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ITERATIVE SOLUTIONS TO
NONLINEAR EQUATIONS OF THE
ACCRETIVE TYPE IN BANACH SPACES

ZEQING [1U, LILI ZHANG AND SHIN MIN KANG

ABSTRACT In this paper, we prove that under certain conditions the
Ishikawa rterative method with errors converges strongly to the unique
solution of the nonlinear strongly accretive operator equation T = f.
Related results deal with the solution of the equation z +7'z == f Qur
results extend and unprove the corresponding results of Liu, Childume,
Childume-Osilike, Tan-Xu, Deng, Deng-Ding and others.

1. Introduction and Preliminaries

Let X be a real Banach space and denote its norm and dual by |- ||
and X*, respectively. A nonlinear operator 7' with domain D{T") and
range R(T) in X is said to be accretive {Browder [1] and Kato [11]) if
for all z,y € D(T) and r > (, there holds the inequality

(L.1) -yl € lle -y + r(Tz - Ty)||.

T is accretive if and only if for any z,y € D{T’), there exists j(z —y) €
J{z — y) such that

(1.2) (Tz —Ty,jz —y)) =0,
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where

Jz={feX":{z, ) =lel* = fI"}, zeX,
is the normalized duality mapping of X and {,,-) denotes the gen-
eralized duality pairing between X and X*. If T' is accretive and
(1 + 7Y D(T)) = X for all r > 0, then T is called m-accretive. If

for all z,y € D(T), there exists j(z — y) € J(z — y) and a constant
k € (0,1) such that

(1'3) (TI - Ty,](.'li - y)) > k“:ﬂ - yl\zv
then T is called strongly accrefive. It is well known (see, for example,
Theorem 13.1 of Deimling [7]) that for given f € X, the equation

(1.4) Tz = f

has a unique solution if 7' : X — X is strongly accretive and continu-
ous. Martin [14] has also proved that if 7: X — X is continuous and
accretive, then T is m-accretive so that for given f € X the equation
(1.5) z+Te=f

has a unique solution.

Several authors have applied the Mann iterative method and the
Ishikawa iterative method to approximate solutions of equations (1.4)
and (1.5). (See, for example, [2]-[4], [8]-[11], [L6]). The objective of this
paper is to study the iterative approximation of solutions to the equa-
tion Tz = f in the case when T is Lipschitzian and strongly accretive
and X is an arbitrary real Banach space. Our results generalize most
of the results that have appeared recently. In particular, the results of

[2]-[5], [8]-[11], [13], [L5], [16] and a host of others will be special cases
of our theorems.

The following lemma plays a crucial role in the proofs of our main
results.

LEMMA 1 1. ([13]) Let {an}30, {Bn}0, {€n}SLy be three non-
negative real sequences satisfying the inequality
Ant1 S (1 - wn)an + bnwn + Cn

for all n > 0, where {w,}5%o C [0,1], 3°00 jwn = 00, limy 00 bn = 0
and 30 o cn < 00. Then lim, 00 an = 0.
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2. Main Resulis

In the sequel, & € (0, 1) is the constant appearing in (1.3}, ! denotes
the Lipschitz constant of T, L = 1 + 1 and I stands for the identity
operator on X.

THEOREM 2.1 Let X be an arbitrary real Banach space, T : X —
X be a Lipschitz strongly accretive operator and f € X. Define the
sequence iteratively by xo,ug,vy € X,

(21) {yn = (1 - ﬂ'n)xn + ﬁnS-'Bn + U, > 0,

Tnel = (1 - an)mn + ansyn t+Un, N2 0,
where Sx = f+ (I —T)z forallz € X, {0}, {8}, are two real

sequences and {u, 152, {v,}52, are two sequences in X satisfying the
following conditions:

)
(2°2) Zan =+00, 0<an,fn<1l, n2>0,
n=0

(23) k— L(L+1)3, - L+ D1+ Bul)an
' 1—(1—k)oy,

>t n>0,
oo
@) Jim ol =0, 3 fun] < +oo,

where t € (0, 1) is a constant. Then {z,}32, converges strongly to the
solution of Tx = f.

PRrROOF. It follows from [1], [6] and the strong accretivity of T that
the equation Tz = f has a unique solution p in X. Then p is a fixed
point of § and S is Lipschitz with constant L. It follows from (1.3)
that for all 2,y € X, there exists j(z — y) € J(z — y) such that

(I =8z~ (I - S)y,jlz — ) = kllz — .

Thus
(I-S—kDz—(I-8—klyjx—y)20.
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In view of (1.1) and (1.2), we have

25)  le-yl<lo—y+rlI —S—kI)z— (I - S—kDyll
for all z,y € X and r > 0. Using (2.1), we obtain that

(1 - a‘ﬂ)xﬂ =Tn41 — anSyn — Uy
(2.6) = [1 - (l — k)an]fﬁn.}.l + an(I = kI)iL‘.n+l
+ @ STpi1 — @ SY, — Up.

Note that
(2.7 (l-an)p=[{1—(1-K)an)p+ an(I - S—kI)p.
It follows from (2.5)~(2.7) that

(1 = an)lzn - p|

> {1 (1= Baallenss =P+ 1 e
~ (I = S = kDpl|| — )| STptr — Syl — [fun]

>{1- (1 - k)o‘n] Hmn-i-l - p" — o | Szpy1 — Syn“ - nun”’

(I — 8 = kDTpsr

which implies that

”$n+1 - P”
< h ——
28) =T (1=K, 1P+ 7= Zgya, 157m — Sual
N 1

1 R (1 _ k)an “un"'
We have the following estimates:

”xn - yn” S .B'n“mn - Smn" + ll’l)n“

2.9
(2.9) < (L+1)Bnllzn — plf + ||oall,
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15%n = ynll < (L + Dlgn - 2l
(2.10) S L+~ Bn + LBn)lzn — plf + (L + Dllvx||
< L(L + Dlen — pll + (L + Dlvnl-

By (2.1), (2.9) and (2.10), we yield that

[1Syn — Syl

< Lizntr — ynll
(2.11) < L(1 - an)l|zn —~ yn|| + an L Syn — ynll + Li|ual

< [I{L + 1)Bp + L(L+ 1)(1 + Bul)as] ||z — 7]

+ L(L + D)||va | + LY|2n |-

Using (2.11) in (2.8), we conclude that

[Zn+1 — Pl

1—a, &,
s {1“(1“k)an + 1—(1—k)an{L(L+ 1)83n

FLE )+ man]}umn g

(2.12) 3 .
Ttz (1 - k)cen L(L+)ljon| + m“un”
R s e (B

+ Denlunlf + Dljun|,

where D = %"’—L It follows from (2.3) and (2.12) that
I€n+y = pll < (1= tom)|en — Pl + Danflval| + Dijun-
Put
D
an = [|Tn —pll, wn=ton, bn= —fua] and cn = Diunl]

for any n > 0. Then Lemma 1.1 ensures that ||z, —pll = 0 as n — oo.
This completes the proof.
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THEOREM 2 2 Let X, f, T, {2.}5%0, {@n}50, {Bn}oro and {vn g,
be as in Theorem 2.1. Suppose that there exists a nonnegative sequence
{1 }82o with im,, 00 7n = 0 and |u,)| = Ypax, for any n > 0. Then
{zn }3%, converges strongly to the solution of Tz = f.

Proor Just as in the proof of Theorem 2.1, we have

|znt1 = pli € (1 = tan)||2n — pll + Danlivall + Dllua|
= (1 —tan)|zn = pll + Dan{[[va] + 72).

Put
D
an = ||z, — p||, w, =tan, b, = —t-("vn“ +v) and ¢, =0

for any n > 0. Then Lemma 1.1 ensures that ||z, —p|| > 0asn — oo
completing the proof.

REMARK 2 1. Theorem 2.1 and Theorem 2.2 extend Theorem 1
of Liu [13], Theorem 1 of Childume [2], Theorem 2 of Childume [3],
Theorems 1 and 3 of Childume and Osilike [4], Theorems 3.1 and 4.1
of Tan and Xu [16], Theorem 1 of Deng (8], {10}, Theorems 1 and 3 of
Deng {9] and Theorem 2 of Deng and Ding [11] from Banach spaces
which are either uniformly convex or uniformly smooth to arbitrary
real Banach spaces.

REMARK 2 2 The following example reveals that Theorem 2.1 ex-
tends properly Theorem 1 of Osilike {15].

EXAMPLE 2 1. Let X, f, T be as in Theorem 2.1 and

N PR

2" " AL(L+1)+ L7 " aL(L+1)
1 1
(n+1)2’ ”vn“:n-l-l

unll =

for all » > 0. Then the conditions of Theorem 2.1 are satisfied. But
Theorem 1 in [15] is not applicable since {@,}32,, {Br}5%, do not
converge to 0.
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THEOREM 2 3 Let X be an arbitrary real Banach space and T :
X — X be a Lipschitz accretive operator. Let {un}ovq, {vn}oey be
as in Theorem 2.1, {0} g, {Bn}S2 satisfy (2.3) and

(2.13) 1+ DB -1+ DA+ 8.Da, >t n>0,

where t € {0, 1) is a constant. Then for any given f € X, the sequence
{z,}5%; generated from arbitrary zg,uo,v9 € X by

Yn = (l - ﬂn)xn +ﬁn(f - Tmn) +Unp, N > 0)
Tnti = (1 - an)xn +an(f - Tyn) +Up, 1720

converges strongly to the solution of x + Tx = f.

Proor. It follows from Martin [14] and the accretivity of T' that the
equation z + Tz = f has a unique solution p € X. Define §: X — X
by Sz = f — Tz. Then p is a fixed point of § and § is Lipschitz with
the same Lipschitz constant as T'. Furthermore, for all z,y € X, there
exists j(z — y) € J(z — y) such that

{I-8)x— (I~ Sy, jlz—y)>lz—yl

The rest of the argument is essentially the same as in the proof of
Theorem 2.1 and is therefore omitted.

THEOREM 2 4 Let X be an arbitrary real Banach space and T :
X — X be a Lipschitz accretive operator. Let {u,}52, {vn}32 be
as in Theorem 2.2 and {a,}32,, {Bn oo be as in Theorem 2.3. Then
for any given f € X, the sequence {x,}3>, generated as in Theorem
2.3 converges strongly to the solution of the equation z + 1T'x = f.

REMARK 2 3 Theorem 2.3 and Theorem 2.4 extend Corollary 9 of
Chidume and Osilike [5] from Ishikawa iteration to Ishikawa iteration
with errors, and improve Corollary 5 of Osilike {15]. The following

example shows that Theorem 2.3 generalizes properly Corollary 5 in
[15].
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EXAMPLE 2 2 Let X, f, T be as in Theorem 2.1 and

R 1 8, = 1

2 T QU+ Tt A+’
1 1

flunll = ma lonll = 1

all n > 0. Then the conditions of Theorem 2.3 are satisfied. But
rollary 5 in {15] does not hold since {@,}224, {3.}32o do not con-

verge to 0.
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