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ON INTEGRAL REPRESENTATION
WITH RESPECT TO VECTOR-VALUED

FINITELY ADDITIVE MEASURES

Dong Hwa Kim and Younghee Lee

1. Introduction

In [5], [8], the authors considered the integral representation of 
bounded linear operators of C(S, X) into Y, where S denotes a compact 
Hausdorff space, X and Y are Banach spaces, and C(S,X) denotes the 
Banach space of all X-valued continuous functions defined on S.

It is well-known that an integration theory is to define the integral 
of a simple function and then extend the integral by some limit process 
to a general case of functions in [3], [4].

In [5], A. De Korvin and L. Kimes generated the mtegration theory 
of scalar-valued functions with respect to operator-valued measures 
obtained by D. R. Lewis in [6].

The purpose of this paper is to give an integral representation for the 
case of vector-valued functions with respect to finitely additive measure 
taking values in locally convex topological vector spaces, using both a 
weak and a strong approach.

2. Notations and preliminaries
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Let X be a normed space and K be a locally convex 耳ausdorff 
linear topological space generated by the family Q of continuous semi­
norms on Y. Let Xf and Yf be the topological duals of X and Y, 
respectively. Let (S, be a measurable space and an operator-valued 
measure /x : £ L(X7Y) be an additive set function with

oo

/Ku磊1孩)=£加(岛)，With En e 
n=l

Ej = 0(i 7^ J),云 j = 1,2,•• - , the series being unconditionally 
convergent with respect to the topology of simple convergence. Let us 
suppose that there exists a vector measure 〃 ： £ T X and let be a 
non-negative real-valued measure on. £. If lim卩(£)_*/，(£) = 0, then v 
is called //-continuous and this is denoted by，《When u《 诉" 
is sometimes said to be a control measure for u.

It is well-known in [1] that if /z : ^2 —> L(X^Y) is an operator­
measure, then the set function > K, defined by 卩我E) = /上(E)工
is a vector measure and conversely, if 必)⑦ is a vector measure, then 
/z : 52 —> L(X)Y) is countably additive with respect to the topology of 
simple convergence in. L(X)Y). From the above result it can be proved 
that 나圮 set function yffi ： £，냥 X’ defined by (寸0)(E)x = 矿(n(E)z) 
for .E £ 52 is an -valued measure. If yf G Yf and q G Q, we will 
write yf <q whenever \yf(y)\ < q(y) for y EY. 一

Definition 2 1 ([3]) We define the q-variation of /z, which is a 
finitely set funtion on as

n

同q(E) = sup£q3(ECED), Ej£,
t=l

where the supremum is taken over all finite pairwise disjoint sets En €
• For each yf 6 Y\ we write the variation of 寸冉 |竹小(・)，as

n

\v'ME) = sup£ II y'^EQE^ II •
i=l
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Definition 2.2 ([이, [4]). We define 나^-semi-variation of fi as

II M llq (E) = sup U 이 q(E), 
gq

which is non-negative. Note 나lat || § ||g (E) < 2 supFc£； || ||
and I] p IIg (E) < oo whenever || y'卩，||g (E) < oo for each yf E Y\ 
It is proved easily that || /z ||9 (•) is monotone, subadditive and that 
IMq(E) ^11 M llq (E) < 4suPg,@SUpFuE I矿

We now develop an integration with respect to an operator-valued 
measure. Recall that in [1], [5] a sequence of functions (fn) converges 
to f in semi variation if for every e > 0,5 > 0 there exists some TV-such 
that for n>N,\\(i \\q ({$ : \fn - f\> S}) < 6.

3. 포he weak integrals

Let /z : 22 —> L(X,y) be a strongly finite measure with \yffi\g(E) < 
8 for E e £ and yf W Yf. Also the integrands are assumed to be 
measurable.

Definition 3 1 A function / ： S —> X is said to be a weakly 
//-integrable if the following conditions hold.

(1) f is yp -integrable in 산le sense of [3].
(2) for E £ £ there exists an element yE CY such that y弋Ue)= 

fE fdy'fi for every y' e Y'.

If f is /z-integrable, we denote * = J% fd(i. We write sometimes 
fE fdfi for fE /(s)d/z(s). It follows from Definition 3.1 that every sim­
ple function with representation f = £二"疚风：S T X, where 
Xez is the characteristic function of 나le sets 玖 G xz E X and 
剧 C 功=0 for 2 关顶，2溥=1,2, •…,n, is /i-integrable over E and we 
define the integral of f as

Je = g 我认 E n Ei)色 x, e^£.

It is easily verified that if / : 5 —> X is a simple function such that 
?(/) = supq(/(s)) for every q £ Q、s W S、then q(fE fdfi) <|| f |即 
Q 脂(E) for E € 五，where || f ||a= supseS |/(s)|.
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Lemma 3.2 If f : S X is ^fl-integrable, then
(1) MJe < 显 W\y'iA forEe^.
(2) the set function defined by ©(E) = JE fd卩，is a measure on

PROOF. (1) If f is ^//-integrable, then |/| is (-integrable. 
Thus, if (fn) is a defining sequence of simple functions for ^//-integrabil­
ity of /, then \fn\ is a defining sequence corresponding to the function 
\f \ and

q(Lw이**) ~ /e '지이'" f°r e m

which completes the proof.
(2) From [3], pl22, Proposition 5, since 

/d(由=/ jd(、y'2),
民性

it follows

oo oo

£〃(&)= 〃(U 形).
i=l 2=1

Hence 卩 is countably additive by Pettis theorem.

Theorem 3.3. Suppose Y is sequentially complete. If there is a 
sequence (/^) of simple functions which converges to f on S, and 
原 f이矿이 = lim“T8 J云侖이；，I，then it follows

I 扭卩，=,hm / fnkdp, 
E k*Q Je

for a subsequence (Jnfc) of(fn).
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PROOF Since a sequence (/n) of simple functions converges to /, 
/n is a bounded measurable function and \ fn\ < |/| for n = 1,2, • • •. 
For each e > 0, let Fn = {s e S ' \ f — fn\ > e} and En = UM"% 
Then, for every q € Q,

，나e" 허1L j /m 知)

< sup [ \f - fn\d\y'ii\ + sup [ 이
y'<Q JEQEn yl<qJEr\E^

+ sup / \fn\d\y'fj,\ + sup / 1/ - fm\d\y'n\
寸 W=q y'<q JEr\Em

+ sup I |/| 이?/이 + sup / |/m| 이?/"
yWqJEcE% y!<Q JecE%

< II M ||g (ECEH) + 2||'||q (E n EQ
十히|j히b (ECE’)+2||2||q (EHEm)

for E E 2,which shows that (原 hd(寸卩))is Cauchy uniformly with 
respect to E £ £ and since Y is sequentially complete, there is an 
element yE in Y such that y'(yE)=牧由以*。fE £mS) = fE 
Hence f is /i-integrable.

Let f be l^/zl-integrable, that is, there exists a sequence (Jn) of 
simple functions such that limn-^oo fE \ fn — f\d\ylp\ = 0. Then

sup [ \f\d\y'n\ < sup [ \f - fn\d\y'n\ + sup [ \fn\\d(y' 
y'<qJE yf<qJE y'<q JE

< 8 ,

which implies that f is /z-integrable. For each k there exists a such 
that

sup / I/一扁J이扩团 < =
y'<q JE K
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Let = fE fnkdp. for £/ e 52，Then for q E Q,

— xm^E)= ^(/ ^nk ~ fmQd])

=sup \yl / (/nfc 一 Es)叩I 

yf<q JE

\fnk ~~ fmk\d\y<

Thus Xk,E is Cauchy uniformly in Y, and therefore it converges. Since 
Y is sequentially complete, there exists an element 如 £Y such that 
Ve = lim 知t»8 :히

Then we show that for every yf E Y\ 矿(；e) = In fact

E

- \ MS以=/ (fnk 一 f)d(y'fi)

< sup / |/nfc - /I이矿이 
yl<qJE

—> 0 as fc -4- OO,

and since yf(yE)= limq앙8 矿the assertion is proved. Hence f 
is /z-integrable and we have proven that

I fdp, = lim / fnkdp, forEe，r. 
E J9O JE J

Theorem 3 4 (1) Let (/n) be a sequence of ^-integrable function 
which converges to f a.e on S with respect to 国

(이) let |7n| < g for each n and g : S X be a /i-integrable 
function,

(3) for every e > 0 there exists 5〉0 such that || /z 服(£?) V 3 
implies

/ gd(y羊)< e for y' G a'. 
JE

Then f is ^-integrable whenever Y is sequentially complete and fd卩，=
limn-^oo fE h即 uniformly for e
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PROOF We first show that (fE /nd/z) is Cauchy uniformly with re­
spect to E E For given e > 0, let 认E) = fE gd]h> Fn ~ {s E S : 
\f — fn\> 0 and En = U^LnFk. Then (孩)is a decreasing sequence 
of set En \ 0.

By applying the dominated convergence theorem for operator-valued 
measure, f is ^^-integrable and for each n, we see that f is yffi- 
integrable and fE fEfnd(y'fi).

Now for q £ Q)

店-/n)d(7/^)|

< supl /" (/ - ■舟)d(矿〃) + s이 / (/ - fn)d(y0)
/:《히 丿 Er\E^ y' <q\JEnEn

C 에 0 II? (E QE^) + 2 sup f II g II d\y'^\
y'<q JEr\En

= €||0||q (S) + 2 W||q (E»
Thus,

'm

< 2e (I /t 脂 (S) + 2 sup [ |g|이2/，| + 2 sup [ |g| 이矿/니
y'<q JEnEn yf<g JEnE.

< 2에 2 llq (S) + 2 ||© llq (£;n) + 끼I© lb (Em), 

for all n, m and E So the sequence (fE fnd^i) is Cauchy uniformly 
with respect to E e，二 Since Y is sequentially complete, there is an 
element yE in Y such that y'(yE) = g'Qii%*。fE JM卽)=fE 六纶/0) 
for E E £. Hence f is “-integrable and limn—8 fE fnd^ — fE fd卩，.

Definition 3.5 ([2]). A function / : S t X is said to be 卩- 
integrable if there exists an X-valued sequence (£)) of simple fu교ctions 
such that

(1) /n -> / IS
(2) given € > 0, there exists 6 = 5(e) > 0 such that || /i ||q (E) V 6 

for E implies q(fE fndf^) < € for all n E N,
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Theorem 3.6. Let || 0 脂 be finite and fn f /z-a-e.. Let g : 
S T X be yffjL-inteffrable such that \fn\ < g} n = 1,2, ••- , \fn — g\ < 
M, \f — g\ < M for some constant M, If f is 寸卩qntegmble, then 
fE £0(矿口)converges to fE fd{yfuniformly for yf e Yf, E e ^2- If 
Y is sequentially complete, then f is fji~integrable.

PROOF. Let En = U洛i{s G S : \fn — Z 쉬甲|[($)} , 모hen (E”，) 

is a decreasing sequence of sets with En\ 0 and so, given e > 0, there 
exits a positive integer N = N© such that |j /z ||9 (风)< f°r all 
n > N and all s G 5 A En and q(fn — /) —> 0 uniformly on S' n E음. 
Then

/(/- JQd(矿时 < [(/- fn)d(yffi)
Je Jece氏

+ [ (/-扁)d(〃)
JEnEn

< 4而 Hq (S)(W 球)+ 2肱 II 2||q ㈤)

Since || p, |jQ (EQ -> 0 as n —> oo, we see that q(fE(f 一 无*(矿闵) 
converges to 0 uniformly for y' e Y' and E £

Thus now for given e > 0,

《L 一 L张d«n心

< <11 n Ik (E n 院 + 2M) 十 €시 2 ||q (E n E爲) + 2M),

for all n, m > TV and £ £ £.
So the sequence (R fndp} is Cauchy uniformly with respect to E E

E-
By applying the dominated convergence theorem, we see that f is 

矿々integrable and

Hm / = / fd(y'U) for E £ £ .
i8 丿 e Je



ON INTEGRAL REPRESENTATION 261

Since Y is sequentially complete, there exists an element ys in Y 
such that 寸(&e)=矿(lim〃T8 fE fndfi) = JE Hence f is 卩广
integrable and fE fd秒 =limn_>oo fE fnd^

4. The strong integrals

In this section we shall assume that 卩，is strongly bounded, that is, 
for every sequence of pairwise disjoint sets (An) in limn^oo = 
0. Then every |j p, ||9 is strongly bounded for q £ Q.

To prove this, rioted hat

II “ II? (A) = sup k/，|(A)
寸Q

=sup {sup (y' ”B) + yp(A 一 B)))
BqA

=sup sup W(B) + y'n(A 一 B)} 
BcA y' <q

< sup {q(〃(3)) + q^(A - B)))
BCA

< 2 sup q(〃(B)).
BCA

If (An) is a sequence of pairwise disjoint sets in and assume, by 
contradiction, that there exists q' C Q such that || “ ||寸(?ln)泠 0, then 
there exists 6q > 0 such that for all k there is an nfc > fc, fe G TV with 
suP/0 cAn 寸0(&가:) > 勺)； thus, for every k there exist옹 Bnfc C An/c 
such that q'3(、BM) > sup弘勇心 /(以侦))一野)券

Since the /4谯公 are pairwise disjoint, so are the Bnfc5s, but cannot 
be 卩(Bf) T 0, which is contradiction.

Definition 4.1. For any simple function f = xiXEz and for 
-E € 52 we define fE fdp, = aw(E「lEi); a function f : S X is 
said to be stron끼y /i-integrable if there exists a sequence (/n) of simple 
functions such that

(1) for every 6 > 0 and qeQ, || /2 扃((|f - fn\> 4) — °，
(2) the sequence (fE /nd/z) converges in Y.
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Then we put

(幻一[卩也=lim [ fnd^ E (*)
JE 18 JE J

Note that, trivially, if f is simple, the /i-integrable and the strong 卩厂 
integrable coincide.

THEOREM 4 2. Let (/n) and (gQ be defining sequences for f such 
that they both satisfy (1) and (2) of Definition *.1, then

(1) 血1叫18 Je = lim^Tgo j% Ond卩‘
(2) lim^T8 R fndfi = (s) — fE fdpt is uniform mth respect to E E 

E-
(3) (s) — fs fdpi《 卩 in the sense of the || • -variation for every 

q e
PROOF. Let hn= gn — fn. It is evident that (7in) converges to 0 in || 

• ||g-variation for every q E Q. Also there exists 号e = 11口虹_>8 hnd秒 
for E e £・ Let c > 0 be fixed, and define An = {s E S : \hn\ > e} 
and Bn = U^LkAk- So for yf e Yf there exists a positive integer no 
such that 皿)< e for all n > ng. Since h^s are simple, they 
are bounded, say \hn\ < Mn. where Mn = supseS |^n(s)|； Then for

< e sup \yffi\(E n A^) + Mn\yfp,\(E A An)

< e(|| /z \\q (ED + Mn) for E e .

By Vitali-Hahn-Saks Theorem [3], the fE hndp. are || 卩，||矿continuous 
uniformly with respect to n and 由끄九一如。Jecie £叩 = 0 for E £ 工. 
Thus q(yE)= 0; since Y is Hausdorff, and q E Q is arbitrary, this 
yields ys = 0. Moreover, in similar way, we can show that if the 
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sequence (/n) of simple functions converges to /, then for every g 6 Q, 
q(fE fndfi)《H M ||g (E) uniformly with respect to n, that is, for every 
q G Q, and 6 > 0 there exists a 5 > 0 such that || Q ||Q (E) < 8 implies 
that q(fE 卽)< € for n ~ 1,2, • • •, and thus q[(s) — fE fdfj] < e for 
q £ Q)i.e.?

q((s)-顷卩)《II 2 ||q (E) forqeQ, Ew£.

So, q(fB fdfi)《II 卩，||g (E、) for n = 1,2,••- yields that 난le limit in (*) 
is uniform. In fact, since || /z ||q ({|/n — /| > e}) -> 0 as n —> 00, there 
exists-a 5 > 0 such that |j /z ||q ({|/n — /( > e} A E) < 5 for S 
and hence q[(s) - f{\f-fri[>e}nE(fn - /)] < e forn = 1,2, • • •.

모o prove (3), since

& 成 Ik (S’)
for E € hence, for n — 1,2, • • - and E E Q

q(⑶ T g - F)야A M q((s) - [ (fn - f)햐*

+ q((s)— [ (fn -

< € +에 0 ||q (S).

Finally, since (s) — J；)fdp, = lim”*。J；)卩，,and q(fE fnd^£) is || 
卩，||q-continuous, uniformly with respect to n, we find that given e > 0 
there exists a d > 0 such that || p, ||q (、E) < 8 yields q(JE £0u) < 
n=l,2, ■■- and q((s) - JE fd/i) < 등; thus if suphE Q((s) — 后 〃糸) < 
f, then II (s)—加 fd卩，||g< 6, and this completes the proof.
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