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CERTAIN CLASSES OF SERIES IDENTITIES 
INVOLVING BINOMIAL COEFFICIENTS

Young Joon Cho and Keumsik Lee

1. Introduction and Preliminaries

1

Lots of formulas for series involving binomial coefficients have been 

developed in many ways.

Vbwe and Seiffert [7] showed the following series identity:

n—1

(1.1) £(-1) 2财 + 11)

苴4孚끼-丄 (”：={1, 2, 3, •••})

(2n)! n-2n v 〃

by evaluating the Eulerian integral

n—1

tn dt.(1-2)

Srivastava [6] evaluated (1.1) with the aid of a summation formula 

involved in the hypergeometric series 2■呂.which is due to Kummer [3] 

(see also Rainville [5, p. 69, Exercise 이):

林1;居)=湛畀基

N 丄I-2~丿丄(2 )

(b^O, -1, -2, ••■)

(1-3)
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where the so-called hypergeometric series 2 耳(also denoted by F) is 

defined by

-% b ;
z

c ；
(1.4) 2耳(缶方；c ； z) = 2码

__、厂' (a)n(&)n Z"
(况矛

n=0 '

where a, b and c are arbitrary complex constants and (a)n denotes 

the Pochhammer symbol (or the generalized factorial, since (l)n = n! 

)defined by

(L5) (a)n ：=

1 (n = 0)_

a(a + 1) • • • (a + n — 1) (n G N).

Very recently Choi, Zornig and Rathie [2] obtained following formu­

las similar to (1.1):

(1.6)
2n-1(n!)2 1

2fe(n + k)(n + fe + 1) (2n + 1)! 2n+1'

k

(L7)

n-2

k ) 2fe(n + fc)(n + fc + 1) 

_ 3 • 2n • (n!)2 n + 2

(n — l)(2n)! (n — l)2n-1 ‘

by using summation formula contiguous to (1.3) (see Lavoie et aL [4]) 

and contiguous function relations (see Cho et al. [1]).

In fact, we are trying to give more general series identities including 

(1.6) and (1.7) as special cases by making use of known (presumably 

new) summation formulas for 2 卩

From the fundamental functional relation of the Gamma function 

r, r(z + 1) = zF(z), we have

(a) ―「(a+s).
(아l r(a)，

r(n + 1) = n! (n G N U {0}),

(L8)
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where r is the well-known Gamma function whose Weierstrass canon­

ical product form is given by

oo

(1.9) {「(z)}

*;= 코

7 being the Euler-Mascheroni5s constant defined by

(LIO)
7 := lim(£荒-l°g 孔) 으 0.577215664… .

From definition (1.5) and (1.8), we can easily deduce the following 

formula:

(LU) (tt)n—fc =
(-L)S

(1 — a — n)^

which, for a = 1, yields immediately

(1.12)
((—L)%!

(-^)fc = < (n - fc)!

I 0

if 0 < fc < n 

if k > n.

The binomial coefficient is defined and written in the following form:

(L13)

q(oi — 1).…(a — fc + 1) 

k\

= r(a + l) =(-L)k(—a)k

—fc! T(a - + 1) — fc!

from which it follows that

(L14)
r(a — n) _ (—l)n 

r(a) (1 - a)n
(a / 0, ±1, ±2, •••).
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From (1.5), it is not difficult to show that

(1-15) («)2n = 2&(으) J쯔幸3 S eNU{0}),

厶 厶

which, in view of (1.8), follows also from Legendre's duplication formula 

for the Gamma function

(Li6) r(|)r(2^)= 22-1 r(z)r (z+^

in which P(*) is evaluated as、f« 一

In this paper we are aiming at providing the following formulas 

similar to (1.1), (1.6) and (1.7) by making use of known summation 

formulas for 2-F1 and some of their contiguous relations.

(1.17)史(_迎(；)A*； 

fc=O 、'

球) £(*(併흐二丄 = 一£；

(1-19)

Ul) 이% — 4) k

£ 7 \ k /2fe(n + A:)(n + fc + l)

_ M 2J ((n- I)!)? (n2 + 5n - 4) • 23-n

S ― 3)(72- — 2)(2zi — 2)! (ti •— 3)(tz — 2) 5

(L20)

喜t)TM)宀

= ] r 2”1(九 _ 5)!饥 _ ])! _ (4疽 一 3" + UOn - 如暗-”

2n — 5 [ (2n — 6)! (n — 5)(n — 4)(n — 3)
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(1-21)

簽비%-5、

\ k J 2k(n + k)(n + fc + 1)

_ (jt 一 5)! J 2(n2 + n — 4)! (n — l)(2n — 3)22n-1(n 一T)![,

1

2n~3 (n - 2)! (2,n — 2)1

(1.22)

K _ 1) 이* 3)________________________

g畠 \ k J 2fe(n + fc)(n + k + l)(n + fc + 2)

_ (n + 1) ■ 2n~l(n - 3)! (n - 1)! .

(n _ l)(n — 2),(2n — 1)!

1

(1.23)
1 \fc (n + ~ 3)3 + fc-4)__6 —
/)V) 弘 一 k

2fe

(1-24)
(n + k — 6)(n + k — 5)(n + fc — 4) _ 3(n — 5) 

2n-3 —，2fc

(1.25)

Tl — 2
E(-nfe

fc=0

+ k + 2Z — 2

21
2kY[(n + k+j-l)

2眾-細 + z 一 1)13 — 2)!____________________________

2"2 I (fc-1)! (2n + 2Z-3)! ~ (2Z - 1)! (n + Z - 2)1 

(Z, n e N).

We also point out relevant connections of the series identities presented 

here with those given elsewhere.
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2- Series 포dentitie母 and Proofe

For simplicity in printing, we use the notations

F =见(缶 b ; c ; z),

E(q+) = F(a + 1" ; c ; z),

F(a—) = F{a — 1, 6 ; c ; z),

F(a+,6-) = F(a + 1, & — 1 ; c ; ^)

together with similar notations F(&+), F(a—,c+) and so on.

Lavoie et aL [4] obtained the following summation formula contigu­

ous to (1.3):

(2.1)

2耳(<z, 2 - a ; 3 ; ： ) 0 尹 0, -1, -2,…)

厶

=「(*)係)( ]____________________1_________ \

_ 2卜2 . (I - a) [「(号)「(普主) 「(土끌旦)「(으끙土) J

Now, let S〉w be the sum in the left side of (2.1).

It is not difficult to express S〉、# as in the following form:

8 /\ _  n\ /A+fc—1\
(2.2) Sm := "I). k ) (、라 (局 0, —L, —2, . . •

Since

(2.3) ("『)=0 (A: > n — 1; n G N),

the sum in (2.2) will terminate at fc = n — 2 in the special case when

A = n € N.
Some further consequences of the general result (2.2) are worthy 

of note. Indeed, for every non-negative integer Z, we obtain following
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identity by using S〉、,〉qi 

(2-4)

A-2\ 1
k ) —2Z 

2kY[(X+k+j-l)

(A-l)! j 22A-2(A + /-1)! ll
=2A"2(1-A) t (Z - 1)! (2A + 21- 2)! — (2Z)! (A + Z — 2)!

(人,丰 0, —1, —2, • • ■

Next, letting fj. = A + 21 + 1 with I replaced by Z — 1, we find that, 

for I G N, 

(2-5)

A" 了)——

心 2kY[(X + k+j)

J=o

(Z—1)! 22A~2(A + Z-2)!= (入 _ I" , _ ______________________________________________ _

2»t(1 - A)(⑵一2)!(人 + Z _ 2)! (Z - 1)! (2A + 2Z - 4)! J '

Upon subtracting (2.4) from (2.5) with the help of (2.3), arrives 

immediately at our desired identity (1.25).

Setting Z — 1 and I = 2 in (1.25), we obtain the following special 

cases:

2n+1(n!)2 11K)Z广甘(化)2财 + 人：+ 1) = (n — 1)(2*)! - 3 — 1)2"2 ；

1

(2.7)

2) —______  ―
£畠 \ k J 2k(n + fc)(n + fc + l)(n + A; + 3)

_ (n-2)! f22n~2(n+l)! 1 [

2"2 I (2n + l)! 3-n!

and so on.
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r(|)r(b)r(i-a) 

26~4r(4 - a)

Recall another summation formula for 2-F1 contiguous to (1.3) (see

Lavoie et al. [4]):

(2.8)

2『i(a, 4 - a ; b ; ；) (b 尹 0, -1, -2,…) 

厶

a — 2b + 3 J a + 2b 一 7
「(으그느)17(흐믓二勻 +「(쓸으)「(쓰麥翌 >'

Now let be the sum in the left side of (2.8) and put specific 

values for A = n and /z = n, n + 1 and n + 2.

Applying the same procedure in the proof of (1.25) to 7U,n and 

Ik)n+i 一 7折n+2, we obtain (1.17) and (1.19).

For the proof of (1.24), recall a contiguous function relation (see 

Cho et al. [1]):

(2.9) (B — 1)F = (B - C)F(B-) + (C - C-).

If we replace A, B, C and z in (2.9) by a, -a—3, b and * respectively, 

we obtain

E(a, -a-3 ; 6 ; I)= 으土으扌으 F(a, -a - 4 ; 6 ; |)

(2.10) 2 a+^ 2 i

T——-a-4 ; b-1 ;
a + 4 v 2

Lavoie et al. [4] obtained the following summation formula contiguous 

to (L3): For b 尹 0, -1, —2, , , , ?

(2.U)

脚…-4;驾)=呼

4&2 一 2ab — a2 + 86 — 7a 452 + 2ab — a2 + 16& — a + 121

[ r(으 - 응 + 护(을 + 읏 + 2) ['(으 - 응)「(으 + 을 + 으) J •

Finally, setting (2.11) in (2.10) and letting b = a — 3)yields

~a~ 3 ; a — 3 ;-)

⑵⑵ _ 15a2 - r(a - 2) 3(a2 - 23a + 32) - T(a - 3)

=(a+ 4)- 2a+2r(a + 1) (a + 4) • 2a+2r(a) 
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which, in view of (1.13), can be written in the equivalent form:

(2.13)

[V <Q + 3)(Q + k — 3)(q + & — 2)(a + k — 1)
W A:丿一(q_3)(◎二2)(/—1)环—

3
=(a - l)(a - 3)2a*

If we set a = n e N in (2.13) and - consider (2.3), we immediately 

reach at the identity (1.24) by letting n + 3 = // and dropping the 

prime on n. _

Recalling contiguous function relation (see Cho et al. [1])

(A 一 1)(1 — z)F = (A + B — C 一 l)F(A-) + (C- B)F(A-, B-), 

and setting A~a^B~3~a. C = b and z = *, we obtain

까a, 3-a; 6; 命 = 2冬二虹 (a - 1, 3-a; ft; |) 

Z CL —丄 厶

2(q 4- b — 3) / 1 \
T--------- ；--- F(q_ 1, 2 — a ; & ; 5),

a — 1 、 2

which, for b = a + 3 and applying (1.3) and (2.1), yields our desired 

identity (1.22) by considering (2.3).

Similarly, other identities can be proved by using 2-F1 formulas (see 

[4, p. 297-298]) and contiguous function, relations (see [1]).
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