Honam Mathematical J. 28(2001), No. 1,pp. 59-66

TOPICS ON FUNDAMENTAL
TOPOLOGICAL ALGEBRAS

E. ANSARI-PIRI

Dept. of Mathematics,
Faculty of Science, Guilan University, P.O.Boz 1914, RASHT,IRAN.
E-mail: eansari@cd.gu.ac.ir

Abstract. A class of topological algebras,which we call it a fundamental
one, has already been introduced to generalize the locally bounded and locally
convex algebras. To prove the basic theorems on fundamental algebras, the
first successful step is the new version of the Cohen factorization theorem.
Here we recall it and prove some new results on fundamental topological
algebras.

1. Introduction

In [1], the author introduces a new class of topological algebras
(namely fundamental one), to generalize the meaning of locally
bounded and locally convex algebras. A natural question is to
ask for generalizing the basic results on this new class. This is of
course a wide question and the first successful step answering it,
has already been down in [1]. In fact, we have proved there the
most famous Cohen factorization theorem for complete metrizable
fundamental topological algebras [1,Theorem,4.1] .

In this note, we give an example to exhibit the ability of the
main theorem in [1],i.e., 4.1 and,then we generalize some basic
results to fundamental topological algebras. At first, in section 2,
we recall some definitions and related results.
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2. Definitions and related results

DEFINITION 2.1. A topological linear space A is said to be
fundamental one if there exists b > 1 such that for every sequence
(zn) of A, the convergence of b™(x,, — Z,—1) to zero in A implies
that (z,) is cauchy.

DEFINITION 2.2. A fundamental topological algebra is an al-
gebra whose underlying topological linear space is fundamental.

PRrROPOSITION 2.3. Let A be a fundamental topological linear
space. Then, for all ¢ > 1 and every sequence (r,) of A, the
convergence of ¢"(z, — ¥p—1) — 0 in A implies that (z,) is a
cauchy sequence.

3. An application of fundamental topological algebras

When A is a (non locally bounded) locally convex F-algebra,
and B is a (non locally convex) locally bounded F-algebra, then,
A B with product topology and componentwise definitions for
addition, scaler product, and multiplication is a fundamental F-
algebra, and if the Cohen theorem could be proved for A and B
then we can prove it for A B. Since A@ B is neither locally
bounded nor locally convex, if we change the definition of product
on A €P B, we may not be able to factor it by the previous versions
of the Cohen factorization theorem.

Here, we prove a theorem and give an example to apply the
Theorem 4.1 of [1].

THEOREM 3.1. There exists a fundamental F-algebra for which
the Cohen factorization theorem holds but it .can not be proved
by the previous well-known theorems.

Proof. Let A be a locally bounded, but not locally convex, F-
algebra with a bounded left approximate identity (ex)aca. Let
also X be a locally convex,but not locally bounded F-algebra
which is a two-sided Frechet A-module with exz —z — 0 in X.
Let moreover for each s,t,u in A or X, s(tu) = (st)u. Define Z =
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X P A to be the direct sum of X and A with product topology.
Then Z is a fundamental topological linear space which is not
locally bounded and not locally convex.

For (z,a) € Z and (y,b) € Z, we define the multiplication as:

(z,a).(y,b) = (zy + zb + ay, ab) € Z.

Now, let U x V be a basic neighborhood for zero in Z. Choose
the neighborhood W of zero in X such that W+ W + W C U,
and the neighborhood V; and Uy of zeros respectively in A and X
such that:

UVo CW, WUo CW, U CW, Vi CV,
and let (z,a) € Uy x V5 and (y,b) € Up x Vp, then
zy € U2 CW,zb e UpVy C W, ay € VoUy C Wand,abe V@ C V

thus (z,a).(y,b) € U x V. Therefore the multiplication is jointly
continuous.

Now let (z,a) € Z and U x V be a neighborhood for zero in
Z. Take Mg € A such that A > Ag implies exx — z € U and
exa —a € V.Then

(0,ex).(z,a) — (z,0) e U x V,

i.e.((0,ex))rea is a left approximate identity for Z. Since (ex)rea
is uniformly bounded in A, 3k > 0 such that the set {k™™e ™ :
A€ A,m € Z*} is bounded in A. Therefore for U x V' we take
M > 0 such that for allm € Z+ and all A\ € A, M~ k~™eP € V
and then

MY ™0, = (0,M kel e U x V,

i.e.((0, ex))aea is uniformly bounded in Z. Now,since Z is a funda-
mental Frechet algebra with uniformly bounded left approximate
identity, each (z,a) € Z can be factored as

(z,a) = (y,b).(z,¢)[1, Theoremd.1],

where by the previous factorization theorem we can not factor it.
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EXAMPLE. Let 0 < p < 1 and T = {t;1,t2,---} be a set of
symbols and S be the semigroup generated by T with relation
tit; = tmingi,j) if i # j and t7t; = t2*'. Then § = {t! :4,j € Z*}.

Let A = {3 i5=1 at] > | aij P (7 +1)P < oo} with
I3 0u5t! llp= 22, | @5 [P (5 + 1)P. Then A is locally
bounded,but not locally convex,F-algebra generated by S. It is

clear that (), is a bounded sequential approximate identity with
| tn lip= 2P. Let also '

o0
X = {Z%‘tf : Z | ij | pm(t]) < oo,m=1,2,...},
.7 %7

where
; G+1DPif i<m

Pm(t;) = {1 if § > m.

and Pn(3; ; at]) = 2 | o Pm(t)). Then each p,, is a
sub-multiplicative seminorm and X is an LM C Frechet algebra,
such that for each M >0 and me€ Z7,

{z€X :pm(z) <1} € M{z: pmy:1(z) <1},

and therefore X is not locally bounded.

Suppose a = 3.2, 372, aiit] € A, then 3777, Efﬂ | o5 [P
(j+1)? < co. Therefore 3572, (3772, | aij [P) <ocoand 3572, 372,
| @i [P< oo, hence 3Ny such that for all ¢ > Ny, > 7, | auj [P< 1.
Thus, for i > Ny and j € Z%,| a5 P< 302, | g5 P< L.
Also,3N; such that for all j > N; and i € Z%,| a;; [P< L
Take No = maz(Ny, N3). Now ,if 1 > Ny or 7 > Ny we have
| @i; |< 1,therefore | ay; |<| az; [P for i > Ny or j > Np.

Now, for each m € Z,

oQ o0
S iy [ pm() < 0N L ois | G+ 1)7
i=1 j=1

t,J

Ng No oo Np

=3 S e 1 G+DP+ 3 S ay | G+

=1 j=1 No+1 j=1
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+Z Z |oij | (j +1)P Z Z | o | (5 + 1)P

t=1 j=Np+1 i=No+1j=Ng+1
No No
<ZZ|O¢,J|(J+1)”+ Z Zlanl (J+1)P
i=1 j=1 i=Ng+1 j=1
No o 00
+)0d lag PGP+ Y i PG+ 1)
i=1 j=No+1 - §j=No+1
No N
<Y Dl | G+1)P+3]lall< oo,
i=1 j=1

andsoa€ X,ie. ACX.

Now,for a € A and z € X we define a.x = az in the usual
way. Then X is a two-sided A-module. Let ¢ > 0,5 € Z* and
U={re€ X :pj{(z) <€} then,there exists me Zt and 0 < 6 < 1
with

{z : pm(z) < 0}z : pm(z) < 8} CU.

Let V={a € A:|| a|p< 6} and take a = ¥ ay;t! € V. Since,
for each 4,5,| ai; |<|| a |lp< 6 < 1, we have p,(a) < 6. Thus
Vg_{x:pm(a:)<5}andsoV><{a:6X:pm(x)<6}C_IU,i.e.
X is a topological A-module.Since for each z € X, t,z —z — 0 in
X,thus X is an essential Frechet A- module(left and right).

Now, by the Theorem 3.1,the Cohen factorization theorem holds
for Z = X @ A, where by the previous well-known theorems we
can not prove it.

4. Some new results on fundamental topological alge-
bras

In this section we state and prove some basic results on funda-
mental topological algebras.

THEOREM 4.1. Let A be a complete metrizable fundamental
topological algebra, and x € A. If for some b > 1,b"z™ — 0 in A,
then:
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a) z is quasi-invertible and 2° = — 3" | 2™,
b) If A possesses a unit element,then 1 — x is invertible and

o0
(l1-z)"'=1+ Zw".
n=1

Proof. Suppose s, = ZZ=1 z™. Since b (sp,—sp_1) = b"z™, (s,)
is a cauchy sequence. Let y = ZZC’:I z* = limp_ 00 85. Now

n

(1-z)(1+s,) = (1~£L‘)+Z(1:k—$k+1) =(1-z)+z—-2z"! 5 1.
, k=1

Since the multiplication is continuous on A, we have
(1-z)1+y)=Q1+y)(1l-2)=1

COROLLARY. Let A be with the conditions of the theorem 4.1
and b> 1. Ifb"(1 — z)™ — 0 in A then z is invertible.

Now, we have some results in a class of fundamental topologi-
cal algebras. Although every locally bounded topological algebra
satisfies in the condition of this class, but until know the author
has no example of a locally convex one.

DEFINITION 4.2. A fundamental topological algebra is called
to be locally multiplicative, if there exists a neighborhood Uy of
zero such that for every neighborhood V' of zero, the sufficiently
large powers of Up lie in V. We call such an algebra, an FILM
algebra.

THEOREM 4.3. Let A be a complete metrizable FLM algebra
with a unit element. Then the set of all invertible elements of A,
is an open subset of A.

Proof. Let o € Inv(A) and Uy be a neighborhood of zero
which satisfies in 4.2, and b > 1. Choose a neighborhood Vg such -
that :cgl% C b~ 1Us. Now let y € 2o — V. Then 2o — y € Vj
and 1 — z5'y € z5'V;. Since b(1 — zyly) € bxy'Vy C Uy, we
have 5"(1 — z5'y)" € U and b*(1 — x5 y)™ — 0 and so, zyly €
Inv(A). Since y = zo(zg'y) thus y € Inv(A).
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THEOREM 4.4. Let A be a complete metrizable FLM algebra
with a unit element and let a € A. Then, the sp(a) is compact.

Proof. Let a € A. Define ¢ : C — A by ¢(A) = A — a then ¢
is continuous and ¢~*(Inv(A)) is open. since C \ ¢~ (Inv(A)) =
¢~1(Sing(A)) = sp(a) so sp(a) is closed.

Suppose Uy be a neighborhood of zero which satisfies in 4.2, and
let « € C\ {0} such that a € alp, then (a~la)® — 0. Suppose
| A [> 1 and take b such that | A |[> b > 1, then (2)® — 0 and
()" — 0. Therefore 1 — & € Inv(A) and aA ¢ sp(a). Now,if
B € sp(a), put A = —g- and then, | A [< 11ie. | 8 |<| a |, thus the
sp(a) is bounded.

THEOREM 4.5. Let A be a complete metrizable FLM algebra.
Then, every multiplicative linear functional is continuous.

Proof. Let ¢ : A — C be a non-zero multiplicative linear
functional and b > 1. Suppose z € A with "z — 0. Put
Sp=3 p_, 2% theny =37 z* € A. Since,

y — zy = limS,, — zlimS,, = lim(S,, — zS,) = z,
we have ¢(z) # 1. If | ¢(x) [> 1, take zo = 5. Since

n
1
Bl = b — = —— bz — 0,

¢(z)"  lz)

thus we must have ¢(zy) # 1, which is impossible; therefore if
b"z™ — 0 then | ¢(z) |< 1.

Now, let (z,,) be any null sequence in A and let Uy satisfies
in 4.2. For ¢ > 0, take n € Z* so large that b~ lex, € U,.
Fix this n and suppose V be any neighborhood of zero. There
exists Ko € Z1 such that kK > Ky implies that Ué‘ C V and so
b (e~*xk) € V thus limg_,00b*(e712,)* = 0 and so, | d(e™1z,,) |<
1; i.e. | ¢(xyn) |< €, which says limz_o¢(z) = 0.

THEOREM 4.6. Let A be a complete metrizable FLM algebra
with unit element, and ¢ a linear functional on A such that ¢(1) =
1 and, ker¢ C Sing(A). Then ¢ is continuous.
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Proof. Let b > 1 and = € A such that d"z™ — 0 then 1 — z ¢
Sing(A) and then ¢(z) # ¢(1) = 1. If | ¢(z) |> 1, take zo = 37z
Since )

b"zy = (—=)"b"z" — 0,
so 1 —z & Sing(A) and thus ¢(z¢) # 1 which is impossible.

Now suppose Uy be as in 4.2,z,, — 0; and ¢ > 0. There ex-
ists N € Z* such that n > N implies that be 'z, € Uy and
hence, limy_,oob* (¢ *z,%) = 0. Therefore | ¢p(e 'z, |< 1, i.e. ¢
is continuous.
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