 尸;reduce the type of 
processes (A) and (B). So there is no loss of generality i요 studying the 
iteration process (A) and (B) instead of the processes (C) and (D).

In the sequel, we need the following lemmas for the proof of our main 
results. The first lemma is actually Lemma 1 of Petry아lyn [19]. Also 
Asplund [1] proved a general result for single-valued duality mappings, 
which can be used to derive this lemma.

Lemma 1 Let X be a real Banach space and let J be the normalized 
duahty mapping. Then for any given x、y E X, we have

||z + S|2 < ]\x\\2 + 2{y,j)

for all j e J(x + y).

Proof： Let y E X and j E J{x + y). Then

\\x + y\\2 = (x + y,j)

=+ (y,j)
< 打께2 + IIjII2) + 

厶

Therefore
|恤 +이|2 < ^x\\2+ 2{y,j}.
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LEMMA 2 ([11]). Let (an}; {Z>n} and {cn} be three nonnrqative real 
sequences satisfying

아너T. (1 — ^n)^n + bn + Cn) Tb 2

where no is some positive integer, 0 < tn < 1, tn 二 oo, bn = 
o(*n) 에nd〉:n一q V oo. Then lim九—心。cl^ -0.

3. Main results

We now begin with the first main result of this paper.

THEOREM 1 Let X be a Banach space whose duality mapping J 
satisfies Condition (I) with a function ①：X T [0, oo). Lei A : X 
2X be oc-strongly accretive. Suppose that the equation z 6- A.x has a 
solution for each z E X. Let {un} and {*wn} be two sequences in X and 
let {an} and {偽} be two real sequences in [0,1] satisfying

(i) 史為0 115 < 8, limn*。肋시I = o,
(ii) £辭0 % = 8 and lim”-*=0,
(iii) 血*-* /3n = 0.

For an arbitrary initial value of xq tn Xf let {xn} be the Ishikawa type 
iterative sequence generated by

자:n+l £ (1 — + (j「—，4)纟/臨) + Un
Un £ (1 — /3n)^n + + (-T — + Vnj

in case that there exist bounded selections {wn} and {zn} with wn E 
(/ — A)yn arid E (I — A)xn. If one of the following conditions hold:

(1) lim“T8 ||^n — 2如+]』—0;
(2) lim”* $(pn) = 0 for the sequence {pn} 顽h limn_>oo Pn = 0;
(3) 。如垂(卩仇) V 8 for the sequence {pn} 힜无th 血必一20% = 0, 

then {xn} converges strongly to the unique solution of the equation 
z e Ax,

Proof. Let 澈* denote 나ie solution of the equation z E Ax. The 
uniqueness of a solution of the equation follows from the a-strong ac- 
cretivity condition of A. For all x, ye X, uez +(I — A)x, and 

(3.1)
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(3-3)

v E z + (I — A)y^ there exist u G Ax^ v E Ay such that u = z + x —uy 
© = n + g — 饥 and hence, since A is cn-strongly accretive, we have

(u - v,jx,y} = (z+x-u-(z + y- v),jx,y}
' 《I恤一训2 — Q(||z—训)脸一的，

where jXjV € J(x - y).
Now due to the choice of wn and zn, equation (3.2) can be re-written 

as

^n+l = (1 — 畦 + O!.nWn + Urt
Vti = (1 — ^7i)^n + &*几 十 Vn

for all n > 0, where — z + wn and zfn = z + z小 Since the sequences 
{wn} and {?„,} are bounded, we may denote by

d = sup II此 - a치I + sup ||4 - a치I + |岡 - c*||
n>0 n>0

and oo
M = d+^\\un\\.

n=0
This implies that

|恤1 一 g치I = ||(1 一。0)(如 一 ⑦*) + ao(祯) 一。*) + 街)II
V (1 -。0)脸0 - a치I + Q：o||wo — 3^*11 + 11^0II
< d + I岡)|| < M.

By induction, we obtain

Ik% -z치I < m

and

|gn — 9치I = ||(1 一 一 £*) + &(《一 站) + 編［I <M+ ||l시I 
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for all n > 0.
(1) Let limn_>oo ||wn — 2如+1|| = 0. Then it follows that

(3.4) rn = \\w!n - 4+1|| 0 

as n —> oo. From Lemina 1 and (3.3), we have

临+1-站||2
=||(1 - Ctn)(Xn 一 H*) + OLn{w'n - X*) + tinII2

w 11(1 - ara)(a：n 一 z*)||2 + 2%(戒 一 z* + un,jXn+ljX>)

< (1 - c临)2腿 - X* ||2 +2an(w'n - C*,爲”+1产*〉+ 2A씨I%』

< (1 - an)2||a:n - z*||2 + 2an^iu'n - z'n+ujxn+丄，"#也&：*〉

(3 5) + 〈a，” -- 2妃+1, •爲n,z*〉+ 2c临(2”+1 —X , jxn^_ltx* )
1 ； +2M\\Un\\

< (1 - C蜘)2脸n - z*||2 + 2晩覘一《+打性(％+1 -街)

+ 2@세々《-《+1||||從一：渲|| +2a 세:跖+1 - "*1卩
一 2ana시站+1 -x*||)||a;n+1 - a치| +2A씨阮」|

< (1一 <&)2腿 一 9치|2 +2%临+1 - 9치卩

-2%顽腿+1 - rr*||)||a;n+1 一 x*|| + anrnL + 2M||tzn||

for all n > 0, where $(xn+i — yn) + M + ||?시| < L < oo. Since a” T O 
as 72 —> 8, there exists s such that 1/2 < 1 — 2an < 1 for all n > n^. 
It follows fi?om (3.5) that

lkn+1 -
变 牛二纹 膈 f 치 F + 普四

-^—a^Xn+i -X* ||)hn+l - :E*|| + 鴛「 IIZ니］1——ZoLn 丄—匕“吨

< Ikn - z*||2 + —^—(M2an + 2Lrn)
丄一^tCX-TL

(3.6)
Otn

j쓰削以+M치 I 네:心 —II + j뽀;"
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for all n > n±. Let 6 = inf{||如—|| : n > 0}. Now we prove that 
5 = 0. Suppose that d > 0. Then ||xn — a;* || > ^ > 0 for all n > 0. By 
the strictly increasing property of a, we have Q(|g；n+i — z*||)之 d > 0 
for all n > 0. Since M2an + 2Lrn -> 0 as n oo, there exists a 
positive integer such that

(3.7) M2an + 2Lrn < a(6)6

for all n > It follows fi?om (3.6) and (3.7) that

||^n+l 一 站 IP < I" 一 蛆 iP +「쓰一泌 
丄一

(3.8) ~—-^—a^6 + ^M\\Un\\
丄 厶。너n，

< 临 f 치|2 — 厂(痂+ 4辺由|
1 - 2an

for all n > 0. This implies

OO 8
(3.9) Q0)d an < ||：%2 - ^*||2 +4M ||«n|| <。。，

n~n2 n=n2

which contradicts the assumption that £岸浏 <^n = 8. Thus 5 = 0, 
and hence there exists a subsequence {xnj} of {xn} such that xnj 0 
as j —> oo. Since {後，} is bounded in (3.3), an Q and ||un|| -> 0 as 
n —> oo, we have

a為勺+1 = (1 一 a?勺)0帰二7 +。수，3 인)n? + Un3 T a；

as J —> oo. By induction, we can prove that

as J —» oo for all fc = 1? 2, • • ■. Therefore we have xn x* as n oo.
Suppose that condition (2) or (3) holds. In this case, we follow the 

approaches of Jung and Morales [9]. For the sake of completeness, we 
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include its proof under the condition (2) (Similarly, we can also derive 
the same conclusion under the condition (3)).

Define a sequence {rn} by

f =血《一 Z*, 爲서-1&* —3ynix*)\

for n > 0. Since {xn}y {從}, {w^} and {《} are bounded, by (3.3) 
and the conditions (i) - (iii), we have

as n oo. By Condition (I) of the duality mapping J with a function 
$ satisfying the condition (2), we have

rn = \(w'n-x\ jxn+i,x* — jynix*)\

— ll^n H〔I 묭3){|扇«+1@* —- jyn)x* II : jxn^-i}x* C 丿(况端+1 —
jyn yC* £ J(Vn — N )}

色 A/垂— yn) T 0

as n -4- co. On the other hand, using Lemma 1 and (3.3), we have

I协 f 치|2

= 11(1 一偽灯e+禹 +©n —Q치 |2
(3.10) <(1 - /?n)2hn - Q치|2 + 2但〈《 - ”如如。+ 2〈如糸”以〉

M Q - 爲)2腿一点2 + 2(聞2% — 勿*|| + ||vn||)||z/n 一 ⑦邛

< 临一£*眠 + 2(/3nM + \\vn\\)(M + II編II)

for all n > 0. We also have

脸꺼一 1 - a치 |2
=||(1 一 an)(a：n 一 :r*) + otn(w'n 一 x*) + un||2

(3 ]]) — — ^n)2 ||®n - X* ||2 + 2(Xn {w'n — jxn+i,x*}
+ 2〈編,爲"+i,h*)

< (1 - Oin^^Xn - 2히|2 + 2cg〈说 - ，? 3yn,©*〉

+ 2mn (wn —站)爲 n+g* — jyn ,x*)+ 2||^zn||7Vf 
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for all n > 0, where jXn+1,x* e J(xn+i - £*) and jyn,x* 仕丿(如一蛆)・ 
Thus, using (3.2) , (3.3), (3.10) and (3.11), we obtain

g+i - £*『

< (1 -an)2||^n -®*||2
+ 2c*(||如-x* II2 - a(||yn 一 z*||)||加 一 z*||)

(3.12) +2anrn + 2^un]\M

M (1 十 (成) ||端 f 치|2 - 2%쐐뼈1二SrP 脸a — 3치F

+ + II肅 |)(M + I"』)+ 2anrn + 2||財|M

for all n > 0.
If infn>o — £*|| > 0, then there exists fc > 0 such that

k V 旳协 f 치I)
IS — z*||

for all n > 0. Hence we have from (3.12)

||®n+l 一 :Z*||2
< (1 + - 2膈頒||端 - a:* [12 +4an((3nM + ||?시|)(M + ||z시|)

+ 2anr n + 2||izn

for all n > 0. Since cnn —> 0 as n —> oo by (ii), there exists a positive 
.integer no such that an — k<0 and so < kan for all n > no. Thus 
we obtain

(3.13) |扇+1 — X* |(2 < (1 —膈由)脸n 一 £* 俨 +bn + cn

for all n > nQ, where bn = an[4(/3nAf + ||vn||)(Af + ||^||) + 2rn] and 
cn = 외Let an = ||a;n 一 a?*||2, tn = kan. Then the inequality
(3.13) reduces to

a，n+i — (1 — tn)an + bn + cn 
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for all n > no- By the conditions (i) - (iii), it is easy to see that 
2辭o 垢 = 8,赤 =o(£n), and Cn < oo. It follows from Lemma 
2 that {xn} converges strongly to x* as n oo.

Suppose now that infn>o ^yn — x*|| = 0. Then there exists a sub
sequence {yn：/} of {yn} such that ||i/nj -x*|| = 0. For a given
£ > 0 we may choose a positive integer jo 동iich. that

II叼。一h*||〈為,lkjo+i-2/joll < Sj〈eQ(|)and 

for all j > Jo, where s3 = aJM2+4(/3j+||7；J||)(M+||vJ||)+2rj. Suppose 
that ||a:Jo+1 - c*|| > e. Then

\\yj0 ~x*\\ > ll^o+i — z*|| - II勺。+1 -奴II
£ S F — •—二二一
2 2’

and so
热纵 f 치I)灿。一 9치| > «(|)|. 

厶厶

Since we can also derive

ll^n+l — 9히12
< (1 - otny\\xn - a치|2 + 2c시I赢 - a；*II2

- 2%a새切a - ^\\)\\yn - x*\\ + 2anrn + 에編||M
= (1 + «n)hn - X*\\2 一 2ag 세% - 站 ||)|协 - ^*||

+ 4an((3nM + ||vn||)(M + II?시I) + 2anrn + 2||wn||M
W II：% - a치|2 - 2ana(\\yn - a치|)||加 - z*||

+ an[anM2 + 4(医 M + ||編 ||)(M + II%』) + 2rn] + 이阮

for all n > 0, it follows that

hjo+l - 旳|2
V 11% — 9치|2 - 2%顽收70 - :%치I)||幼。一 Z* II + %"丸 + 웨%・o||A/

巴2 P p p 月2
< V ~ 2%°c&)5 + %坤*(5)+。=己

厶厶 厶 L
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which is a co꼬tradiction. Therefore 勺一 亿*]] < and inductively 
we have

for all n > Jo- Therefore the sequence {xn} converges strongly to the 
unique solution of the equation z E Ax.

COROLLARY 1. Let X, A, J and $ be as zn Theorem 1, Suppose 
that the equation z G Ax has a solution for each z £ X. Let {un} be in 
sequences in X and {cun} be sequences in [0,1] satisfying the conditions
(i) and (ii). For an arbitrary mittal value of xo m X〉let {xn} be the 
Mann type iterative sequence generated by

*^n+l C (1 ― ^n)*^n + + {I — + 힌?3,

in case that there exists a bounded selection {wn} with wn € (I — A)xnt 
If one of the following conditions h시d:

(1) limn* ||wn 一 wn+i|| = 0;
(2) linin-^oo $(pn) = 0 for the sequence {pn} with 也以^工〉？％ = 0;
(3) 二o%控(加)< 8 for the sequence {pn} with lim几即=S 

then {ay} converges strongly to the unique solution of the equation 
z € Ax.

Remark 1 If 4 : X —> X is a contiguous strongly accretive oper
ator, then the existence of a solution of the equation z = Az follows 
from Martin [11] (see also Morales [14]). Hence we can establish the 
corresponding results from Theorem 1 and Corollary 1 with a(t) = kt 
fo호 fc > 0.

Now we give the convergence of Ishikawa iterative sequence for a- 
strongly pseudo-contractive operator.
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(3.14)

THEOREM 2 Let X be a Banach space whose duality mapping J 
satisfies Condition (I) with a function 6 : X —» [0,8). Let T : X 
2X be a-strongly pseudo-contractive with a fixed point x* in X. Let 
{zzn},{i;n} be in sequences m X and {mn}, {/3n} be sequences m [0? 1] 
satisfying the conditions (i) - (iii). For an arbitrary initial value of xq 
m X, let be the Ishikawa type iterative sequence generated by

£ (1 ― 끄Z/n + "n
Vn & (1 一 pTi)^n + SJ[宜n +

in case that there exist bounded selections {wn} and {zn} wtth wn E 
Tyn and zn G Txn.If one of the following conditions hold:

(1) limn_>oq IIwn ~ 2危+1 II — 0;
(2) linin-^oo $(pn) = 0 for the sequence {pn} with limn^.oo pn = 0;
(3) £鶯二0 an^(pn) V oo for the sequence {pn} with 血妇_>8 0九=S 

then {xn} converges strongly to the unique fixed pomt ofT.

PROOF The uniqueness of fixed point of T follows from a-strong 
pseudo-contractivity condition of T. For any x, y £ C Tx^ v € Ty 
there exist u E (I — T)x^ v E (I — T)y such that u = x — uyv = y — v. 
Since (Z — T) is a-strongly accretive, we have

(u - 0,爲摂 = e 一 再 一 (y — 히,%,會〉

< 脸一咧2 一 — g|D||z—钥|,

where 爲由 £ J(w — g). As in proof of Theorem 1, due to the choice of 
wn and zn, equation (3.14) can be re-written as

잔为3+1 = (1 — (XnjXn + Oi-n^n + 힌，?2
Un = (1 — /3”,) 가:？3 + &nZn +

for all n > 0. We can also denote by

d = sup I初也 - a치I +sup ||zn — z*|| + |岡 一 c*|| 
n>0 n>0
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and oo
M = d+^\\un\\.

n=0
Now the result follows exactly as in the proof of Theorem L This 
completes the proof.

Corollary 2 Let X, T, J and 垂 be as in Theorem 2. Let {un} 
be %n sequences in X and {an} be sequences in [0,1] satisfying the 
conditions (i) and (ii). For an arbitrary imhal value xq in X, let {xn} 
be the Mann type iterative sequence generated by

£ (1 — O^Ti)^n + 샤如7奴頌 + U”

m case that there exist a bounded selection {wn} with wn E Txn. If 
one of the following conditions hold:

(1) lim?zT8 IIw皿 ^n+i II = 0；
(2) limnT8 史= 0 for the sequence {pn} with linin^ooPn = 0;
(3) a?&(但n) < 8 for the sequence {pn} with limn^oo Pn = 0, 

then {xn} converges strongly to the unique fixed point ofT.

Remark 2 In case that 7 : X —> X is a continuous strongly 
pseudo-contractive operator, the existence of a fixed point of T follows 
from Deimling [7]. Hence we can also derive the corresponding results 
from Theorem 2 and Corollary 2 with a(t) = rf for r € (0,1).

REMARK 3 (i) In contrast to the previous results ([9], [11], [18], 
[22], [23], [24]), we do not assume that the underlying space X is uni
formly smooth. In feet, since it is not known whether the duality 
mapping J actually satisfies a condition like (I) and the the condition 
(2) can be replaced by $(wn) = 세偽』for some A > 0 even in uni
formly smooth Banach spaces, our results may be independent of the 
previous related results.

(ii) If 厶：X T CB(X) is a uniformly continuous m-strongly ac
cretive operator in Theorem 1, then we can obtain the condition (1), 
where CB(X) is the family of all bounded closed subsets of X.
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(iii) Along with the additional conditions an(3n < oo and
< oo in Theorem 1 and 2, using Lemma 1 in [20], we can 

obtain the same conclusions under only the condition (3).
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