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NEW BOUNDS FOR A PERTURBED 
GENERALIZED TAYLORS FORMULA

P Cerone and S S Dragomir

Abstract A generalised Taylor series with integral remainder in

volving a convex combination of the end points of the interval under 

consideration is investigated Perturbed generalised Taylor senes are 

boun거ed m terms of Lebesgue p-norms on [a, d]2 for : [a, 6]2 -T ]破 
with = /(t) 一 /(s).

1. Introduction

In the recent paper [1], Matic, Pecaric and Ujevic proved the follow
ing generalised Taylor's formula.

Theorem 1 Let {/*}亦n be a harmonic sequence of polynomials, 
that is

(1.1) 已(t) = &_«), R)(t) = 1, t e R, n e N, n > 1.

Further, let I CIS. be a closed interval and a E I. If f : I is any
function such that for some n € N, /(피 absolutely continuous, then 
for any x E I
(1.2)

n
f(c) = /(«) + £(T)5[月(时州如；)一 pfe(a)/W(a)] + En(f;a,x), 

k=l
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where
原(/；叮)=(-1)"「Pn(t)fS+D(t)dt. 

J a
They also pointed out the following bounds for the remainder Bn(/; •, •).

COROLLARY 1 With the above assumptions, we have the estima
tions

(1-3) \Rn(f；a,x)\
' II/시18II•八”+D111 provided /(n+1) G Li[a,x],

<< ||-F^||g||/(n+1)Up provided /(n+1) e Lp\a,x\, p > 1, * + $ = 1,

、||^||i||/(n+1)||oo provided e Loo[a,a；],

where x > a and || • ||s (1 < 5 < 00) are the usual s—Lebesgue norms. 
That ts,

l|g|b ：= (/ |g(圳w) , s e [1,00)

and
Halloo ：= ess sup |g(圳.

姐 a, 죄

In this paper, the above results are evaluated for a specific poly
nomial Pp0) which involves a convex combination of the end points. 
Further, a perturbed generalised Taylor's formula is developed from 
which bounds are obtained in terms of Lebesgue p—norms on [a, b]2 for 
/a : ⑷ 이2 —> R with = /(t) — /(s). The results presented are
an improvement on the pre-Griiss inequalities in [1] both in terms of 
the sharpness of the bounds and also in terms of the wider variety of 
norms. The results are applied to the polynomial involving a convex 
combination of the end points.

2. A Polynomial Involving a Convex Combination of the End Points

If we choose

(P) R(t) ：= 技[[* — (人。+ (1 — 시2시", 
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then, by (1.2), we obtain the representation

/(-)=协)+史㈠二(I心海侬修) 

fc=l

+ (-1)*(1-시/%)]

X\t- (Aa + (1- 시：圳”3+1)("成,

(2.1)

+

2kk\

-宇)”广H)(t)此

which generalises the following result from [1] (obtained for A = |)
(2-2) fe I fe
5= f («) + E (크當 R 何㈤ 3) + (一1尸】 弯 (a) 

fc=l

UH
If we apply Corollary 1 to the polynomial defined by (P), we can state 
the following theorem.

THEOREM 2 Assume that f is as in Theorem L Then we have the 
inequality

(2-3) 1/(®)-/(a)

2— 引
k=i

(z - «) rAfcy(fc)(时 + (T)*+1 (1 — A)fe 丿仆)(a)

，寿饥一@)"[*十|入一*『||广+1)||1 if /3+D V Lja, 씨;

一i一r (x - a)서W f(l - A)nq+1 + 入g+1] 司 |Lf(n+L)lip 
*(nq+l)q L

弓 if /(-+1)e Lp[a,x], p > 1,，蓦=1；

而("- a)* [(1 - A)n+1 十烂+l] |顷*)||8

、if /3+1)e £。。标,끼.
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Proof. We have

II 이 |8 = * sup (M+ (1 — 시 z)|”

I ln
=—sup \t — (Aa + (1 — A) re) I

n! Lt€[a,x]

= 纣maxx{Xz + (1 — A) a: — a^x - (Aa + (1 — 시 矽}]” 
n!

=丄(⑦ - a)n [max(l — A, A}]n 
n!
号(…)”[捉卜卯

and so

(2.4) II 이間 = § (z 一 a)” ；+入-釦

and the first inequality in (2.3) is proved.
In addition, as

件니烏 =

*
\t — (Aa + (1 — A) x)|nq dt

1 q

Aa+(1—A)ie

(Aa + (1 — A) — t)凹 dt
1

+ r (机-(乂+(1_入)：矽)服

J 入a+(l—A)x

(1—A)(x一a) 广
nflqdu + /

Jo

1
•X(x—a)

v^dv1
0

and so

广q+l * 入nq+1 

nq + 1
(2-5) II이|q = § (C — °)E &二스

I LI 』

I



TAYLOR'S FORMULA 201

the second inequality in (2.3) is also proved.
For g = 1, the assumptions are obvious and the theorem is thus 

proved.

Taking into account the fact that the mappings fi (A) = [* + | 入 一 * )
r r I

f2 (A)=[(]—入)凹+i + 入g+i q and /3 (A) = (1 — A)n+1 + An+1 are

convex and symmetrical about we may deduce that 

inf fz (X) = £ 
入印, 니

(；), "=1,2,3

and then, the best inequality we can get from (2.3) is embodied in the 
following corollary.

Corollary 2. Assume that f is as in Theorem I. Then we have 
the inequality

(2-6) 了 (f (a) - £ (-l)fe+1 뜨涉 何저) (z) + (-l)fe+1 於) (a) 

k—1 ,

f 2聂(z-Q)”||/g)||i；

<

沪히肿 叫 Ip

矿 /(n+1) € Zp 0, 씨 , 0 > 1, ^ + | = 1；

、(n+I)>2-(x - a)저」||/(n+1)IL 咨 /(n+1) e Loo [a,：끼 •

Proof Taking A = | in (2.3) readily produces the stated result 
(2.6).
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Corollary 3 Let f have the properties stated in Theorem 2・ Then 
the 讯equ이itg

S) —亦)—史片의与(%)

K\ fc=l

' •等 II广+叫|1， N+i)씨 ;

v 仔으흐"어刊 p，广+】)共*,씨,

<C n((ng+l) 9 ”
— P>1,5+ 东=1;

危" g+“8, 广+也金涂，씨.

holds.

Proof Taking A = 0 recaptures the classical Taylor series expan
sion above in terms of the Lp [a,x], p > 1 Lebesgue norms (see for 
example, Dragomir [4]).

If we apply Theorem 2 for f (x) = J： g (u) du and then choose x = b, 
we obtain the following trapezoid like inequality.

THEOREM 3 Assume that the mapping g : [q, 이一is such that 
g(n-T) is absolutely continuous on [a, b\. Then we have the inequality

(2.7) (寸*矿

X
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<<

〔吝07)催니入 Tin；(끼 k； 
11

(]_入严+1 +入g+平"叫p

lf g㈤ £ Lp [a, 6], p > 1,，蓦=1； 

(1 - A)re+1 + An+1] ||g3)||

―(b 一 a)n+> 
72」(凹+1) q

品"- «)n+1 

、if p(n) e 乙8 血,씨 .

oo

The following corollary contains the best inequality we may obtain 
from (2.7).

Corollary 4. With the assumptions as %n Theorem 3, we have the 
inequahty:

(2-8) j： g (t) (-l)fe+1 %普 [时t) ⑴ +(_i)바】 gd) ⑷

'矗(b-a)”||gS)|k；

M再 (b — a)財치|g(叫I. if g(“)e Lp [a, 이 , 

0>L 5驾=1； 

if g㈤ e Loo [a, ；히 .

<{

、(7너-;)" (b - «)n+1 |切叫8

Remark 1 The results m Theorem 3 and Corollary 4 can also be 
obtained from the 3 point quadrature formulae developed in the recent 
paper [3] by Cerone and Dragormr. We omit the details. Further) 
taking A — 0 zn Theorem 3 gives a representation of an integral in 
terms of a polynomial expansion about the end point a.
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3. Some Preliminary Results Involving Lebesgue Nbrms on [a, &]2

For f E Lp [a,6] (p 6 [l,oo]) we can define the functional

}”？：=(/ / Lf (t) 一 f 值计勺必)

and for f € [a, 이 , we can define

(3.1)

(3.2) ||j唸：=ess sup /(s)|
(t,s)€[a,fe]2

If we consider /△ : [a,可 —> R,

(3-3) /A(i,s) = /(t)-/(s),
then, obviously

(3.4) ll/ll? = 11/세p, pe [l,oo],

where,||-||p are the usual Lebesque p-norms on
Using the properties of the Lebesque p-norms, we may deduce the 

following semi-norm properties for || •蹌 ：

(i) ILfll? > 0 for / 6 Lp [a, 이 and ||/||? = 0 implies that / = c (c 
is a constant) a.e. in 叵이:

00 \\f + g\\p < ll/llp + ll^ll^ if £养玲叵이:

(iii) ll/llp •
We note that if p = 2, then,

"지, =(/ / /(') 一 /(司2疯s)

「 1 *
=、& 0 — @)11/此 一/

If f : [缶이 —> IR is absolutely continuous on [a, 6], the요 we can point 
out the following bounds for ||/||^ in terms of
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Theorem 4 Assume that f : 旗이 —> R is absolutely continuous 
on [a, 6].

(i) If p G [1, oo) then we have the inequality

(3-5) ll/llp < <

1 , 1+2
2 卩(b_a) p II Il

[(冨)3+2 展 8,

(2/32)*(z—a)吉+，읍 I,

[(p+/3)(p+20)]* °，

(b-a^WfW.,

if f e Loo [a, 이 ；

if f € La [a, 이 ,

a > 1，£ + * = 1； 

if feLrl^b].

(ii) If p = oo, then we have the inequality
(3-6)

'(&-«)iiriioo， re Loo [«, &]；

J (b — a淀 B尸IZ , if f E La [a,b\, a > 1, = 1;
、II广卜

Proof. As / : |a, 이 —> IR is absolutely continuous , then f(t) — 
f(s) = f'fu^du for all t, s € [a, &], and then

(3-7) |/(i)-六划
'I—이旧叫8 广£乙80,이;

= | /“)血 项 I헤几，订 广 이,

L/s Q > 1, £ + B = 1；

、II尸111 if /隹 以 이 .

and so for p G [1, oo), we may write

典)”(s)|P
' 竹 一 이P II•尸唸 if Loo [a,b]-

J I* 一 이。ll/^la， if C 乙a [a, 이 , Q > 1, £ + * = 1；

、Ilf狀 if feLita,^.
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and then from (3.3), (3.4)

11/'118(/*£* - 이电必)5 if f e Loo (a, b] 

(38)时仔〈< 修站以 if f eLa\a,b' ,

I Q > 1，

< H/'lll (fafadtdS^ if f £ il -

Further, since

1
\t — s\pdtd.

1 p

a=Ua —

_ 2p(&- a)

"a)2* + 0 - 頒口
. ，+1

[(p + l)(p + 2)]p，

giving
J

£
\i

(2/32)p(&-a)l

0jP 삐 °=(E) 으, 

we obtain, from (3.8), the stated result (3.5).
Using (3.7) we have (for p = oo) that

' IL尸I〔8 ess sup K 一 이
(*,s)e[이雅

II/IIS <<
（（6-«）nnioo

明 m 湿시「"= 七。）히皿

iirik 
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and the inequality (3.6) is also proved.

4. New Bounds for a Perturbed Generalised Taylor's Eorm니a

Using the following pre-Griiss inequality (see[l, Lemma 1])

Lemma 1 Let a < x and let g^h : \a7x\ T IR be two integrable 
functions. If

(4.1) § < g(t) < $ for a.e, t G 0, 씨)

then

1 ,---------
(4-2) |T(p,九)| <-($- 6寸典商),

厶

where T(-, •) is the Chebydhev functional on \a^x\, that is we recall

1 rx 1 rx rx(4.3) TM:=--fa如M膑-声守丄顺J。喚、)此

Matic, Pecaric and Ujevic proved the following generalised Taylor's 
formula (see [1, Theorem 3]).

Theorem 5 Let be a harmonic sequence of polynomials.
Let J C R fee closed interval and a E I. Suppose that / : I -> IR Z5 such 
that 件、)标 absolutely continuous. Then for any x E I we have the 
generalised Taylor Js perturbed formula

(4.4) ~ ~
/(z) = Tn(/； a,x) + (—1尸卩％+1(%) - /^+1(a)][/(n) -,a,x] + Gn(f; a,x~), 

where

n

(4-5) 亦(丿厲, 찌 = f(a) + £(-甘+1田由)/闵 3) — R0)严)(础 

fc=l
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and
jS)(z)-N)(q)

x — a '

For x > the remainder satisfies the estimate

(4-6) |<額(小*)| < 彳으/UR, 耳)叩)-씨/],

where

(4.7) r(o：) : sup v oo, 乂对:=inf ■八”+D(s) > —oo.
쩌 *£[a, 끼

In the recent paper [2], by the use of the following representation

(4.8) (算 (/;a, 찌

= 法쁘 £ [") 一 R(s)) (广+i)⑺ - 广+%))如s,

S.S. Dragomir improved the inequality (4.6) as follows
(4.9) I
\Gn(f-,a,x)\ < [— N+i)2_(｛广)，的时平，

x — a 2

provided that /(")e L2[a.x].
If G Loofa,^] C L2 [a3;](and the in시usion is strict), then indeed

-4- /(n+1)」([广),Q,씨)2 —g))2
Ju U 2 Q

and so (4.9) is a refinement of (4.6).
In this paper, we point out some other bounds for the remainder 

G(/;a,a?) in terms of the seminorms ||一이|? , ||・八저~叫|? where p>q E 
L。이.

The following theorem holds.
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Theorem 6 Let f : I R such that 忡 is absolutely contin
uous, Then for any x E I we have the representation (4*4) and for 
x > a we have an estimate for the remainder given by:

(4.10)
，洁R 끼 I? 俨+% 

厶(a)

\\Gn(f-,a,x)\\ < < 点헤이I斜广+】)||?

< 2i\X — CLj 

if /(n+1) G L^a.x]-

if /(n+1) e Lp[a,x]-, 

if /(n+1) e Lr[a,x\.

Moreover^,

ll/(n+1)llp < <

i 1+2
\||广+2)膈

[(p+l)(p+2)]P
„ 1 1-1-2

@並으也으1으Ull f<n+2)IL

[(p+0)(p+2R)W a

I (c 一 a) 히 1/3+2)||i, 

where p e [l,oo) and
'3 —a)||/("+2)||8 if

(z —a) 히 I 广+2)II” if
II 舟+%> J

、II 广+2)h if

if /("+2) c Loo [a,时；

if 广+2)e La [a, x],

Q > 1, i + J = i;
if ■八서-2) € £] 0, 끼 ,

jM+2)€乙，。0,씨;

f(n+2^ €La [a, x],

Q > 1, 1-二§ = 1； 
a p

/(ra+2) € L1 [a,x],

(4-11)

II끼I? <

2*3 — a)i+3 
[(q + l)(g + 2)卩

詈뜺歸 5
（X - a）« if f^n+2} ELX [a, x],

||-fn—1 ||oo；
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whei^e q G [l,oo) and

'(c-q)||Rt||8；

(4.12) ILF시修 V < (z — a)*||R_i||6 if 70 > 1, : + ； = 1；

Proof Use the representation (4.8) to get

金 (丿厲, 이 弓"— a) \Pn(t)-Pn(s)\ 

卩S+L) (*) _/(n+l)⑶ dtds.

It is obvious that if /(서」) e Lg [a, x], then

M ： = la /a^Pn ⑺ 一 (이 I广⑺ - /("+1)(司| dtdS

< ess sup l/(ra+1) (t) - jSl)(s) f f \Pn (t) - Pn (s)| dtds 
(t,5)€[a,6]2 * Ja Ja

니 B?lll 於+叫修.

Using H61der5s integral inequality for double integrals, we have
1 

m < (J： j： b (t) - pn 佰平'

/(n+1)(七)-/S+1)(S) P dtds

니 I 砒W 广+叫1会

1

and, similarly,
MVII&錦I•八 g)||?.

For the second part of the theorem, we apply Theorem 4 for /^n+1^ 
and Pg taking into account the fact that R(t)=J%_i(t).
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Corollary 5 Let I C K. fee a closed interval and a € I. Moreover, 
suppose that / : Z —> R 25 such that /(")is absolutely continuous. Then 
for x E I and X e [0,1] we have

n / \k
(4.13) (a) 一 £ (-l)fe+1 佥科

Hi • k—1
x [Afe/(fe) (찌 + (-l)fe+1 (1 - A)fe 舟) (a)]

+뜨* [An+1 + (-l)n (1 - A)n+1] 何3)(z) - /闵 (a)]

' 切||卢十1)£ if 广+1) 共8 0, 시 ;

Bqll/S+1)： if e Lp [a, x],

시 IN+D? if 广+1)€如"끼, 

where, for 1 < q < co

匕q气爲］［* + |入—日］”1

(4-14) Bq = <
(…广r

*q (n-i)!

(1 _ 入)(nT)$+l * 人(皿_瑚+1

(n — 1)5 + 1

15

1 1 一 ° 、
刁+片=1,眼5>1,

6*等[(1-시" + 她,

with

(4.15)

i — 1 2' 、丄+ 2 — 1
by q = —一泌@二으.—, 1 < 7 < oo and

' l(?+7)(q+27)]«

b°o,q = * (z _ a)^-1
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and
'#""1 시广',

(4.16) Boo = I 1(1)1『(i-»st)3+iqSt)6+i] + 丄 + 丄=i 〜
2 (n —I)1 (n—? 7 ' 5

、*等[(1一시”+入”]・

Proof Rearranging identity (4.4) and taking the modulus gives 
the remainder for the perturbed generalised Taylor series G(/;a,o:) 
bounded by expression (4.10). Taking Pn (t) as given by (P) readily 
produces the left hand side of (4.13).

Now for the bound. From (4.10) with Pn (t) as given by (P), we 
have I田』? and ||_F시defined in terms of and IIR—ilL*
in equations (4.11) and (4.12) which are as defined in (2.4) and (2.5) 
respectively. Thus, substitution of (2.4) and (2.5) into (4.11) gives, 
on utilizing (4.10), the first two inequalities in (4.13) with Bq being 
defined by (4.14) for 1 < g < oo. Substitution of (2.4) and (2.5) into 
(4.12) gives, on substitution into (4.10), the last inequality in (4.13) 
where Boo is as given by (4.16).

Corollary 6 Let the assumptions of Cot이lary 5 hold. Then 
the following inequality is valid. Namelyf for /(서」)zn the obvious 
Lebesgue norm on [a,x]

(4-17) -/(a) - £(-l)fe〜縮5애%) + (时
fc = l

卷긾静誹 -"%) - /(n)(«)]

( 田LN+비%
< < 히1广+叫1会;

I瓦oll/3+叫恰, 
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where, for 1 < g < oo,

/ \n—1(z — q)
I'，2n~l (n - 1)!

~ b (z - a)"T+*
瓦7 = < 7,9 2^-i ((n - 1) <5 + 1)^ (n - 1)!

(a：- a)n
沖顷二顽

、b 刃 are as defined by (4.15)

1 1 . r , 
刁+片=1, %S>1

and
角二으1愼_・2^(71-!)'，

Boo = < ——二으^——, 1 + i = 1, 7,5 >1;

(i須7
—27顽—.

PROOF. Trivial. Taking 入 = * in Corollary 5 readily gives the 
desired results.

REMARK 2 It should be re~emphasised here as stated after Theorem 
2 that the sharpest bound that can be obtained by restricting A m ("..13) 
is to take 入=*. That ts, the results of Corollary 6. Furthermore, for 
n even %t may be noticed from(시 T) that there is no perturbation m 
the Taylor series.
In addition, note that coarser bounds may be obtained by using the 
results of Theorem 4 or 6 and so || < KPip ||/^n+2)||a , where
p > 1 and a > 1 with ' + * = 1 and 寿 + * = L

Corollary 7 Let J C R a closed interval and a G Z. Further, 
suppose that / : I ―> R. and is such that f (끼 %s absolutely continuous. 
Then we have for /('너」) in the obvious Lebesgue norm on [ayx]
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(4.18) / (x) - / (a)-
£ y 幻(a) + (T)" #帯•八(z) 

fc=l

<

'硏IIN+噬； 

찌"+叫 f;
、啲如+叫f,

where, for 1 < q < 00

A，沪 T.

byQ―^二으^——-一一r, 丄+ § = 70〉1;

h
°8,q —汨一

with 妬应 and b。％ as given by (4.15). Further,

3—a广 I2(n-l)f 〉

B為 (©—a)”】------------- 匸 丄 + % = 1 7, <5 > 1;

(『-a)”
2n»

Proof Taking A — 0 in Corollary 5 produces the results as stated 
after some minor manipulation.

Remark 3. The result (4.18) represents a perturbed Taylor series 
expansion about a pomt x = a together with the evaluation of서t) (企) 
involved in the perturbation. The bounds are given m terms of the 
Lebesgue p-norms on [a, 6]2 for /△ : [a, 6]2 —> R where /a (i, s)= 
/ (t) — / (s), as introduced m the current work.
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