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ITERATIVE SOLUTIONS TO
NONLINEAR EQUATIONS OF THE 

ACCRETIVE TYPE IN BANACH SPACES

Zeqing Liu, Lili Zhang and Shin Min Kang

Abstract In this paper, we prove that under certain conditions the 

Ishikawa iterative method with errors converges strongly to the unique 

solution of the nonlinear strongly accretive operator equation Tx = /. 

Related results deal with the solution of the equation x^-Tx = f Our 

results extend and improve the corresponding results of Liu, Childume, 

Childume-Osilike, Tan-Xu, Deng, Deng-Dmg and others.

1. Introduction and Preliminaries

Let X be a real Banach space and denote its norm and dual by -1| 
and X*, respectively. A nonlinear operator T with domain D(丁) and 
range R(T) in X is said to be accretive (Browder [1] and Kato [11]) if 
for all x^y E D(T) and r > 0, there holds the inequality

(1.1) 一 ||^-J/|| < - y + r(Tx -Ty)\\.

T is accretive if and only if for any x^y E D(T), there exists j(x~y) G 
J(x — y) such that

(L2) (Tx -Ty,j(x -y)) > 0,
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where
Jx = ｛feX*： 0f)= II찌|2 = ll/ll2), z eX,

is the normalized duality mapping of X and〈十〉denotes the gen
eralized duality pairing between X and X*. If T is accretive and 
(1 + rT)(D(T)) = X for all 7• 그 0)then T is called m-accretive. If 
for all xyy E Z?(T), there exists ~ y) 6 J(x — y) and a constant 
k G (0,1) such that
(1.3) (1児一7勺,项(3； — 0)〉2이|£一训2,

then T is called strongly accretive. It is well known (see, for example, 
Theorem 13.1 of Deimling [7]) that for given / € X, the equation
(1.4) Tx = f
has a unique solution if T : X X is strongly accretive and continu
ous. Martin [14] has also proved that if T : X —，X is continuous and 
accretive, then T is m-accretive so that for given f E X the equation
(1.5) x + Tx = f
has a unique solution.

Several authors have applied the Maim iterative method and the 
Ishikawa iterative method to approximate solutions of equations (1.4) 
and (1.5). (See, for example, [2]-[4], [8]-[ll], [16]). The objective of this 
paper is to study the iterative approximation of solutions to the equa
tion Tx — / in the case when T is Lipschitzian and strongly accretive 
and X is an arbitrary real Banach space. Our results generalize most 
of the results that have appeared recently. In particular, the results of 
[2]-[5], [8]-[ll], [13], [15], [1 이 and a host of others will be special cases 
of our theorems.

The following lemma plays a crucial role in the proofs of our main, 
results.

Lemma 1 1. ([13]) Let ｛必｝治o, ｛扁｝泛。, ｛&｝우=()be three non- 
negative real sequences satisfying the inequality

®n+l V (1 — 也?3)어3 + bnWn + Cn
for all n> 0, where ｛wn｝^0 C [0,1], £辭=o wn = oo, bn = 0
and，"二_q Cn V OO. TIlGU linin—>8 = 0.
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2. Main Results
In the sequel, k € (0,1) is the constant appearing in (1.3), I denotes 

the Lipschitz constant of T, L = 1 + Z and I stands for the identity 
operator on X.

THEOREM 2.1 Let X be an arbitrary real Banach space, T : X 
X be a Lipschitz strongly accretive operator and f E X. Define the 
sequence iteratively by xq^uq^vq E X,

如=(1 一 + PnSxn + Vn, n > 0,
*^n+l = (1 — 73 2 0,

where Sx = f + (I — T)x for all x e X, ｛샤林｝旗二°, ｛/为서加 two 호eal 
sequences and ｛編｝酒)are two sequences in X satisfying the
following conditions:

(2.1)

oo

(2.2) y^o：n = +oo, 0 < an,/3n < 1, n > 0, 
n=0

/9 k — L(L + l)/3n — L(L + 1)(1 + /3nl)an
i - (1 - k)an 泌 n>0,

8
(2-4) lim||?시 |=0, ，、||如||<+8,

n—>oo 《，J
n=0

where t e (0,1) is a constant. Then ｛⑦侃｝우=0 converges strongly to the 
solution ofTx = /.

Proof. It follows from [1], [6] and 산le strong accretivity of T that 
the equation Tx = f has a unique solution p in X. Then p is a fixed 
point of S and S is Lipschitz with constant L. It follows from (1.3) 
that for all xyy e there exists j(x — y) E J(x — y) such that

〈(/ — S)x - (I- S)y,j(x 一 > 씨恤 一岁|伫

Thus
｛(I- S- kl)x -(I - S - kl)y,j(x - y》> 0.
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In view of (1.1) and (1.2), we have

(2.5) ||x 一 y\\ < \\x-y + r[(/-S~ kl)x 一 (Z — S — kl)y]\\

for all xyy € X and r > 0. Using (2.1), we obtain that

(1 — = «^n+l ~ 一

(2.6) = [1 - (1 - fc)ainl^n-Fi +an(I - S- kl)xn+i
+ 0如$0万3+1 — a"n，S 장n — 偽"

Note that

(2.7) (1 - an)p = [1 - (1 - + an(I 一 S -kl)p.

It follows from (2.5)~(2.7) that

(1 - an)\\xn - p\\
zy

2 卩 一(1 -枷測：％+1 ~p+ -——,n ,s——-S-kl)xn+t
1 — (1 _ k)an

~ (I - S - kl)p\ II - an||5a?n+1 - Sz/n|| - ||un||
> [1 - (1 - fc)an]||o:n+1 -p|| - an||Sa:n+1 - S街|| - ]|2세,

which implies that

ll^n+l -P|| 

]~~~ CE zv
(2.8) - r-(l-k)aJXn~P^ + l~(l-k)aJSXn+1 - *秘세

We have the following estimates:

(2 g\ II"加 — Un II V — SZ시I + II을시I
< (L+l)Mxn-p^ + II編II,
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||S?加 —?시I < (E+l)|gn—p||
(2.10) < (£ + 1)(1 ~ fin + L^n)^xn — p|| + (L + 1)]|?시I

< L(L + l)||a；n - 尻 + 0 + 1)||?세.

By (2.1), (2.9) and (2.10), we yield that

|®n- 钩세

W 기I갈;m+i — yn II
(2.11) < L(1 — an)||xn -yn|| + ctnL^Syn 一 切J| + 기|也시|

V [L(L + l)/?n + L(L + 1)(1 + /3nOan]||^n — P||
+ L(L + 1)||%J| + 게？妇 |・

Using (2.11) in (2.8), we conclude that

lkn+1 一 P\\
1 — (&

气*訳+匸f妃+脇

+ L(L + 1)(1 + /?nOan] } ||^n — 끼|
(2.12) 丿

+顷끈不冷+】)收세+-(匸顽『네

< [1 - C蜘 * —프L + 1)偽 一 LQ + 1)(1 + 禹g ] 彩. _ 冲 

. 1 - (1 — k)an
+ DctnU^nll + 끼 I*』?

where D =，어乂, . It follows from (2.3) and (2.12) that

Il^n4-1 -p|| < (1 - 也”)11編 一ell + Da세？시I 十 께編||・

Put

= I!xn -p||, wn = ton, bn = y ||^|| and Cn = 

for any n > 0. Then Lemma 1.1 ensures that ||xn — p|| ―> 0 as n —> oo. 
This completes the proof.
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Theorem 2 2 LetX, f,T, {xn}^LQ, {an}^0, {^n)^L0 and{vn}^LQ, 
be as in Theorem 2.1. Suppose that there exists a nonnegative sequence 
{?n}^=0 with linin-^oo 7n = 0 and ||z시| = ynan for any n>0. Then 
(ajn}^L0 converges strongly to the solution ofTx = f.

Proof Just as in the proof of Theorem 2.1, we have

||^n+l - 끼I < (1 - 比如) ||編 - P|| + £)에|編 || + 께關I
= (1 - tan)||xn -p|| 十£)c临세이I + 为)•

Put

a，n = ||a：n — ?||, = totn^ bn — ~~ (H'Wn || + Tn) and cn = 0V

for any n > 0. Then Lemma 1.1 ensures that ||xn — p|| -4- 0 as n —> oo 
completing the proof.

Remark 2 1. Theorem 2.1 and Theorem 2.2 extend Theorem 1 
of Liu [13], Theorem 1 of Childume [2], Theorem 2 of Childume [3], 
Theorems 1 and 3 of Childume and Osilike [4], Theorems 3.1 and 4.1 
of Tan and Xu [16], Theorem 1 of Deng [8], [10], Theorems 1 and 3 of 
Deng I이 and Theorem 2 of Deng and Ding [11] from Banach spaces 
which are either uniformly convex or uniformly smooth to arbitrary 
real Banach spaces.

Remark 2 2 The following example reveals that Theorem 2.1 ex
tends properly Theorem 1 of Osilike [15].

Example 2 1. Let X, /, T be as in Theorem 2.1 and

十=邑 _ k _ k
~ 27 an ~ 4L(L + 1) + Lf Pn = 4L(L + iy

W = S느 "에

for all n > 0. Then the conditions of Theorem 2.1 are satisfied. But 
Theorem 1 in [15] is not applicable since {an}^L0? {/?n}^L0 do not 
converge to 0.
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Theorem 2 3 Let X be an arbitrary real Banach space and T : 
X X be a Lipschitz accretive operator. Let {心,}酒)，{喝}酒)be 
as in Theorem 2.1, {(&}*=(), {爲}*()satisfy (2.3) and

(2.13) 1 — 1(/ 4-1)缶 一 1(1 + 1)(1 + 8淌。知 2 有 73 之 S

where t e (0,1) is a constant. Then for any given f G X, the sequence 
{xn}^LQ generated from arbitrary xo,uo7vq e X by

yn = (1 — ^n)*^n + 3n，(f — *^n) + 糾2, — 0?
•^n+1 ~ (1 一 ^n)^n + °如(/ 一 丁寸”)+ 孔 N。 、

converges strongly to the solution of x + Tx — f.

Proof. It follows fi?om Martin [14] and the accretivity of T that the 
equation x + Tx = f has a unique solution p E X. Define S : X —> X 
by Sx — / — Tx, Then p is a fixed point of S and S is Lipschitz with 
the same Lipschitz constant as T. Furthermore, for all x、y E X, there 
exists j{x — y) E J(x — y) such that

(U - S}x - (I - S)y,j(x — y、n > \\x 一 岁眠.

The rest of the argument is essentially the same as in the proof of 
Theorem 2.1 and is therefore omitted.

Theorem 2 4 Let X be an arbitrary real Banach space and T : 
X T X be a Lipschitz accretive operator. Let {un}^L0, {*wn}^L0 be 
as in Theorem 22 and {(&}辭© {缶}우二o be as in Theorem 23. Then 
for any given f E X, the sequence {亿仇}%、)generated as in Theorem 
2.3 converges strongly to the solution of the equation x + Tx — /.

Remark 2 3 Theorem 2.3 and Theorem 2.4 extend Corollary 9 of 
Chidume and Osilike [5] from Ishikawa iteration to Ishikawa iteration 
with errors, and improve Corollary 5 of Osilike [15], The following 
example shows that Theorem 2.3 generalizes properly Corollary 5 in 
[15].
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Example 2 2 Let X, /, T be as in Theorem 2.1 and

1 1^1

帅세 = |KII==^ti

for all n > 0. Then the conditions of Theorem 2.3 are satisfied. But 
Corollary 5 in [1 티 does not hold since (an}^0, {/3n}^L0 do not con
verge to 0.
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