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MODIFICATIONS OF PRODUCT 
CONVERGENCE STRUCTURES

Sang Ho Park

Abstract In this paper, we introduce the notion of some modifica­
tion of given convergence structure and product convergence. Also, 
we find some properties which hold between the modification asso­
ciated with a product of convergence structures and the product of 
modifications associated with the factor convergence structures

I. Introduction

A convergence structure defined by Kent [4] is a correspondence 
between the filters on a given set X and the subsets of X which specifies 
which filters converge to which points of X. This concept is defined to 
include types of convergence which are more general than that defined 
by specifying a topology on X, Thus, a convergence structure may be 
regarded as a generalization of a topology.

With a given convergence structure q on a set X, Kent [4] intro­
duced associated convergence structures which are called a topological 
modification, a pretopological modification and a pseudotopological 
modification. Also, Kent [2] introduced 하*oduct convergence struc­
tures.

In this paper, we shall study some properties of the p호oduct conver­
gence structure of given convergence structures and their modifications. 
In particular, we will show that the pseudotopological modification of
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the product convergence structure is equal to the product convergence 
structu호e of the pseudotopological modifications of factor convergence 
structures.

Finally, we obtain some inequalities which hold between modifica­
tions of the product convergence structure and the product convergence 
structure of modifications associated with the factor convergence struc­
tures.

II. Preliminaries

A convergence structure g on a set X is defined to be a function 
fi?om the set F(X) of all filters on X into the set F(X) of all subsets 
of X, satisfying the following conditions:

(1) x e q位)for all c C X;
(2) $ C implies q($) C q(W)；
(3) x E q(斐)implies x E q(①「I i),

where x denotes the principal ultrafilter containing {□?}; $ and ① are in 
F(X) Then the pair (X, q) is called a convergence space. If x E q侄)， 

then we say that $ q-converges to x. The filter 岭(，)obtained by 
intersecting all filters which ^-converge to x is called the q-nezghborhood 
filter at x. If 此(z) q-converges to x for each x E then q is said to 
be pretopological a효d the pair (X)q) is called a pretopological space. A 
convergence structure q is said to be pseudotopological if $ ^-converges 
to x whenever each ultrafilter finer than $ ^-converges to x, and the 
pair (X, g) is called a pseudotopological space.

A convergence structure q is said to be topological if q is pretopolog­
ical and for each x e X. the filter 岭3) has a filter base Bq(x) with 
the following property:

y G G(x) e Bg(x) implies G[x) E Bq(g).

Let C(X) be the set of all convergence structures on X, partially 
orded as follows:

< q2 iff %(勁 U qj&) for all $ e F(X).

If qr < ?2, then we say that is coarser than q2, and q2 is finer than
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For any q E C(X))we define the following related convergence struc­
tures, p(q)/(q) and 入(q):

(1) x G p(q)(6) IS x E q(W) for each ultrafilter W finer than
(2) x E vr(g)($) iff Vq{x) C
(3) x € A(q)($) iff Uq(x) C where Uq{x) is the filter generated by 

나le sets U G Vq(x) which have the property: y E U implies U 6 Vq(y\ 
In this case, p(q)j〔(q、) and 人(q) are called the pseudotopological modifi­
cation^ the pretopologzcal modification and the topological modification 
of % and the pairs (X)p(q)))(X jr(q)) and (X,入(q)) are called the 
pseudotopological modification^ the pretopological modification and the 
topological modification of (X, q), respectively.

Proposition 1((4]) (1) p(g) is the finest pseudotopology coarser 
than q.

(2) 7r(q) is the finest pretopology coarser than q,
(3) 入(q) is the finest topology coarser than q.
(4) A(q) < 7T(q) < p(q) < q.

Let / be a map from X into Y and $ a filter on X. Then /($) 
means the filter generated by {/(F) | F € $}.

Let f be a map from a convergence space (X, q) to a convergence 
space (y, p). Then f is said to be continuous at a point x E X, if 
the filter /($) on Y p-converges to /(x) for every filter 由 on X q- 
converging to x. If f is continuous at every point x £ X)then f is 
said to be continuous. Also, f is said to be neighborhood preserving^ if 
*(/3)) = /(此(对).

Proposition 2([6]) If f： (X, q) —> (y,p) zs continuous at x & 
then V^(/(z)) C /(%3)).

Let (X入)q入)be a convergence space, X = PIaga the product of 
sets and P\： X T (X入，q入)the A-th projection for each A e A. The 
product convergence structure g on X is defined by specifying that for 
any x e X and $ e F(X),

x E q(步)iff 33) € 0x(3(由))我 each A G A.

In this case, the product convergence structure q is denoted by JJagA 
and the pair (X, q) is called the product convergence space of {(X* qx) |
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A € A}. The product convergence structure q is the coarsest conver­
gence structure on X with respect to which all projections P\： X 
(X#g入) are continuous ([이). We know that, given a filter ①入 on X入 

for each A e A, the family | 3入 e ①시 € A} has the fi­
nite intersection property. The product filter of {0心 | A G A} means 
the filter on X which has a base the set of subsets of X of the form 
「b沱where B\ E for each A E A and Az is a finite subset 
of A. The product filter of {臥 | A e A} is denoted by 虫入 and 
this product filter $ = JJAgA is the coarsest filter on X such that 
J\($) = fo호 each A e A(See p64, [1]).

The following Proposition 3 and Proposition 4 are immediate results 
of above definitions.

Proposition 3 Let (X入,Q\) be a convergence space, 入 a filter on 
X入 and P\： X = FIaga "셔 Xx the A-th projection for each A e A. 
Then, for a filter $ on X} x E X and q = [Jaga the following hold:
⑴以=月QI杯a臥)•⑵口花“如⑦)c ©
(3) P\ is neighborhood preserving.
U) ILea % (月3)) U Vq{x)(Ifqx is pretopologzcal for each A e A, 

then the equality holds,).
Proposition 4 Let q\ andp\ be convergence structures on X入 for 

each A e A.
If qx<Px for each A € A? then, T[XeAqx < RagaPa-
Proposition 5 ([이) Let (X，>q>) be a convergence space for each 

A G A and (X, q) the product convergence space of {(X，>g入)| A C A}. 
Then the following hold:

qx is pretopological for each Xe K iff q is pretopologtcaL
Proposition 6. Let X人 be a nonempty set for each A G A. Let 
be a filter on X = IIaga^ an(^ 시 be an ultrafilter on X声 with 

M秒 D 下).Then, there %s an ultrafilter /A on X such that M D :F 
andP^M) =

Proof Let $ = (A x nxGA-{M} X入 | 厶 e and B = {4「1 B | 
A 6 B e $). Then, F is a filter base on X. Let W be the filter 
generated by 8 There is an ultrafilte호 人4 on X such that 更 C 人4. 
Then :F C A4, and 垂 c M.
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On the other hand, let G Then x [[入{产} X入)€ C 
更 C 人4, and so E 1%(人4). Therefore M* C Thus, by the
definition of ultrafilter, M卩=耳(人。.The proof is complete

III. Main Results

Theorem 7 Let (X*g*) be a convergence space for each A G A 
and (X,q) the product convergence space of ((Xa??a) | A E A}. Then 
the following hold:

(1) If q\ is topological for each A G A? then q is topological.
(2) q\ is pseudotopological for each X E K iff q is pseodotopological.

Proof (1) Suppose that q\ is topological for each A 6 A. Let 
x E X and f\(x) = x\. Then the filter Vqx (x\) has a filter base Bqx (亿人) 

with the following property: yx eG\ e Bqx(x\) implies G\ 6 Bqx (j/a)- 
Let Bg(x) be the family of subsets of X of the form QA€A, 我'(B人)， 

where B\ E Bqx(x\) and A7 is a finite subset of A. Then Bq(x) is the 
filter base for the product filter f]AeA Vqx (x\). Since q\ is pretopologi- 
cal, JJAeA I領(©x) = Vg(x). Therefore, Bg(x) is the filter base for Vq(x). 
Let y e G E Bq(x) and G = p|AeA/ Px~1(Ba), where B\ G Bqx (x\) and 
Az is a finite subset of A. Then y E Fx~1(Ba) and hence P\{y) E B\ for 
each A € N. Thus, B\ e Bqx(P\(y)) and G G Bq(y). Consequently, q 
is topological.

(2) Suppose that q入 is pseudotopological for each A € A. Let $ 
be a filter on X = X\. Then x E q(M) for all ultrafilters M
finer than $ on X. Then P人(建)W q入(gx*。)for each A 6 A. Let 
Mx be an ultrafilter on X入 with Mx 二)F\($). By Proposition 6, 
there is an ultrafilter Mf on X such that M D $ and Px(Mf) = A4a- 
Thus, P\(x) e qx(P\(Mf} = Since q入 is pseudotopological,
we obtain f\(x) e q乂孩(①))for each A e A. Thus, x e q($), and so 
q is pseudotopological.

Conversely, suppose that q is pseudotopological. Let 鱼入 be a filter 
on X\ and x\ € q)(・Mo) for all ultrafilters 人4o finer than 臥.Take a 
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filter 更 on X as follows ;
更= I】0, 0 以for二入， 

££ l xi f°r % + 人,

where :砺 € X』.

Let At be an ultrafilter on X finer than 更.Then, RJM) D 投縛)= 

饥 for each i 6 A. Thus, we obtain that %(R(M)) D g」R(W))二条⑷) 
and xz e q「z⑷)for each z e A — {A}. Also, x\ e g，x(3(其4, since 
R(人4) is an ultrafilter finer 나lan Therefore e (Al)) for
each i 6 A. Thus, x = (Xi)teA € q(jM). Since q is pseudo-topological, 
we obtain x = G g純).Thus, P加)=£入 e 更))=

?a(^*a)- Consequently, q\ is pseudotopological. The proof is complete.

The following Theorem 8 means that the pseudotopologi< al modi­
fication of the product convergence structure is equal to the product 
convergence structure of the pseudotopological modifications of factor 
convergence structures

Theorem 8 Let (X入”(q入))be the pseudotopological modification 
of a convergence space (X入,q入)for each A E A. Then p(J [AgA q*)=

-
Proof By Proposition 1, Proposition 4 and Theorem 7. it is clear 

that pdlxeA ?a) > IIxeAP(?A). We show that pCJIaga ?a) < H人waZ^Qa). 
Let T7 be a filter on X = and x € (卩入£知°(况)0 Then,
x\ G P(qx)(Px(O for each A G A. Let A4 be an ultrafilter finer than 
:F、Then 女(人")D P〉〈» and so is an ultrafilter on X入.Thus
xx e qx(P*(人4)) for each A G A. Therefore, x e (H入財彳入)(人Q 히记 
37 €。(立入€展入)(/))•

Consequently, we obtain that Haga P(9a)(^) U (闻丄沱展点侦)， 

that is, P(IIaga?a) < 11人€知°(以)・ This proof is complete.

Theorem 9. Let (X入，穴(q入))be the pretopologzcal modification of 
a convergence space (X^q入)for each A € A. Then the following are 
equivalent:

(a) IIaeA ^(^a) = ^(IIagA^)
(b) 勺9『(찌 = 11入話%(月3))for each xeX = ]丄沱 人.
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Proof Let q = Ha€a q〉、and q* = [Iaga 兀(命).
(a) => (b): Suppose that q* = ir(q), that is, g*($) = 7r(q)($) for ev­

ery ① 6 F(X). Consider that q*($) = {x E X \ G 7T(g入(①))

for each 人 £ A} = {c € X | V■、(月(c)) C P\($) for each A G A} and 
7r(q)($) = {a; e X I Vq(x) C $}. Since q*($) = 7r(q)(①)，we obtain 
that

此〉(3(c)) C Px(^) for each AgA iff Vq{x} C ①.

By Proposition 3, l頌(R(:r)) C R(IL話 ％(R(@))for each A G A. 
Thus, Vg(x) C IIa€A % (33)) and so Vq{x) = fixe A 吃(3店))•

(b) =》(a): By Proposition 1, Proposition 4 and Proposition 5, it 
is clear that q* < 穴(g). Suppose that Vq{x) = [1入时」么(3(z)) for 
each A 6 A and x E X. Let $ e F(X) and y 6 Then P\(y) € 
7r(q〉、)(R(①))and l或(孩(g)) C R傍彳 for each A € A. Thus, Vq(y)= 
IL沱a%(RU/)) U [I心 R(①)C $ and 7/ e ?r(q)(勁.Therefore, 
q*(①)C 7r(q)($) and so 7r(q) < q*. Consequently, q* = 7T(q).

Finally, we obtain the following Theorem 10

Theorem 10 Let (XA, A(qa)),(Xa9 穴(q人))and (X入/(q入))be the 
topological, the pretopological and the pseudotopological modification of 
a convergence space (X入,q入)for each A E A, respectively. Then the 
following hold:

(i) n 시0入) < NH qx) < 7r(n q〉、' 
Ac A AC A 入 WA

⑵ n *(q 人) < n ”s)% 지 h q 心
AeA Aga Aga

<p(n^=n 心)-n 时 

AG A AG A AG A
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