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SOME MAJORIZATION PROBLEMS ASSOCIATED
WITH p-VALENTLY STARLIKE AND CONVEX 

FUNCTIONS OF COMPLEX ORDER

Osman Altinta§ and H. M. Srivastava

Abstract The mam object of this paper is to investigate several 

majorization problems involving two subclasses Sp,q (7) and Cp)q (7) 

of p-valently st ar like and p-valently convex functions of complex order 

丁 尹 0 m the open unit disk U. Relevant connections of the results 

presented here with those given by earlier workers on the subject are 

also indicated

1. Introduction and Definitions

Let the functions f (z) and g (z) be analytic in the open unit disk

IU := {z : z £ C and \z\ < 1).

Following the pioneering work of MacGregor [6], we say that f (z) is 
majorized by g (z) in U and write

/(z)《g(z) (z e U) (LI)

if there exists a function * (z), analytic in U, such that

g(2시 W 1 and f (z) = 9(z)g(z) (2 e U). (L2)

The majorization (1.1) is closely related to the concept of quasi­
subordination between analytic functions in U, which was considered
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recently by (for example) Altinta§ and Owa [1]. Altintag et 이. [2], or^ 
the other hand, investigated several majorization problems involving a 
number of subclasses of analytic functions in U. In the present sequel 
to the work of Altinta§ et aL [2], we propose to investigate the cor­
responding majorization problems associated with the classes (7) 
and CPiq (7) of p-valently star like and p-valently convex functions of 
complex order 7 7^ 0 in U, which are introduced below.

Let Ap denote the class of functions / normalized by

00
•/《)= #+ Z 必孝 3eN:= {1,2,3,...}), (1.3)

n=p+l

which are analytic and p-valent in U, Also let

A ：=瓦. (1-4)

A function f e Ap is said to be in the class SPig (7) of p-valently starlike 
functions of complex order 7 7^ 0 in U if and only if

叫时帝浩 5)}＞。 (i-5)

(z € U; p € N; q G No ：= N U {0} ; 7 e C\ {0} ; ]2了 一但 + q] g 0 — Q), 

where, as usual, /(必(z) denotes the derivative of f (z) with respect to 
z of order q e No・ Furthermore, a functipn f E Ap is said to be in the 
class Cp,q (7) of p-valently convex functions of complex order 7 7^ 0 in 
U if and only if

叫E(需券5}＞。 A)

(2 e U; p e N; q e No； 7 e C\ {아 ; \2y -p + q\ ^p- q).

Clearly, we have the following relationships:

Si,o(7)= S (7) and 门。(7) = C (7) (7 G C\ {0}), (1.7) 
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where S (7) and C (7) are the classes of starlike and convex functions 
of complex order 7 7^ 0 in U, which were considered earlier by Nasr 
and Aouf [8] and Wiatrowski [12], respectively, and (more recently) by 
Altinta§ et al. [2] (see also Aouf et al. [3]). Moreover, it is easily seen 
that

Si,q (1 — 사!) = S (1 — a) = S* (a：) (0 冬 q V 1) (1.8)

and
Gl,o (1 — q) = C (1 - q) = K： (ck) (0 a < 1), (1.9)

where <S* (a) and K，(a) denote, respectively, the familiar classes of 
(normalized) starlike and convex functions of order a in U, which were 
introduced by Robertson [1 이 (see also Srivastava and Owa [11]).

2. Majorization Problems for the Class SPjq (7)

We first state and prove

Theorem 1. Let the function f (z) be in the class Ap and suppose 
that g € Sp^q (7). If /(히)(z) is majorized by g9)(z) in U for q G No, 
then

/(q+】)(z)w g(q+i)(z) (I끼 Wn), (2.1)

where

n = ri(0,q；；)：=
k，- - 4 (p - g) |27 - p + q\

2\2^f-p + q\ (2-2)

3 := 2 + 0 — q + |2了 一 ？十 q|; p f N; q 6 No； 7 £ C\ {0}).

Proof Since g G SPtq (7), we find from (1.5) that, if

"):=] + ：(裕(。) * 一 0 + g) (7 e C\ {0}), (2-3)

then
洸{/z(z)}〉0 (zCU) (2.4)



178 OSMAN ALTINTAS AND H. M SRJVASTAVA

and
" 伝)= 芒쁘* 伽 eQ)， (2-5)

where Q denotes the well-known class of bounded analytic functions in 
U, which satisfy the conditions (c/., e*g, Goodman [5, p. 5이):

w (0) = 0 and \w (z)| W \z\ (z £ 叮). (2.6)

Making use of (2.3) and (2.5), we readily obtain

zg(q+i)(z) = 0 — g+ (2”y —p + g)z〃(z) f2 7)
g(q)(z) — l-w(2) ' ‘ 丿

which, in view of (2.6), immediately yields the inequality:

g(q)(z) <--------저"지 1 I I 9{q+1} (z) (2 G U). (2.8)
、~ P-q~\^~p + q\-\z\ m k

Next, since 扑)(z) is majorized by g(4)(z) in U, from (1.2) we have

/(q+L)⑵=9 (z) g(q+i)(z) + M ⑵ g(q)(Z)e u). (2.9)

Thus, observing that 9 e Q satisfies the inequality (cf. Nehari [9, p. 
168]):

IR ⑵IW 늑衅麥 (非 U), (2.10)
1一 I끼

and applying- (2.8) and (2.10) in (2.9), we get

k(q+D(z)| < + [二一一伊 이 F---------- (1 土I기) [긔---- )
卩 <丿|一侦四丿1十「十|2 p-q-\2y-p + q\-\z\)

• g(q+i)(z) (zeu), (2.11)

which, upon setting

|z| = r and |<p(2시 (0 p 1), (2.12)
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leads us to the inequality:

/Cq+1) (z) W 石一一一一희架----9色句 (z) (z £ 叮),
(1 - r) (p - q - \2y - p + q\r)

(2.13) 
where the function 0 (p) defined by

0 (p) := —rp2 + (1 - r) (p - q - \2y - p+ q\r) p + r (0 W P W 1) 
(2-14) 

takes on its maximum value at p = 1 with

r = rt (p,q；y)

given by (2.2). Furthermore, if

0<a^r!(p9q；7),

where Ti (p, q；7)is given by (2.2), then the function A (p) defined by

A (p) := 一 C + (1 — a) (p — q — \2^y ~ p + q\a) p + a (2.15)

is seen to be an increasing function on the interval 0 p 1, so that

A (p) A (1) = (1 — b) 3 — q — 127 —卩 + q|b)

(o 冬 pW 1； 0 <ri(p,q；7))-

Hence, by setting p = 1 in (2.13), we conclude that the assertion (2.1) 
of Theorem 1 holds true for |z| 冬 ri (p, g；7), where ri (饱 g；”y) is given 
by (2.2). This evidently completes the proof of Theorem 1.

In view of the first relationship in (1.7), a special case of Theorem 
1 when p — 1 and q — 0 yields

Corollary 1 (Altinta§ et al [2, p. 211, Theorem 1]). Let the 
function f (z) be in the class A and suppose that g E S (7). If f (z) is 
majorized by g (2) in U, then

(z)|W|g'(z)l (I끼 WRi), (2.16)
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where

Ri = （7）：= 2|27-1|
(2.17)

Several further consequences of Corollary 1, involving such familiar 
classes as (see, for details, Duren [쉬 and Goodman [5])

S* ：= 5* (0) and JC :=JC (0) (2.18)

were given earlier by- MacGregor [6, p. 96, Theorems IB and 1C] (see 
also Altinta§ et al. [2, p. 213, Corollaries 1 and 2]).

3. Majorization Problems for the Class CPjq (7)

The proof of our next result (Theorem 2 below) is based essentially 
upon the following

Lemma. If f E CPjq (7) (7 e C\ ｛0｝), then f e Sp,q (*了)，that is,

Cp,q (7) C Sp,q (9)(7 € C\ ｛아) • (3.1)

Proof. Since (c/., e.g.，MacGregor [7, p. 71])

/ G /C =＞ / E S* (3-2)

or, equivalently, since

叫i亨詈｝ ｛等｝ W °如，

for f(2)I一＞ F、디) (?) (q e No) with f e Apj we have

찌 i +苇崙

=》叫1"쓰普-d｝＞：(心)，

(3-3)

(3-4)
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which readily yields the assertion:

쁘-宀+」느器

=스’ 1 + 常*) * q = 温而)(心). (3.5)

Now, by making use of (3.5) appropriately, it is easily seen that

l + lfl + 力心汁 2)(Z) ) = T +(T —2)w(z)
7 \ M (z) q) y[l + w(2시

.T ■ 2 /消SH) (z) _ \ 7 + h —2)s(z)
7 \ /⑴(Z) q) ~ 7[1 + W(2시 (w e 9),

(3-6)
N)(z)

and the desired inclusion property (3.1) follows immediately from (3.6) 
in view of the characterizations (1.5) and (1.6) for the function classes 
&q(7)and Cp^ (7), respectively.

Theorem 2. Let the function f (z) be in the class Ap and suppose 
that g € Cp^q (7)- If J® (z) is majorized by g© (z) in V for q E No, 
then

住+1)(시 却色+i)(채(I끼 5), (3.7)

where

r-2 = r2 (p, q-, 7)：=
« -一 4 (0 - q) |”y - 0 + q| 

2\y-p + q\ (3-8)

(/I := 2 +p- q+ |7 _P + ?| ； P G N; q G No； 了 {0}) .
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Proof In view of the inclusion property (3.1) asserted by the 
above Lemma, Theorem 2 can be deduced as a simple consequence 
of Theorem 1 with 7 1一>

By setting p = 1 and q ~ 0, Theorem 2 yields

Corollary 2 (Altinta§ et al. [2, p. 214, Theorem 2]). Let the 
function f (z) be in the class A and suppose that g E C (7). If f (z) is 
majorized by g (z) in U, then

|F(z)|W|"(깨 (|z|WR2), (3.9)

where ~

R R ( 、 3+ |7- 1| - \/9 + 2|7-1| + |7-1|2
糸=月(7)：=--------------------2|丁_1|-------------------- . (“°)

Finally, in its limit case when 7 ——> 1, if we make use of the 호ela- 
tionship [c/. Equations (1.9) and (2.18)]:

C (1) = /C (0) =: /C, (3.11)

Corollary 2 further yields

Corollary 3 (c/ MacGregor [6, p. 96, Theorem 1C]). Let the 
function f (z) be in the class A and suppose that g £ KL If f (z、) is 
majorized by g (2) in U, then

I广(깨冬 |# (z)| (I기 (3-12)

In view of the inclusion property (3.2), Corollary 3 can also be de­
duced fi?om Corollary 1 by letting 7 ——> | (see also Altintag et al, [2, 
p. 213, Corollary 2]).
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